COMPLEX NUMBERS

BY CHAKUAMBA FORTUNE T(CHAKS)

+263771580933

OBJECTIVES OF THE TOPIC

~Perform simple arithmetics of complex numbers

~Finding the modulus and argument of complex numbers
~Represent complex numbers on the Argand diagram

~Express complex numbers in polar form and exponential form

~Perform operations with complex numbers in polar form and
exponential form

~Derive and prove DeMoivre’s theorem
~Solving equations using DeMoivre’s theorem
~Prove trigonometric identities using DeMoivre’s theorem

~Solve polynomial equations with real coefficients and at least
one non~real roots

~ Loci of equations and inequalities involving complex numbers
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COMPLEX NUMBERS SYSTEM

If x?+4=0->x%*=-4

x=vV—4i=v—-1X%X4 but »i =v—1
x = V4i
x = 12i
SINCE i =+v—1
i =-1

~A complex number can be denoted by z where z = x + yi
x is the real’'part Re(z)

y is imaginary part Im(z)

ADDITION AND SUBSTRACTION OF COMPLEX NUMBERS

If zy, =a+bi and z,=c+di

then

z1+ z, = (a + bi) + (c + di)
=a+c+bi+di add the real parts together and the imaginary parts together
=(a+c)+ (b+d)i

Zl_ZZ - (a‘l'bl)_(C'I'dl)
=dad-=c+bi—di subtract the real parts together and imaginary parts together
=(a~c)+'(b—-4d)i

Example.1

z, =4+ 3i z, =1—3i Find (I) z; + z,
(il) z; — 2,

Solution

(i) z, +z, = (4+3i) + (1 — 3i)
=4+ 1)+ (3+(=3))i
=5+0i=5
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(i) zy —z, = (4 + 3i) — (1 — 3i)
=@4-1)+@B—(-3)i
=3+ 61

FOLLOW UP EXERCISE
1) 3 —=7i) + (=6 + 7i)

2) (34 4i) + (24 2i) + (5 + 60)
3) (—4 — 6i) — (—8 — 8i)

4) 5(4 + 3i) — 4(—1 + 2i)

5) 3V2+i)— (V2 —1i)

MULTIPLICATION OF COMPLEX NUMBERS
~just operate as if you expanding algebra expressions but take note that i = —1

(a + bi)(c +di) = a(c + di) + a(c + di)

Example 1

z1=4+3iand z, =3—-2i Find 7z,

Solution

z,Z, = (4 + 3i)(3 —2i)
= 4(3 — 2)3i(3 — 20)
=12 — 8i + 91 6>
=12+ i 26(3D)
=18 N

Example2

21:3_2i and 22:4‘_i Find Z1Z9

Z1Z, = (3 —20)(4 —1)
=304 —-10)—2i(4—1))
=12 — 3i — 8i + 2i?
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=124 11i + 2(=1)
=10 — 11i

COMPLEX CONJUGATE

If z=x + yi the conjugate of z can be denoted by z* or z

S0 " =x—Yyi
Relationship between z and z* is
zz* =x?+ y?
zZ+ z* = 2Re(2)
z—2z" =i2lm(z)
NOTES

~Geometrical relationships between complex number and its conjugate is awreflection in the
x~axis (check on worked examples page 10)

Zimsec November 2017 Paper 1(edited on part c)

~The property of complex conjugate is importantwhen we are‘dealing with division of complex

numbers

DIVISION OF COMPLEX NUMBERS
~Find the conjugate of the denominator and multiply both the numerator and denominator with

conjugate of the denominator

Example 1
Z
Giventhat z; = =3,+5i and z, =—-3+i Find =
Z3
Solution
Z1 0 —3+5i
ZZ N —3+i

S ey NB. z X z* = x2 + y?

(=340 (-3-0)
denominator
_ 9+3i—15i-5i?
T (=3)2+12
— SIS )ED Remember i? = —1
(=3)2+12
_ 14-12i

10
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7 6 .
=-—=1

5 5
Example 2

. —1+3i . .
The complex number is z = Tll . EXpress z in the form x + yi

Solution

_(~1+3i)(2-0)
T (2+0)(2-0)

_ —2+i+6i-3i?
22412
_1+7i

5

=-+-1

vl =
[N

FOLLOW UP EXERCISE
1) (6 + 30)(7 + 2i)

2) (2 + 3i)* hint use binomial expansion or pascals

3) Given that z = 2N2 ++/2i find i) z+ 2z* ii)zz* iii) V2 — z* iv) 2z — 22"

Zy ZZZ+ Z1 (22)2_1

Z1+1

4)ifzy=2+iandz, =3+i findi) i0) iii)

Z1—1

5) The complex z satisfy the equation sle' = 2:, find z in form a + bi

NB: Number 2 of.the above exercise will be dealt with it using short method later on this chapter(under
DeMoivres theorem)

MODULUS AND ARGUMENT OF COMPLEX NUMBERS

~A complex can be represented on a diagram called Argand diagram

x~axis represents the real axis and y~axis represents the imaginary axis
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(Im)

@) (:Re)

Ifz=x+yi ,
x and y are points of the complex number on the argand diagram relative to origin i.e OA
~the length of OA is the modulus of z which is denoted by |z]

|z| = Vx?% + y?

~ The angle 6 between the line OA and real axis is called argument of.z (which is usually
referred as the principal argument)

Argument of zit liesintherange -7 < 8 < m.or - 180 <6< 180

NOTE: the argument of complex is not unique it can be given by 6 + 2nn

Notes on how to find the argument of a complex number

~The argument of a complex number is determined by the position of complex number on argand
diagram

measured from positive real axis
~Angles below the real axis are negative are measured in a clockwise direction

~Angles above the real axis are positive and are measured in a anticlockwise direction

~ Finding the principal argument of complex number

First find & = tan™*! |§| ,

y

X

where |=| is the absolute value [or you just take values of y and x ignoring the signs]

NB: «a is not the real principal argument except for first quadrant angles where 8 = «

[principal argument is determined by position of complex in argand diagram]
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CHECK BELOW

Angles of complex numbers in the first quadrant

A
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Angles of complex numbers in the second quadrant

0=mT—«
OR
0 = 180° — « HQYAY: i

Angles of complex numbers in the third guadrant

{k

O=a—m«
OR N
0 =a—180° a -/9
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~Angles of complex numbers in fourth quadrant

v

NB: o is acute angle between the real axis and line which joining ‘O“and position point of the complex

number

For easy remembrance the diagram below can.help,you

v

Worked Examples

Zimsec June 2019 Paper 1

The complex
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1) Express u in the form x + yi
1) Find the magnitude of u and argument of u

1) Sketch u on an Argand diagram

Solution

4 — 8i
i

i) u= i) ul =/(=8)2 + (—4)?
_ (4 -8i)(—i) B

(=) =V

_ —4i + 8i? _ 4vE

= —8 — 4i

iii) Sketch of u on an Argand diagram

A

4:J5 /—\ | =2.68°

Zimsec November 2016 Paper 1

The complex —_is denoted by u
1+21

1) Find the modulus of u
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u is in third quadrant

0= —268Y (3s.f)
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I1) Find the argument of u

Solution
1 1(1-2) 1-2 1 2
“T1¥2i A+20(1-20) 5 5 5

Now

) ful = J@)Z N

1) wis in the fourth quadrant

0 =—a
2
_ 1| s
0 =—tan~! T
5
0 = —tan 1(2)

6 = —1,11¢ or equivalent to degrees

Zimsec November 2017 Paper-l(edited on part c)

Given the complex.numbersw =1+ 2iand u =3 —i, find
a) Inthe form a +\bi where a and b are real
D+ w
i) uw
b) Find'the argument of uw
c) Represent on the same Argand diagram complex u and u*, where u* is the conjugate of u

, hence state the geometrical relationship between u and u*
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Solution
Du+w=(14+2i)+B -1 ) uw = (14 2i)(3 —1i)
=(1+3)+(2+(-1))i =103 —1i) +2i(3 — i)
=4+ =3—1i+6i—2i*
=3—i+6i+2
=5+ 5i

b) arg uw = arg(5 + 5i)

uw = 5 4+ 5i is In the first quadrant

0 =a
0 = tan~! (g)
0 =%0r 45°

Cu=3—1i u* = 3 + i(conjugate)

% Geometricalfrelationship.of4 and u™ is a reflection in the x — axis (real axis)
3 (under relationship between z and z*)

Some special properties of modulus and argument of complex numbers

Modulus
N n _ Zq _|le
1) |2""'=17] 2) 12125 = |24 X |2, 3) L=
2 2

Argument

1) argz™ =nargz  2) arg(z,z,) = arg(z,) + arg(z,) 3)arg (;—:) =argz, —argz,
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Example 1

Ifu=i andw =1+ /3i

a) Find modulus of

uZ
Wz

Hws Qi) uiwt i)

b) find the argument of

2
i) w® i) u?w* i) —
/Solution IR
- a) wl = |1+ V3i| lul = i i
i 2 i
BN - JCT7 =
'\ = 2 — il |
Now
) lwS| = wl® i) fuzw?| =02 x [w] i) [ =5
w?2 lw?2|
_ 95 — )2 4 _ Jw?
=2 = |u|® X'|w] =
12
= 32 =12 x 2* =—
2
=16 =
4
b) argw argu note :argu u check on the argand diagram
- since w is indghe first.quagrant 6 == 1
i 0 =a argu=5 | |
: B Ve |
1 — 1 -_ |
£ = ( 1 ) |
argWwe=t S
Now

i) argw® = Sargw
T
=5(3)
5
=27
3
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i) arg (u?w?) = argu? + argw?*
= 2argu + 4argw
T T
=2 +4(3)
—m+2n
3

7
= -1
3

2
iii) arg(%) = argu® — argw?*

= 2Zargu — 2argw

PROBLEMS INVOLVING COMPLEX NUMBERS

Equal complex numbers

We can solve problems of complex numbersby equating real parts and imaginary parts from
each side of an equation invalving complex numbers

If a;, +ib; = a, + ib,, then
a, =a, = real parts are equal

b = b, =  imaginary parts are equal

Example 1

Giventhat (a —b) + (a+ b)i =9 + 13i find the value of a and b
Solution

(a—b)+ (a+b)i=9+13i

a—b=9 ....i
a+b=13....1i
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Subtracting ii from i

= —2b =—4
b=2
Substituting b in i
= a+2=13
a=13—-2
a=11
na=11 and b = 2

Example 2
Given that (—3 + 7i) = (5 — 2i)(x + yi).Find the value of x and y

Hence find the modulus and argument of x + yi

Solution

(=3 + 7)) = (5 — 20 (x + yi)

—3+4 7i = 5x + 5yi — 2xi — 2yi?
—3 4+ 7i =5x + 5yi — 2xi = 2y(=1)
—3 + 7i = 5x + 5yi - 2xi + 2y,

—3 4+ 7i = 5x + 2y + (5y=92%)i

Remember for EQUAL COMPLEX numbers
=REAL PARTS ARE EQUAL
=IMAGINARY PARTS ARE EQUAL

Now

—15 =10y + 25x ... ... [
14 =10y —4x ...... 4]
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Subtracting ii from i
= —29 = 29x

> x=-1

Substituting the value of xinii
= 7 =5y —2(-1)

= 7—2=0>5y
— 5 =5y
=y=1

s E==1,y=Il
Now

= letz=-1+4+1
Arg (z)

6 = m — a second quadrant complex simber

0 =m—tan! (l)

1

0=m—-—
4
9=§ﬂ
4
Example 3

Zimsec November 2014 'Paper

The complex.number z satisfies the equation

_ 13
Z+ 2z =

Find

1) z in the form x + yi
I1) modulus and argument of i

Solution

13

Z+ 2z = :
—2+4+31
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Letz =x + yi

7 = 58 =

13
—2+43i
13(—2-31)
(—=243i)(-2-3i)

= (x+yi)+ 2(x — yi) =

= x +yi+ 2x — 2yi =

—26—-391
13

= 3x —yi =

= 3x —yi = —2 — 3i
NOW

Remember for equal complex numbers
=REAL PARTS ARE EQUAL
=IMAGINARY PARTS ARE EQUAL

3x=—2=>x=—§

—y=—-3=>y=3

2
z=—=-+3i
3
1
NOW_: 2
Z —§+3l

Example 4

Zimsec June 2012 Paper 2
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The complex number a whose conjugate a™* satisfies the equations 4aa* + 12i = 8a + 6 find

the two
possible values of a giving your answer in the form p + qi where p and g are real

NB: On the original question paper the equation is 4aa® + 12i = 8a + 16 16 was supposed

to be 6
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Solution

Let

a=p+qi

a*=p—qi

Substituting the values of a and a*

= 4aa" + 12i =8a+ 6

= 4(p+qi)(p—qi) +12i=8(p+qi)+ 6

= 4(p?+q?)+12i =8p+8qi + 6

= 4p? +4q* +12i =8p +8qi + 6

= 4p? 4+ 4q* +12i =8p + 6 + 8qi  dividing by 2 throughout the equation
= 2p? 4+ 2q* + 60 = 4p + 3 + 4qi

Remember for equal complex numbers
=REAL PARTS ARE EQUAL
=IMAGINARY PARTS ARE EQUAL

Substituting the values of “g.in 1
2
=>2p2+2(%) 24y ¥3
= 2p% + g = 4p ¥ 3 Multiplying by 2 throughout

—4p?—8p X 9—6=0

= 4p2=Bp + 3 = 0

= 4p? —6p—2p+3=0

= 2p(2p—3) —1(2p—3) =0

= 2p—-1)2p—-3)=0

1 or 3
“P =3 2

Now
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1,3, 3,3,
a=-+-1 or a=:+:l
2 2 2 2

COMPLEX NUMBERS IN POLAR FORM AND EXPONENTIAL FORM

Af z=x+yi , z can be written be as

Polar form

z =1r(cosO + isin@)

Exponential form

z = re?

= 7 =1r(cosO + isinB) = re?

Where r is the modulus of z and 8 is argument of z

Important fact
(cosO — isin@) = [cos(—0) + isin(—0)]

Example 1

Express z = E in.the form.7(cosO + isinf)

Solution
1+i  (I)(1+i0)  1+2i+i%2 21
S 1o uha+) o +er oz ¢
Argument of z T i modulus of z
0 = g | > r=+12
r=1

1+i T . . T
Now T cos; + lSlTlE
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Example 2

EXxpress i In
1) Exponential form

i)Polar form

Solution

Page |19

31-iv3)  3-i3V3) 3-i3V3) 3 i3v3

(1+i\/§)(1—i\/§)_12+(\/§)2_
3 3V3| |3\ (33
:"r 7 ‘— (3) +<T) B

Complex in fourth quadrant

0 =—a
o G-28) - - (3)
- ()

~I or —60°
3

Exponential form

. 3 { 3 \¥
"1 R\
Polar form
s = glcos(=5) +isin(=3)]
= [cos(5) —isin 3))

4 4 4

36

3
2

16

Remember (cos@ — isin8) = [cos(—0) + isin(—6)]
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NB:You can return a complex number from polar or exponential form to the form of x + yi
CHECK EXAMPLES BELOW

Example 1

Express 2 (cos% — isin %) in form x + yi

Solution

T . . T\ _ V2o 2\ )
2 (cosz — lSan) =2 (7— l;) =2 —-iV2
Example 2

19
Express vV2e+" in the form
1) r(cosO + isinf) where -t <0 <m

ii) x + yi where x and y are real

Solution
1) O needed by the question must lie inthisrange — Tt <60 <m
Remember the argument for the complexsnumber is not unique and it is given by

argz = 0 + 2nn

3 . .
— T = Ll = L by substracting 2w to return argument intherange—n <6 <m

Ze%r=\/§ (cos G n) + isin G n))

i) \/76179” =2 (cos (% n) + isin (% n))

(-4

=—1+i

@CHAKS SOLUTIONS +263 771 580 933 (CHAKUAMBA FORTUNE TAKUDZWA)
DO YOU WANT THE WILL OF GOD TO BE DONE IN YOUR STUDIES, CALL IT




| 21

FOLLOW UP EXERCISE

1)Express the following in the form r(cosé + isin@) giving the exact value of 8 and r
where possible

a) —2+/3 — 2i
b) —8 + 2i

c) V3 +2i

d) 3 — 4i

e) —2v3 — 2+/3i

2)Express the following in the form x + yi where x e R andy € R
9 . .9
a) 8 (coszn - lSlTlZT[)
7 .. 7
b) —4 (COSETL' — lSlTlgT[)
S
c) 3v2e 4™

S5_.
d) e6TL’l

3)Express the following in the form r(cos@ + isinf) where —m < 6 < 1,
13 .
a)6e o

17 .
b) 3vZes™

PRODUCT AND QUOTIENTS OF COMPLEX NUMBERS IN POLAR AND
EXPONENTIAL FORM

If z, =ry(cosOy +isin6y) and 2z, =r,(cosB, + isinb,)

POLAR FORM
NOW
Multiplying z, and z,

= 712, = 1r1T3[cos(04 + 03) + isin(04 + 05)]




Page |22

multiply the modulus and add the arguments

Dividing z, and z,

A1 _n _ i _
— Z, T [cos(81 — 82) + isin(8; — 62)] divide the modulus and substrate the arguments

NB: BEFORE ANY OPERATION COMPLEX IN THE FORM cosf — isin@
MUST BE FIRST EXPRESSED TO cos(—8) + isin(—8)

(cosB — isinf) = [cos(—0) + isin(—0)]

EXPONENTIAL FORM
If

Z, =Tq€
NOW

04i 0,i

and z, =13e

Multiplving z, and z,

= 7,2, = 1rqrye(01102)i _
T multiply the modulus and add the arguments

D|V|d|nq Z4 and Z>

— 21 _ 11 ,(61-02)i divide the modulus and substrate the arguments
Zy )

Example 1
Given that

Z] = 2V2 (cos (%) + isin (%)) and 7, = V2 (cos (% n) — isin (% n))

Find z,z, In theform x + yi

Solutien
212y = 22 (cos (%) + isin (%)) X /2 (cos (15—2 n) — isin (15—2 n))

Remember (cos@ — isinf) = [cos(—0) + isin(—0)]
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T T 12 o 12
= 712, = 2V2 (cos (E) + isin (E)> X V2 <cos (—?n) + isin (—?n)>

= 7,2, = 2v2(+/2) lCOS (% + (_En)) + isin (i + (—En))]

5 15 5

BN

multiply the modulus a?jd the argu/ments

_4[ (n 12 )+"(ﬂ 12 )]
= cos15 5” lsm15 5”

_4[ (n 12 +._<T[ 12 ]
=4 |cos T 57‘[) isin 1c 57‘[)

= 4o (~2) + tsn (-2
)

=2—iJ/3

DEMOIVRE’S THEOREM

If z=1(cosO + isinf)

n _ ,.n r o7 n
Then Z =T (cosO + isinf)

- n Il .
=T (Cosne T s lnnH) where n is an interger or a fraction i.e (positive or negative interger

— . , positive or negative fraction)

Note: Demoivre’s theorem only applies for complex number in the form (cos0 + isin@) so any
complex number which is not in this form must be changed to that form

1) complex in the form x + yi must be changed to r(cos0 + isin®)

OTHER HELPFUL CHANGING
ii) (cosO — isinf) = [cos(—0) + isin(—0)]

iii) sin@ + icosO = (i)(cosO — isin@) = (i)(cos(—0) + isin(—0))

iv) sin@ — icos@ = (—i)(cosO + isin0)

(C3N
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Also
If z=re?
Then  ,n _— (reei)"
T where n is an interger or a fractions i.e (positive or negative interger, positive or

=7r"e
negative fraction)

WE CAN PROVE BY INDUCTION THE DEMOIVRE’S THEOREM CHECK CHAKS PROOF BY #NDUCTION

Example 1

Express the following in the form x + yi

(—2v3 - 20)°
Solution

Let z = —2+/3 — 2i

|z| = \/(—2\/§)2 + (—=2)? =4

Complex z is in the third quadrant so arg z (do a sketch of complex z)

0=a—m

argz = tan™} (%) —T

51

6

Now z =] cos(5) (=) + isin(5) (=) |

5

5 = (=243 — Zi)s _ l4 (cos (_Tfn) + isin (_TSE)N

apply 1"™(cos@ + isinf)" = r"(cosnb + isinnf)
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= 4° cos(S) ( ) + isin(5) ( )]

= 4° :cos (%fn) + isin (;fn)]

= 512v/3 — 512i

=512(/3 —

Example 2
Simplify

4
(cos— + isin )
13

T 41T 6
(COS — — Sin )
13 13

Solution

2\ 4
(cos— + isin )
13

T 41T 6
(COS — — sin )
13 13

change the denominator (cosé — isin8) = [cos(-0) + isin(-0)]

7 . . 7m\*}
(cos — 4 1Sin —)
13 13

(cos (~22) #sin (~ 2

apply 1"(cosf + isind)" = r"(cosnf + isinnf)

(COS(4) ( ) +isin(4) ( ))
(cos(6) () isin(6) (—j—g))

281 . 28w
(COS — + isin —3)

(COS (—-Zn) +isin (- 214—:))

_ 28n(24>+ 2871(24)
= CoS 13 13n isin 13 13n
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=1

Example 3
Simplify
(1+i)*
(2 — 2i)3

giving answer in the form a + bi

/ Solution

1

Let u=1+4+1
z=2-2i

lul = V12 + 12 =2 |z| =22 4+ 22% 282

)
I
I
I
1
1
I
I
I
I
1
1
I
I
I
I
1
1
I
I
I
I
1
1
I
I
I
I
1
1
I
I
I
I
1
1
1

argu = % argz = _%
Now
u=/72 lcos% + isin ﬂ z =22 [COS (— %) t+isin (_ g)l
(1+ i)4 B l\/f (cos% + isin %)]4

5

= =
(2 o Zi)g 1y . . T

[2\/5 (cos (— Z) +isin (— Z))]

apply 1™(cos@ + isinf)™ = r"(cosnb + isinnf)

. (\/2)4 <COS4 (%) + isin4 G))
(2\/7)3 (COS3 (— %) + isin3 (— %))

4(cosm + isinm)

E 16v/2 (COS (—%n) + isin (— %n))

____________________________________________________
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e (- (-2 e (-20)

_________________________________________________________________________
_________________________________________________________________________

A+d* @A+n*
(2-20)3 23(1-1)3

By observing the denominator = —i(1+i) =1—1i
= (-i@+d)’ =
= (i) +)3& 01—

(1+i)* - (1+i)*
23(1—-1)3 23(=)3(1 +1i)3

(1+i)*

Example 4

Find the real part of

1

. TT 5 [ 5
(sm— — icos —)
3 3
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Solution

1 1

)5 (—i)5(cosg + isin %)5

(Sin K icosZ
3 3

remember

-5
— 3 3
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FOLLOW UP EXERCISE
DSimplify
a) (cos30 — isin36)°

b)(—2v3 — 2v3i)°

(2 — 2i)7 2+3)7 (2450

OVaror Yemar M E-r

2) Find the imaginary part for (—3 + i3\/§)5

3) Simplify

1
 (cos20 + isin26)3 . (cos30 — isin36)° _100e74"
) (cos360 + isin30)* . (cos26 + isin20)? ) 258—%1:
4) Simplify

1 1 \° 9 9 \°
(COS—T[ + Lsm—n) (COS-TL’ = lSlTl—T[)
4 4 4 4

D) it)

1 1 \?2 7 7 \2
(cosgn + lSlTlgT[) (COSgn + lSlTlgT[)

3 .
5)if z = 3v2e 4" . Find z° in the form x + yi

APPLICATION OF DEMOIVRE’S THEOREM IN PROVING TRIGONOMETRIC
IDENTITIES

Expressing trigonometric identities of Cosn@ and Sinn@ in powers of Cos@ and Sin@

We know that by Demovre’s theorem

(cosnfB + isinnf) = (cosf + isinf)"

We can expand the RHS then
~equate the real parts of the expansion to cosné

~equate the imaginary parts of the expansion to sinné
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You can expand using pascals or binomial expansion

Example 1
Show that Sin36 = 3sinf — 4sin36

Solution

Using (cosnf + isinn@) = (cosO + isinf)™

= (c0s36 + isin360) = (cosO + isinf)3

RHS
(cosB + isinB)3  letcosd = c and sinf = s
= (c +is)3
= ¢3 + 3c?(is) +3cl(is)* + (is)® by pascals
= ¢3 +i3c¢c%s — 3c¢s? —is®
NOW
(cos30 + isin30 = ¢3 + i3c?s — 3cs? — i§°)
Comparing the imaginary parts
= sin30 = 3c?s —s°
But cosf = ¢ and sinf = s
= sin30 = 3cos?0sinfd — sinH
Appying cos?0 + sin%0 = 1
= sin360 = 3(1 — sin“B)OSinG” — sin®6

sin30 = 3sinf —\3s5in30 ~ sin’0

Sin36= 3sinf 4sin30 shown

Example 2

Express

Sin46
sinf
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in powers of cosf
Solution

Using (cosnf + isinn@) = (cosO + isinf)"

Considering the numerator

= (cos40 + isin40) = (cosO + isinf)*

RHS
(cosB + isinB)*  letcosd = c and sinf = s
= (c+is)*
= c* + 4c3(is) +6c2(is)* + 4c(is)3 + (is)* by Pascalsftriangle

= c* 4+ id4c3s — 6¢%s® — i4cs® + st

Comparing the imaginary parts
= sind0 = 4c3s — 4cs® butcosd = ¢ and sinf = s

sind0 = 4cos30sinf — 4cosOsin’0

NOW

Sin46 4cos30sind — 4cosfhsin30
sind sin6

Sin46

= 4c05%0 — 4c0s6sin®

sin6

Applying .0s%6.+ sin’6 = 1

Sin46

—__ — 4c0s%0 — 4cosb (1 — 60529)
sin@
Sin40

—— = 4c0s%60 — 4cosb (1 — 00529)
siné

= 4c0s%0 — 4cosf+4cos30

= 4c0530+4c0s*0 — 4cos6 as required
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Example 3
Show that cos50 = cos8(16cos*0 — 20cos?0 + 5)

Solution

Using (cosnf + isinn@) = (cosO + isinf)"

= (cos56 + isin50) = (cosO + isinB)>

LHS
= (cosf + iSinH)5 let cos® = ¢ and sinf = s
= (c+ iS)5
= ¢+ 5(c)*(is)t + 10(c)3(is)? + 10(c)?(is)3 + 5) ! (is)4 + (is)5 by Pascals triangles
= c° +i5c*s — 10c3s % — i10 ¢?s3 + 5cs* + is®
Comparing real parts
cos50 = ¢®> — 10c3s ? + 5c¢s*
but cos@ = ¢ and sinf = s

= c0s560 = c0s°0 % 10cos30sin 260 + 5cosfsin*6

Using cos?x + sin%x =1

=(c0s°0 — 10¢os3(1 — cos?) + 5c0s0(1 — cos?*)?

= c05°0"— 10c0s30 + 10c0s°0 + 5cosf(1 — 2cos?0 + cos*0)
= c0s°0 — 10c0s30 + 10co0s°8 + 5c0s8—10cos30 + 5cos>0)
= (16cos °0 — 20cos36 + 5cos0)

= cos0(16cos*0 — 20cos?6 + 5) shown
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SOME USEFUL TIPS

All proving of Cosn0 and Sirm0 to powers of CosO and Sin0 by Demoivre’s identities are derived from

(cosnf + isinnf) = (cosf + isinf)"

then
sinnf
tannf = - divide the IMAGINARY part over REAL part of the expansion
cosnf
cotnf = " divide the REAL part over IMAGINARY part of the expansion

Expressing trigonometrics of Cos™@ and Sin™@ in multiples angles of Cos@ and Sin@

If z = cosO + isin@

Then

o= z7 1 = (cosO + isin@)?

applying DeMoivre’s theorem

1

- = (cos(—0) + isin(—0))
= c0s0 —/isin0

Now

1
zZ+ Z = c0S0 + isin@ + cosO — isinO

= 2cos6
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Also

Z —— = c0s0 + isin@ — (cos@ — isinB)

Z

= (2Sin@

IMPORTANT RESULTS ESTABLISHED ABOVE

Z+— = 2cos0 Z——=12sin0
Z Z

ALSO

If z = cosB + isin@

Then

z" = cosn@ + isinn@

1
= — =z"' = (cosn@ + isinnB) !
z

applying DeMoivre’s theorem

1
= (cosn(—0) + isinn(—0)) = cosnO — isinnO

Now

A — = cosn@ +isinnB@ + cosnB — isinn@

Z
= 2cosn@

Also
1 . .

z" — — = cosn@ + isinnB — (cosnb — isinnh)
z
= i2sinn6

IMPORTANT RESULTS ESTABLISHED

z" 4+ — = 2cosn0O zN — — = [2sinn@
zn zn

| 34
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NOW WE CAN APPLY AS FOLLOWS WHERENEVER WE WANT TO PROVE POWERS OF COSINE
AND SINE TO MULTIPLE ANGLES OF COSINE AND SINE

n n

(z + 2) = (2cosO)™ (Z — 2) = (i2sin@)"

CHECK EXAMPLES BELOW

Example 1

Express sin*8 in multiples angles of cos8,

Solution

1 n
Using (z — ;) = (i2sin@)"

4

= (z - %) = (i2sinf)*

1 4‘
= (z - E) = (16sin*0)

Expanding LHS by Pascals

1 2 13 14—

= 7% + 4(2)? (— 2) 1+ 6(2)? (— 2) () (—;) + (——) — 16sin6

Z

Remember

z" +— = 2cosn0O zN — — = (2sinn@
AL VAL

Now

2c0s40 — 4(2c0s260) + 6 = 16sin*0
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1
n*0 = —cos40 — =cos26 + =
Sin 8COS COoS 3

Example 2

Express 8cos>6 multiple angle of cosé
Solution

Using

n

(Z + %) = (2cosO)™

15
= (z -+ E) = (2c0s0)°

5

1
= (z -+ E) = (32c0s°0)

Expanding LHS by Pascals
1 1\* 1\’ AN
= 7° + 5z* (—) + 1023 (—) + 1022 <—> L Iz (—) + (—) = (32c0s°0)
Z Z Z Z Z
1 1 1 1 1
= 7> + 5z =)+ 1023 (5 | + 102% (= | + 52| = | + | = | = (32c0s°0)
z 2 z3 z* z°
. 1 1 1
= z° + 5234 10z + 10 (—) +5 (—3) + (—5) = (32c0s°0)
Z Z Z

1 1 1
= £° + (—) + 523 +5 (—) + 10z + 10 (E) = (32c0s°0)

Z3 73
5 1 3 1 1 5
= (z +—5) + 5<Z +—3) + 10<z+—) = (32c0s°0)
Z Z Z
Remember
1
z" + — = 2cosn@ z" — — = i2sinn@
Z z

Now 2c0s50 + 5(2co0s38) + 10(2cos8) = (32cos°8) dividing by 4
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= i(ZCOSSQ + 10cos36 + 20cos0) = 8cos°>H

— 8c0s°0 = %COSSQ + §C083H + 5cos6

WE CAN APPLY THIS TECHNIQUE TO FIND INTERGRAL VALUE OF €oes"8 and Sin"@0

CHECK CHAKS SOLUTIONS QUESTION AND ANSWERS COMPLEX NUMBERS

FOLLOW UP EXERCISE

1) Show that sin34 = — i (sin36 — 3sin0)

Hence the find exact value

A

j * 8s5in30
0

2) Show that sin50 — 5sinf = 16sin°0 — 20sin30

Hence or otherwise find

T

4
f 16sin°0 — 20sin36
0

3) Show that cos76 = 64cos’6 — 112c0s°0 + 56c0s30 — 7cosb

4) Show that Sin40 = 4cos30sinf — 4cosfsin30
1) Hence find any expression of % powers cosé

ii) Solve the equation 4cos30sinf — 4cosfsin30 —v/3 = 0,for 0 < 6 < 2m
5) Express Cot56 in powers of cot6

6) Show that
4tand — 4tan36

1 — 6tan?6 + tan*6
By using the above result find correct to 3 s.f, the 4 solutions of equation for

x*+4x3 —6x2—4x+1=0

tan40 =

7) Show that tan56(1 — 10tan?6 + 5tan*@) = 5tanf — 10tan36 + tan°6
Hence write the expression of tan560 when 6 is small in powers of 0

Use to your expression to evaluate tan15° in terms of &

8) Express sin®8 multiples angles of sine

@CHAKS's
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N'" ROOTS OF COMPLEX NUMBERS

If z" =a+ bi

z" =1r(cosO + isin@)

Since the argument of complex is not unique so we can use this fact

= z™ = r(cos(0 + 2wk) + isin(0 + 27k))

1( 0+2mky [0+ 2nk
= Zj = Tn| cOS (T)+lsm (T)

Fork=0:1,23,..... n—1

ALSO
If z™" =a+ bi
z" = re%

Since the argument of complex is not unique so we can use this fact

— 7N = pp0+2mk)i

L ey

Fork=0:;1,23,..... n—1

Remember that a complex number can be change from polar form or exponential form to x +
Vi
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So care need to be taken when attempting the question on form needed

The number of roots are determined by the degree power of z™ , so we have n roots

Some situation

Wecanusek =0,+1,+2,+3...... in this case you check for z™ when you reach n roots you
stop, follow this order

k=0;1;-1;2;—-2;:3: —-3..... and so on until you reach n roots

SUB TOPIC : Nt"root of a unity

Solutions to the equation of form z" = 1 are called n* oot of a unity

Important notes

~For a unity the modulus is 1
~The argument is zero
~The roots of a unity sum up to zero

= z" = (cos(an) + isin(an)) check &8 = 0 and modulus = 1

( 21k - (2mk
= Zy = | COS (T) + 1Sin (T)

Fork=0:;1,23,..... n—1
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— N — p(2mk)i

- Zk = r%e(ZLnk)i

Fork=0:;1,23,..... n—1

Remember that a complex number can be change from polar form or exponential form to x +

Vi
So care need to be taken when attempting the question on form needed (I REPEAT) take note

Example 1

Find the third root of a unity

Solution

z3=1

argz3=0 ; |z3| =1

Using z™ = (cos(an) + isin(an)) for nt" of a unity

z3 = cos(2mk)h+ isin(2nk)

, B (an) e <2nk)
apply z, = | cos m isin =

B 21k - [2Tk
Z, = COS (T) + 1sin (T)

fork=0,1,2

Z, = COS (2n§0)) + isin (ZEB(O)) =1
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1 +3i

(————) + (—%+%) + 1 =0 sum of roots a unity

2 2

SOME EXAMPLE THAT CAN BE TREATED AS N** of a unity

2n(2)) \icin <2n3(2)) _ 1 V3i

EXAMPLE 1

Solve z3 — 64 = 0 and represent your solutions on anargand diargram

Im

argz3 =0 ; |z3| = 64%=164
Using z™ = r(cos(an) + isin(an))

z3 = 64 cosQRnk)\¥ isin(2rck)

1 2mk - (2mk
apply z;, = ralcos (T) + isin (T)

1 21k - (2mk
Z, = 6431 cos (T) + isin (T)

fork=0,1,2
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Z, = 64§ (cos (ZHB(O)> + isin (2n3(0))> =4

Zy = 64% (cos (2713(1)) + isin (2n3(1)>> = —2 + 2+/3i

Zy; = 64% (cos (2713(2)) + isin (2n3(2)>> = —2 — 2+/3i

Representing the roots on the argand diagram

Note: the modulus of each root is 4

Im(z)

iZo Re(Z)

Label the angles between the complex roots as %n
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SOLVING BINOMIAL COMPLEX NUMBERS EQUATIONS

WE HAVE DEDUCE THAT

If z" =a+ bi

z" = r(cos@ + isin0)

= z" = r(cos(H + 2mk) + isin(0 + an))

1 0 + 2mk (0 + 2k
= Zj, = Tn| cOS (T) + isin (T) |

Fork=0:1,23,..... n—1
ALSO

— 7N = re(9+2nk)i

= Zk = r%e(e-l-rzlnk)i

Fork=0:1,23,..... n—1

Example 1
Zimsec November 2020 P2

i)Express 3 — 3v/3i in exponential form , re?:, where r is the modulus of the complex number
and @ is the argument

if)Hence or otherwise find all the roots of the equation z* — 3 + 3v/3i = 0 in exponential form

giving the answers correct to three significant figures
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Solution

Let u = 3 — 3/3i

lu| = \/32 +(-3v3) =6

3V3 m . . .
= ]=—3 since u is the third quardrant se. 0 = —«a

= —t -1
argu an ( 3

NOW

3 — 3v3i = 6¢l73)!
ii),z* —34+3v3i =0
= z*=3-3v3i fromparti) 3 —3V3i= 6el3):

— 7t = 68(_§)i

Since the argument of the complex is not unique

— 74 — 68(—§+2Ttk)i

1 (0+2Tk) .
Apply = z, = rﬁe( n )l since/the answers needed must be in exponential

T
—§+27Tk .

1 l
:»zk=6ie< . ) fork=0,1,2,3

. <—§+2n(o)>i . N
Zy = 6%1e 4 — 613("5)‘ — 1.57¢0.262i
<_%+2n(1)>i 1 (57
Z1 = 64e * = 613(12)1 — 157131
1 <_g+2n(2)>i 1 (11w,
Zy = 64e * = 61@( 12 )l — 1.57¢2881
<_g+2n(3)>i 1 (177,
z3 = b4e ' = 613( 12 )‘ — 1.57 %451
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Example 2

Solve the equation z3 — 32 — 32v/3i =0

Giving your answers in the form ret?, where r > 0. and @ is the argument

Solution
z3—32—=32/3i=0

— 73 =32+ 32V3i

23| = \/322 + (32V3)2 = 64

27)

argz> = tan‘l(
32

T
3

=2 64e(§+2r£k)i

) (g+2nk>i
z, = 643e\ ° / fork =0,1,2

Example 2

Solve z* + 2+/3i = —2 leaving your answers in the form a + bi
Solution

z* + 2V/3i = =2

= z* = -2 -2V3i
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24| = J(—Z)Z +(-2v3)2 =4

argz* = tan™1 (@) —m  since z* isin the third quadrant

= z4 =4 (cos (—%n) + isin (—%n))

Since the argument of the complex is not unique

2 2
— z4 =4 <cos (—gn + an) + isin (—gn + 27Tk)>

1 —ET[-l-ZTCk —§n+2nk

= 3 . .
= 7;, = 44| cos + isin
A 4

Fork=0;1; 2; 3

“in 4 2m(0) “in+ 2m(0)
= 7o = V2| cos| — i isin | —— _
2 2
—-m+ 2m(1) —-m+ 2n(1)
= z; = V2| cos 3 + isin 3
/) /)
2 2
—sm+ 2m(2) —ZTt 2m(1)
= z, = V2| cos 2 + isin 1
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VBV
—2 2!
2 2
—-1 + 2m(3) — -1 + 2m(3) 1 +/3
=>z3=\/f coS : 1 + isin 3 7 =\/§<—E—7i>
VI B
T e

Example 3

Solve z® + z3v/2 + 1 = 0 leaving your answer in the form cosé + isin6

Solution

26 +2z3V2+1=0

=(z3)2 +23v2+1=0 this is a disguisedequation
Letu = z3

S ul+uv2+1=0

V2 + Jﬁz — 4@

u= 200 using the quadratic formula to find u
V2 2
- 2
22 +%2i —V2 —+/2i
u= or
2 2
3T 31
arguments 6, = e or 6, = e and modulus = 1
but u = z3

Remember argument of a complex is not unique

31 . (3m —3m - (—3m
— 73 = cos (T + an) + isin (T + an) or COS (T + 2nk> + isin (T + 27l'k>
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T 4+ 2mk T 4 2k — 4 2mk — 24 2wk
Zj, = COS 4T + isin 4T Or COS : 3 + isin 4 3
fork =0,1,2
I8 I8 —T —T
Zg = COS (Z) + isin (4—) or cos (T) + isin (T)

B (11n>+_ , (1171) (Sn)_l__ _ (Sn)
Z{ = COS 17 isin 17 or  COS 17 isin 17

B (19n)+_ _ (19n) (13n)+, _ (13n)
Z, = COS 17 isin 1 or  COS 1 isin 1

FOLLOW UP EXERCISE

1) Solve leaving your answers in the form a + bi where possible give

exact value of a and b or giving your answers correct to three significant figures
)z3—-8i=0 ii)z° =1 ii)z*+64=0 iv)z7—-8-8i=0

2) Solve the following giving your answer in the form r(cosé@ + isin@) where possible give

exact value of 8 and r or giving your answers correct to three significant figures

3
)z7 —2+2V3i=0 ii)z*—V13+4i=0 iii)z*=8-8V3i ivz2 = V6 +2i

3) Solve the following giving your answer in the form re?

i) z5 = 3 — 3V3i i) z* —8+8v3i =0
4)Express in polar form /6 + v/2i, Hence find the fourth roots of /6 + +/2i leaving your
answers in the form r(cos0 + isin®)

5)Solve z* + 2z2 + 17 = 0 giving your answers in the form re?"

6)By means of substitution w = z* , solve the equation z8 — z* — 6 = 0, where z

IS a complex number .
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SOLVING POLYNOMIALS WITH REAL COEFFICIENTS

Quadratric equations

| 49

~If a and [ are complex roots of a quadratic equation they occur as conjugate pairs

~Given any complex roots of quadratic equation you can find the equation as follows

z? — (sum of roots)z + (products of roots) = 0

Polynomials of higher degree of powers

~Complex roots of a polynomial equation with real coefficients occur as conjugate pairs

~The number of roots for a polynomial are determined y the highest degree of power of the

polynomial , if highest degree of power is an odd number there is at least one real root

SO for the polynomial P,

az™ + bz" 1 4+ ¢cz"% + ---.. ...+ k = 0,-the number of roots are n roots
Then
n—1
~Sum of roots = —- or coef ficients of — 7
c n-—2
~ Sum of product of possible pairs of roots = = or coefficients of n
(D™ k

~Product of roots = Y

Several techniques can be applied when dealing with solving of polynomial with real

coefficients

Some of techniques : Long division of polynonials , equal complex number techniques,

polynomial identities technique and so on
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Example 1

Find the quadratic equations given that one its roots is 1 — 2i
Solution

1 —2i sotheconjugateisaroot 1+ 2i

applying z* — (sum of roots)z + (products of roots) = 0
—=z2—(1-2i+1+2)z+@+20D)(1-2))=0

= 7z2—-2z+5=0

Example 2

Given that 1 + 3i is one the root of the equation z3 + 6z + 20.= 0 , find the other roots of the
equation ,and represent the roots of the equation on the same argand diagram

Solution

1+ 3i is aroot, so the copjugate is also a root 1 — 3i

z3+6z+20=0

We have three roots'check z3

Let the third rootbe o
~Sum of roots = 3

0
(1+3i)+(1—3i)+a=I

2+a=0

a=—2

@CHAKS SOLUTIONS +263 771 580 933 (CHAKUAMBA FORTUNE TAKUDZWA)
DO YOU WANT THE WILL OF GOD TO BE DONE IN YOUR STUDIES, CALL IT




Page |51

The rootsare —2 ;: 1+ 3i and 1 — 3i

Take note on the above example z3 + 6z + 20 = 0 canwrittenas z3 +0z?> + 6z + 20 =0

Most students make this error of wrong siting the values of a; b; c..... k so check your equation properly to

determine the values of a,b and c ...upto k

Sointhiscase,a=1; b=0;c=6; k=20

Method 2

1 + 3i is aroot so the conjugate is also a root 1 — 3i
Finding the quadratic quadratic factor
applying z? — (sum of roots)z + (products of roots) = 0
=z2—-[(1+3)+(1-3)]z+ (1 +3)A <3 =0
z2—=2z+10=0
= z? — 2z + 10 is a quadratic factor
Therefore, since our functioniis.aseubic function so it has three solutions(roots)
let the factor be (az +Wb)

(z2 — 2z +10)(az # B)p= z3 + 6z + 20 OR you can apply long division

Comparingythe coefficients of z3, z and z°(constant) z2—2z+10|z3+ 62+ 20

a =\ 10a—2b =6 10b = 20

= b =2
az+b=z+42
by equating the factor tozero z+2 =0
zZ=-2
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So the solutionare 1 +3i; 1 —3i; and — 2
Representing solution on the argand diagram
Note: the modulus of each root is 2

Im(z)

z1(1;3)

Zo =% | Re(Z)

z,(1; —3)

Example 3

Given that 3 — 2i is a solution of z* =623 + 1922 —36z+78 =0

Find the other roots of the equation

Solution

Since the highest degree of pewer of the polynomial is four so we have four roots: check z*

3 — 2i isfroot jeonjugate is also aroot 3+ 2i and let the remaining two roots be x and y

~Sum of roots ——

a
—6
(3—2i)+(3+2i)+x+y=—(T)
6+x+y==6
y=—x
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Also

(- k

~Products of roots = .

(3= 20)@3 + 20 (X)) = <(_1)4(78)>

1
(32 + 2%)xy = 78

buty = —x

13xy =78

—13x%2 =78

x=+V6i 5 y=6i , x=-/6i

So the roots are —V6i ; V6i ; 3 — 2i and 3%.2i

NOTE: WE CAN SOLVE THE ABOVE AS FOLLOWS

~ FORMING A QUADRATIC FACTOR USING OUR CONJUGATE COMPLEX PAIR ROOTS
~DIVIDE QUADRATIC FACTOR INTO THE ORIGINAL POLYNOMIAL AND HAVE ANOTHER NEW FACTOR

~SOLVE THE NEW FACTOR BY EQUATING IT TO ZERO

Example 3

Giventhat 1 —iisaroot of z3+ pz? + gz + 12 = 0, find the real numbers p and q

Hence for this value of p and q , find the other roots
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Solution

If 1—1i isaroot

=f(1-i)=0

1-)3+p(1—-*+q(1—-i)+12=0,

1P +3()%+3()i*+ i+p(1—-2i+i>)+q—qi=0
1+3i—-3—-i+p—2pi—p+q—qi=0
—2+4+q+2i—2pi—qi=0

—24+qg+(2-2p—¢q)i=0

Equal complex real parts are equal and imaginary parts are equal

Now

2—2p—q=0....1

= q=2
2—2p—2=0
=>p=0

z3+pz-+gz+12=0 whenp=0andq =2

= 7234+ 224+12=0

1 —iisaroot ,so the conjugate is also a root 1 + i
z3+2z+12=0

We have three roots check z3
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Let the third root be «
~Sum of roots = 3

(1+i)+(1—i)+a=%

2+a=0

Therootsare —2 ; 1+i and 1—1i Q

Cg*
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LOCI OF COMPLEX NUMBERS

A locus of points refers to a set of points subject to certain conditions

Types of loci

Loci involving modulus

CASE 1

|z| = k represents a circle with centre at origin (0;0)and radius k

|z — z4| = k represents a circle with centre z; and radius k

Examples

Sketch the locus of |z| = 4

Im(z)

centre(0;0) r=4

4 Re(z)
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Sketch the locusof |z—5-3i| =3

|z —(5+3i)| =3 centre (5;3), radiusr = 3
Im(z)
0 J Re(z)

|z| < k  represents part which lies inside and on the'circle with centre at origin (0;0) and

radius k and for |z| = k vice versa is also true

|z —z4]| < k represents part which lies'inside and on the circle with centre at z; and

radius k and for |z — z4| = k vice versa is also true
ALSO
|z| < k represents part which lies inside the circle with centre at origin (0;0) and radius k
and for and for |z| > k vice versa is also true
|z — z{|»<< k represents part which lies inside the circle with centre at z,; and radius k

and for |z — z4| > k vice versa is also true
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Examplel

Sketch locus of |z+5—3i| <3

Im(z2)
|z—(-5+3i)| <3
centre(—5;3) r =3 T 3
Shade inside the circle
-5 0 Re(2)
Example 2
Sketch locus of |z —3i| < 3
Im(z)
|1z — @Bi)| <3 TN
/ \
centre(0; 3y r =3 / \
[ \
Shade inside the circle | r .3 |
\ /
\ /
N\ /
N . 7
0 Re(z)
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CASE 2
|z — z4| = |z — z,| represents a perperndicular bisector of line segment joining z; and z,
Example 1
1z —2| = |z — 4i Im(z)]
1z - (2)] = |z - (41)] 4
% @2 , Re(2)
Note:

We can find the Cartesian equation of the locus above by letting z =x + yi

As follows

|z — 2| = |z — 4i]

|(x +yi) = 2| = |(x + yi) — 4]

|(x = 2) +yil = |[x+ (v =il

\/(x—2)2+y2 =\/x2+(y—4)2

x2—2x+4+vy2=x>+y%-—8y+ 16

8y —2x =16

4y x = 8

Example 2 X

Sketch the locus (check broken line for the sign),

|z + 3| < |z — 4] we need region closer to (0; 3) than (0;4)

I | >
»
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Example 3 Im(z)“
|z —8i| < |z—2—i] 8
|z —8i| < |z—2—i we need locus of points closer to (0;8) than (2,1)
(2;1)
_ . , Re(2)
CASE 3

|z —z,| = k|z — z;| where k > 0, k # 1 so we need to apply the algebra method to find

the equation of loci represented by letting z = x + yi

Example 1

Find the Cartesian equation ofidlocus |z + 4 — 2i| = 2|z — 2 — 5i]
and describe it
|(x + yi) + 4 — 2| = 2|(6+ yi) — 2 — 5i]

|(x + )t (Vs 28 = 2[(x — 2)(y = 5)i

JO+D? + =2)2 =4/(x - 2) + (y = 5)?

x?+8x+16+y2 —4y+4=4[x*—4x+ 4 + y*> — 10y + 25]
x?+8x+16+y2—4y+ 4 =4x*—16x + 16 + 4y? — 40y + 100
3x%2+3y?2 —24x — 36y +96 =0

x2 +y2 —8x — 12y + 32 = 0
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x?—8x+y?—12y = —32
(x—4)2— (—4)* + (y—6)>—(—6)? = =32 by completing square
(x—4)2—16+ (y—6)> —36 = —32
(x—4)2+ (y—6)2=—-32+16 + 36
(x—4)2%+ (y—6)% =20
Remember equation of the circle of form  (x —a)? + (y — b)? = r?
The locus represented is a circle with centre (4; 6) , and radius = 2+/5

NB: YOU NEED TO ABLE TO DRAW ABOVE LOCUS

Loci involving arguments
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