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The Constitution of India

Preamble

WE, THE PEOPLE OF INDIA, having
solemnly resolved to constitute India into a
SOVEREIGN SOCIALIST SECULAR
DEMOCRATIC REPUBLIC and to secure to
all its citizens:

JUSTICE, social, economic and political ;

LIBERTY of thought, expression, belief, faith
and worship;

EQUALITY of status and of opportunity;
and to promote among them all

FRATERNITY assuring the dignity of
the individual and the unity and integrity of the
Nation;

IN OUR CONSTITUENT ASSEMBLY this
twenty-sixth day of November, 1949, do HEREBY
ADOPT, ENACT AND GIVE TO OURSELVES
THIS CONSTITUTION.
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NATIONAL ANTHEM

Jana-gana-mana-adhinayaka jaya hé
Bharata-bhagya-vidhata,

Panjaba-Sindhu-Gujarata-Maratha
Dravida-Utkala-Banga

Vindhya-Himachala- Yamuna-Ganga
uchchala-jaladhi-taranga

Tava subha namé jagé, tava subha asisa magg,
gahé tava jaya-gatha,

Jana-gana-mangala-dayaka jaya hé
Bharata-bhagya-vidhata,

Jaya hé, Jaya hé, Jaya hé,
Jaya jaya jaya, jaya hé.




PLEDGE

India is my country. All Indians
are my brothers and sisters.

I love my country, and I am proud
of its rich and varied heritage. I shall
always strive to be worthy of it.

I shall give my parents, teachers
and all elders respect, and treat
everyone with courtesy.

To my country and my people,
I pledge my devotion. In their
well-being and prosperity alone lies

my happiness.
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Dear Students,

Welcome to the eleventh standard!

You have successfully completed your secondary education and have entered the higher
secondary level. You will now need to learn certain mathematical concepts and acquire
some statistical skills to add accuracy and precision to your work. Maharashtra State
Bureau of Text Book Production and Curriculum Research has modified and restructured
the curriculum in Mathematics and Statistics for the Commerce stream in accordance with
changing needs of the society.

The curriculum of Mathematics and Statistics is divided in two parts.
Part-1 covers topics in Algebra, Co-ordinate Geometry, Complex Numbers, Sets and
Relations. Functions and Calculus. Part-2 covers Combinatorics and Statistics. There is a
special emphasis on applications. Activities are added at the end of chapters for creative
thinking. Some material will be made available on E-balbharati website (ebalbharati.in). It
contains a list of specimen practical problems on each chapter. Students should complete
the practical exercises under the guidance of their teachers. Journals are to be maintained
by students and assessed by teachers.

You are encouraged to use modern technology in your studies. Explore the Internet
for more recent information on topics in the curriculum. Get more examples and practice-
problems from the Internet. You will enjoy learning if you follow three simple principles:
a thorough study of the textbook, learning based on activities, and continuous practice
of solving problems.

On the title page Q.R. code is given. It will help you to get more knowledge and clarity
about the contents.

This textbook is prepared by mathematics subject commitee and study group. This
book has also been reviewed by senior teachers and eminent scholars. The Bureau would
like to thank all of them for their contribution in the form of creative writing, constructive
criticism, and valuable suggestions in making this book useful. Also the Bureau is grateful
to members of the mathematics subject commitee, study group and reviewers for sparing
their valuable time in preparing this book. The Bureau hopes that the textbook will be
received well by all users in the right spirit.

You are now ready to study. Best wishes for a happy learning experience.

‘\

(Dr. Sunil Magar)
Pune Director
Date : 20 June 2019 Maharashtra State Bureau of Textbook

Indian Solar Date : 30 Jyeshtha 1941 Production and Curriculum Research, Pune.
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XI Mathematics Commerce Part I
Competency statements

Sr.
No

Area

Topic

Competency Statements

Sets and
Relations

Sets

The student will be able to
work with sets and set functions.
construct sets from given conditions/description/

rule.
solve problems using set theory.

Relations

identify the types of relations.

use relations to associate different sets.
verify equality, equivalence or other relation-
ships between given sets.

Functions

Functions

work with function defined on different
domains.

identify different types of functions.

carry out complicated operations on functions.

Complex
Numbers

Complex
Numbers

simplify algebraic expressions involving
complex numbers.

Sequence and
series

Sequence

identify the type of a given sequence.
find the general term of given sequence.

Series

identify the type of a given series
find the nth term of a given series

find the sum of the first n terms of a given series
find the sum to infinite terms of a given series

Locus and
Straight Line

Locus and
Straight Line

find equation of a straight line satisfying given
conditions
identify properties of given set of straight lines

Determinats

Determinants

find value of a determinant.

simplify determinant.
solve linear equations in 2/3 variables, find area
of triangle using determinants.

Limits

Limits

find limit of a function
determine whether a given function has a limit

Continuity

Continuity

determine whether a given function is continuous
at a given point
determine whether a given function is continuous

over a specified interval
identify points of discontinuity of a given
function

Differentiation

Differentiation

differentiate algebraic functions
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Page
No.

Topic
20

Sr. No.
Sets and Relations

33

44

65

Functions
81

2
Complex Numbers

97

3
Sequences and Series
107

Locus and Straight Line

5
Determinants
115
126
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1. SETS AND RELATIONS

N

Let’s study.

e  Representation of a Set
e Intervals

e  Types of sets

e  Operations on sets

e  Ordered pair

e Relations

T
)

Let’s recall.

The concept of a set was developed by German
mathematician George Cantor (1845—-1918)

You have already learnt about sets and some
basic operations involving them in the earlier
standards.

In everyday life, we generally talk about group
or a collection of objects. Surely you must have
used the words such as team, bouquet, bunch,
flock, family for collection of different objects.

It is very important to determine whether a
given object belongs to a given collection or not.
Consider the following collections:

1) Successful persons in your city.
ii)  Happy people in your town.

ii1)  Clever students in your class.
iv)  Days in a week.

v)  First five natural numbers.

First three collections are not examples of sets,
but last two collections represent sets. This is
because in first three collections, we are not sure
of the objects. The terms ‘successful persons,’

‘Happy people’, ‘Clever student’ are all relative
terms. Here, the objects are not well-defined.
In the last two collections. We can determine the
objects clearly. Thus, we can say that objects are
well-defined.

1.1 SET:
Definition:

A Collection of well-defined objects is called
a set.

Object in a set is called its element or member.

We denote sets by capital letters A,B,C. etc.
The elements of a set are represented by small
letters a, b, ¢, x, y, z etc. If X is an element of a
set A we write xe A, and read as ‘x belongs to A’.
If x is not an element of a set A, we write xg A,
and read as ‘x does not belong to A.’

For example, zero is a whole number but not a
natural number.

S.0eWand 0¢gN

Representation of a set:
1) Roster method:

In the Roster method, we list all the
elements of the set within brackets, and separate
the elements by commas.

Example : State the sets using Roster method.

1) B is the set of all days in a week.
B = {Monday, Tuesday, Wednesday,
Thursday, Friday, Saturday, Sunday}
i1)  C s the set of all vowels in English
alphabets.

C=1{a, e i 0, u}

N—



2)  Set-Builder method:

In the set builder method, we describe the
elements of the set by specifying the property
which determines the elements of the set uniquely.

Example : State the sets using set—builder

method.

1) Y is the set of all months of a year.
Y = {x | x is month of a year}

i1) B is the set of perfect squares of natural
numbers.

B = {xeN/x is perfect square}

3) Venn Diagram:

The pictorial representation of a set is called
Venn diagram. Generally, the geometrical closed
figures like circle, triangle or rectangle, are used
to represent the sets, which are known as Venn
diagrams and are named after the English logician
John Venn.

In Venn diagram the elements of the sets
are shown as points enclosed in the diagram
representing set:

A=1{1,2,3} B={ab,cdef} C=1{4,56}

e b e

®e ¢ of

Fig. 1.2

Let’s Note.

1) If the elements are repeated, write them
once.

2)  While listing the elements of a set, the
order in which the elements are listed is
immaterial.

F& Let’s learn.

INTERVALS:

1)  Open Interval: Let a, b €R and a <b then
the set {x /x € R a <x <b} is called open
interval and is denoted by (a,b). All the
numbers between a and b belong to the
open interval (a,b) but a, b themselves do
not belong to this interval.

< » R
a b b

Fig. 1.4
~(ab)={x/xeR a<x<b}

2) Closed Interval: Let a, beR and a<b
then the set {x /x € R a <x <b} is called
closed interval and is denoted by [a,b]. All
the numbers between a and b belong to the
closed interval [a, b]. Also a and b belong to
this interval.

< > R
a X b
Fig. 1.5
[a, b]={x/x e R, a<x<b}
3) Semi-closed Interval:
[a, b) = {x/xeR, a <x < b}
“— > R
a X b
Fig. 1.6

Note that ac[a, b] and b ¢ [a, b]

4)  Semi-—open Interval:
(a, b]={x/x e R a<x<b}

« > R
a X b

Fig. 1.7

(a, b] excludes a but includes b.




5) 1) The set of all real numbers greater than
ai.e. (a,o)= {x/xeR, x>a}

Yo » R
a X
Fig. 1.8

i1) The set of all real numbers greater than
or equal to a

1e. [a,°)= {x/xeR,x>a}

< » R
a X
Fig. 1.9
6) 1) The set of all real numbers less than b.
ie. (—oo, b)
< x \11) Ld

Fig. 1.10
~(—o0, b) = {x/xeR, x < b}

i1) The set of all real numbers less than or
equal to b i.e. (—oo, b]

< » R
X b

Fig. 1.11
S(—oo, b] = {x/xeR, x < b}

7)  The set of all real numbers i.e. (—o0, )

< > » R

Fig. 1.12

o (—o0,00) = {x/xeR, —00 <x<oo}

Number of elements of a set: (Cardinality)

The number of distinct elements contained
in a finite set A is denoted by n (A).

Thus, if A= {1,2,3,4}, thenn (A) =4

1.3 TYPES OF SETS:
1) Empty Set:
A set containing no element is called an

empty or a null set and is denoted by the
symbol ¢ or { } or void set.

eg. A= {x/xeN,1<x<2},nA)=0

2)  Singleton set:

A Set containing only one element is called
a singleton set.

e.g. Let A be the set of all integers which are
neither positive nor negative.

SA=1{0Y, n(A)=1

3) Finite set:

A set in which the process of counting of
elements comes to an end is called a finite
set.

e.g. the set of letters in the word 'beautiful'.
A={beautifl},n(A)=38
A is a infinite set

4) Infinite set:

A set which is not finite, is called an infinite
set.

e.g. set of natural numbers.

Let’s Note.

1) An empty set is a finite set.

2) N, Z, set of all points on a circle are
infinite sets.

Some definitions :

1) Equality of sets:

Two sets are said to be equal if they contain
the same clements i.c. if Ac Band B C A.




For example:
Let X be the set of letters in the word
'ABBA' and Y be the set of letters in the
word 'BABA".
S X={A,B},Y={B,A}

Thus the sets X and Y are equal sets and we
denote itby X =Y

2) Equivalent sets:
Two finite sets A and B are said to be
equivalent if n (A)=n (B)
A={d o, m, e}
B={ra c k}
Here n (A) =n (B)
There for A and B are equivalent sets

3)  Subset:

A set Ais said to be a subset of set B if every
element of A 1s also an element of B and we
write A < B.

4)  Superset:
If A < B, then B is called a superset of A and
we write, B D A.

5) Proper Subset:

A nonempty set A is said to be a proper
subset of the set B, if all elements of set A
are in set B and atleast one element of B is
not in A.

1.e. If A < B and A # B then A is called a
proper subset of B and we write A — B.

e.g. 1) LetA={1,3,5} and B= {1,3,5,7}.
Then, every element of A is an element of B but
A #B.

.. AcB, i.e. A is a proper subset of B.
Remark: If there exists even a single

element in A which is not in B then A is not a
subset of B and we write 4 & B.

6)  Universal set:
If in a particular discussion all sets under
consideration are subsets of a set, say U,
then U is called the universal set for that
discussion.

The set of natural numbers N, the set of
integers Z are subsets of set of real numbers
R. Thus, for this discussion R is a universal
set.

In general universal set is denoted by 'U' or
X'

7)  Power Set:

The set of all subsets of a given set A is
called the power set of A and is denoted by
P(A). Thus, every element of power set A
is a set.

e.g. consider the set A={a,b}. Let us write
all subsets of the set A. We know that ¢ is a subset
of every set, so ¢ is a subset of A. Also {a}, {b},
{a,b} are also subsets of A. Thus, the set A has in
all four subsets viz. ¢, {a}, {b}, {a,b}

- P(A) = {9, {a}, {b}, {a.b}}
Operations on sets:

1) Complement of a set:
Let A be a subset of universal set.
The complement of the set A is denoted by

A'or A°. It is defined as

A'={x/x e Ux ¢ A} =set of all elements
in U which are not in A.
Ex1)LetX=1{0,1,2,3,4,5,6,7,8} be the
Universal Set and

A:{2747678}
X
°( o]
o7

Fig. 1.13




.. The complement of the set A is
A'={0,1,3,5,7}

Properties:

) (A)=A

il) ¢'=U (U is the universal set)
i) U'=¢

iv) IfA < BthenB' < A’

2)  Union of Sets:

Union of sets A and B is the set of all
elements which are in A or in B. (Here 'or' is
taken in the inclusive sense)

Thus, AU B = {x |xeA or xeB}

The union of two sets A and B can be
represented by a Venn-diagram Fig. 1.14
and fig. 1.15 represent AU B

A B . A B Y
Fig. 1.14 Fig. 1.15
AUB AUB
Properties:

i) AUB=BUA .. (Commutativity)
nAuB)yuC=AuBuUCQC)

....... (Associative Property)
) Aud=A... (Identity of Union)
v) AUA=A... (Idempotent law)
v) AUA'=U
vi) If AcB then AUB =B
vii)) UVA=U

viil) Ac(AUB), Bc(AUB)

Ex. : let A= {x/x is a prime number less than 10}
B= {x | x 1s a factor of 8}
find AUB.
Solution : We have A = {2,3,5,7}
B={1,2,4,8}
S~ AUB=1{1,2,3,4,5,7,8}

3) Intersection of sets:

The intersection of two sets A and B is the
set of all elements which are both in A and
B. It is denoted by AnB.

Thus AnB = {x | xe A and xeB}

Fig. 1.16
AnB

The shaded portion in Fig. 1.16 represents
the intersection of A and B i.e. AnB

Properties:
Commutativity

i) (AnB)nC=AnBNCO)

......... Associativity
i) 6NA=¢
iv) ANnA=A ... Idempotent law
v) AnA'=¢
vi) If AcB then AnB=A
vii) UnA=A

viii)) (AnB) cA, (AnB) cB

Remark : If AnB = ¢, A and B are disjoint sets.

N



4) Distributive Property
a) An(BUC) =(AnB)u (ANC)
b) AUBNC) =(AUB) N (AUC)
DeMorgan's law
If A and B are subsets of a universal set, then
1)  (AuUB) = A'nB’
i) (AnB) = A'UB’
Ex.1: IfA={1,3,5,7,9} B={1,2,3,4,5,6,7,8}
Find AnB.
Solution: AnB = {1,3,5,7}

Ex.2: IfA={x/x1isa factor of 12}
B = {x/x s a factor of 18}
Find AnB

Solution:
A={1,2,3,4,6,12}
B={1,2,3,6,9,18}
S ANB = {1,2,3,6}

Ex.3: IfA={1,3,5,7,9}
B={2,4,6,8, 10}. Find AnB

Solution: AmMB={}=4¢

5) Difference of sets:

Difference of Set A and Set B is the set of
elements which are in A but not in B and is
denoted by A-B.

The shaded portion in fig. 1.17 represents
A-B. Thus, A-B = {x|xe A, x¢B}

y

Fig. 1.17

U

Similary, B-A = {y|yeB, ygA}

Let's note:
1)  A-B s asubset of A and B—A is a subset of
B.

i1)  The sets A-B, AnB, B—A are mutually
disjoint sets, i.e. the intersection of any of
these two sets is the null (empty) set.

iii) A-B=AnB'
B-A=A'"B
iv) AUB=(A-B)U(AnB)uU (B-A)
Shaded portion in fig. 1.18 represents AUB

:

Fig. 1.18 AUB

Properties of Cardinality of Sets:
For given sets A, B
1) n(AUB)=n(A)+n(B)-n(AnB)
2)  When A and B are disjoint sets
n(AUB) =n (A) +n(B), as AnB = ¢,
. n(AnB)=0
3) n(AnB')+n(AnB)=n(A)
4)  n(A'mB)+n(AnB) = n(B)
5)  n(AnB")t* n(AnB) + n(A'mB) = n(AUB)
For any sets A, B, C.
6) n(AUBUC)=n(A)+n(B)+n(C)—n(AnB)
-n(BNC) — n(ANC) + n(AnBNC)
7)  Ifn(A)=m, n(P(A)) =2™
where P(A) is the power set of A
8)  n(P')=n(x)—-n(P)




Ex.4: LetU={1,2,3,4,5,6,7,8,9,10}be the
universal set, A = {1,3,5,7,9}

SOLVED EXAMPLES

Ex. 1: If A= {x / x is a factor of 6} B=1{23.4,6,8,10}, C=16,7.8,9;

B = {x/x is a factor of 8 Findi) A' i1) (AnC)' iii) (A")' iv) (B-C)'

find the A—B and B—A Solution: We have
Solution: A = {1,2,3,6};B= {1,248 ) A'=1{24,6810;
~A-B = {3,6} i) (ANC)={7,9}
B-A = (48} - (ANC)' = {1,2,3,4,5,6,8,10}
iy (A)'=1{13,579=A
1 .
Ex.2:A = {— xeN,x<8} iv) B-C={2,3,4,10}
X

- (B=C)' = {1,5,6,7,8,9}

1
B = {— XEN,XSS}FindA—B and B-A

2x Ex. 5: Let X be the universal set, for the non—

empty sets A and B, verify the De Morgan's laws
Solution: A ={l,l,l,l,l,l,l} 1) (AUB)' =A'NB'
i)  (AnB)' =A'UB'
Where X = {1,2,3,4,5,6,7, 8,9,10}
A={1,234,5} B={1,2,5,6,7}

r1111 1 1 1

B - LR R R ) 5 s
{246810121416}

LA-B = {l,%,%,%} Solution: AUB = {1,2,3,4,5,6,7}
(ANB) = {1,2,5}
and B-A = {é%%ﬁ%} A'={6,7,8,9,10}
B'= {3,4,8,9,10}
Ex.3: IfA={1,23,4},B={3,4,5,6} i)  (AUB) ={8,9,10} (1)
C={5,6,7,8},D={7,8,9,10}; A'NB' ={8,9,10} ..Q2)
find 1) AUB ii) AUBUC iii) BUCUD from (1) and (2), (AUB)' =A'"B'
Are the sets A, B, C, D equivalent? i)  (AnB)' ={3,4,6,7,8,9,10} ..(3)
Solution: We have A'UB' ={3,46,7.8,9,10} ..(4)
i) AUB={12345,6 from (3) and (4),
i) AUBUC = {1,2,3,4,5.6,7,8) (ANB) =A'UB'
iii) BUCUD = {3,4,5,6,7,8,9,10} Ex.6: If P= {x/x*+ 14x + 40 =0}

As the number of elements in every setA, B, C, D Q=x*-5x+6=0;
is 4, the sets A, B, C, D are equivalent. R = {x/x* + 17x — 60 = 0} and the universal
set X = {20, —10 — 4, 2, 3, 4}, find

<1
L




1) PUQ
iv) PN(QUR)

i) QAR iii) PU(QNR)

Solution: P= {x|x*+ 14x + 40 =0}
- P={-10, -4}

Similarly Q = {3, 2}, R = {-20, 3} and
X =1{-20,-10,-4,2, 3, 4}

i) PuQ ={-10,-4,3,2}

i) QMR = {3}

i)  PU(QNR) = {-10, -4, 3}

iv) Pn(QUR)=¢

Ex. 7: If A and B are the subsets of X and
n(X) =50, n(A)=35,n(B) =22 and
n(A'mB') =3, find i) n (AUB) 1ii) n(ANB)
n(A'mB) iv) n (AUB'")

Solution:

1)  n(AuUB)=n(X) - n(AUB)'
=n(X) —n(A'nB")
=50-3
=47,

ii)  n(AnB)=n(A) + n(B) - n(AUB)
n(ANB) =35 + 22 — 47
=10

iii)  n(A'"B)=n(B) — n(ANB)
—22-10
- 12

iv)  n(AUB') = n(X) — n(A'NB)
=50-12
= 38

Ex.8:In an examination; 40 students failed
in Physics, 40 in Chemistry and 35 in
Mathematics; 20 failed in Mathematics and
Physics, 17 in Physics and Chemistry, 15 in
Mathematics and Chemistry and 5 in all the

three subjects. If 350 students appeared for
the examination, how many of them did not
fail in any of the three subjects?

Solution:
P = set of students failed in Physics
C = Set of students failed in Chemistry

M = set of students failed in Mathematics

Fig. 1.19

From figure 1.19, we have

n(X) =350, n(P) =40, n(C) =40, n(M) =35
n(MNP) =20, n(PNC) =17, n(MNC) = 15
and n(MNPNC) =5

The number of students who failed in at least one
subject = n(MUPULC)

we have,
n (MUPUC) =n(M) + n(P) + n(C) + n(MnPNC)
-n (MNP) — (PNC) —n (MNC)
=35+40+40+5-20-17-15
=68

The number of students who did not fail in any
subject

=350 -68
=282

Ex. 9: A company produces three kinds of
products A, B and C. The company studied
the preference of 1600 consumers and
found that the product A was liked by 1250,

L



the product B was liked by 930 and product
C was liked by 1000. The proudcts A and
B were liked by 650, the products B and C
were liked by 610 and the products C and A
were liked by 700 consumers. 30 consumers
did not like any of these three products

Find number of consumers who liked.
1) all the three products
i) only two of these products.

Solution: Given that totally 1600 consumers were
studied.

~n(X) = 1600,

Let A be the set of all consumers who liked
product A. Let B the set of all consumers who
liked product B and C be the set of all consumers
who liked product C.

n(A) = 1250,
n(B) = 930, n(C) = 1000.

n(AB) = 650, n(BAC) = 610
n(ANC) = 700, n(A'"B'~C") = 30

+ n(ANBNC)
. 1570 = 1250 + 930 + 1000 — 650 — 610
— 700 + n(AnNBNC)
- n(ANBNC) = 1570 + 1960 — 3180
=350
.. The number of consumers who liked all
the three products is 350.
i) n[(AnNB)NC'l =n (AnB) — n [(AnB)NC]
=650 - 350
=300
Similarly n(A'"BNC) =610 — 350 = 260
and n(ANB'NC) =700 — 350 = 350

". The number of consumers who liked only
two of the three products are

= n(AnNBNC") + n(AnNB'"C) + n(A'mBNC)
= 300+ 350 + 260
= 910

EXERCISE 1.1

1)  Describe the following sets in Roster form
1) {x/xisaletter ofthe word'MARRIAGE'}
ANBNC ANBNC' B ] ) 1 9
i1) {x/x is an integer, - — <y <= }
2
1i1) {x/x =2n, neN}
2)  Describe the following sets in Set—Builder
form
Fig. 1.20 i {0}
i) a(AUBUC) = n(X) — n[(AUBUC)] it) {01’ 121, 22’ 33 i <o
=n(X) —n (A'nB'NC") 1i1) {E’g’ﬁ’ﬁ’%’ﬁ’%}
=1600 — 30
3) IfA= {x/6x*+x—15=0}
=1570
B = {x/2x*-5x-3 = 0}
. n(AUBUC) = n(A) + n(B) + n(C) C = {x/2¥—x-3 = 0} then
= n(ANB) = n(BNC) - n(CNA) find i) (AUBUC) ii) (ANBNC)
0N




4)

5)

6)

7)

8)

If A, B, C are the sets for the letters in the
words 'college', 'marriage’ and 'luggage’'
respectively, then verify that
A-(BUC) = (A-B)n(A-C)

IfA=1{1,2,3,4},B={3,4,5, 6},
C=1{4,5,6,7, 8} and universal set
X={1,2,3,4,5,6,7,8,9, 10}, then verify
the following:

1)  AuBNC)=(AUB) N(ALC)

i1)  ANnBUC)=(ANB) U(ANC)

iii) (AUB)'=(A'"B")

iv) (AnB)'=A'UB'

v) A=(AnB)u (AnB")

vi) B=(AnB)u (A'nB)

vii)) n (AUB)=n(A)+ n(B) - n(AnB)

If A and B are subsets of the universal set
X and n(X) =50, n(A) =35, n(B) = 20,

n(A'"B)=5,find  i)n (AUB)
i) n (ANB) iii) n(A'nB)
iv) n(ANB')

Out of 200 students; 35 students failed in
MHT-CET, 40 in AIEEE and 40 in IIT
entrance, 20 failed in MHT-CET and
AIEEE, 17 in AIEEE and IIT entrance, 15
in MHT-CET and IIT entrance and 5 failed
in all three examinations. Find how many
students.

1) did not fail in any examination.
i1) failed in AIEEE or IIT entrance.

From amongst 2000 literate individuals of a
town, 70% read Marathi newspapers, 50%
read English newspapers and 32.5% read
both Marathi and English newspapers. Find
the number of individuals who read.

1) at least one of the newspapers.

i1) neither Marathi nor English newspaper.

1i1) Only one of the newspapers.

9) Inahostel, 25 students take tea, 20 students
take coffee, 15 students take milk, 10
student take both tea and coffee, 8 students
take both milk and coffee. None of them
take tea and milk both and everyone takes
atleast one beverage, find the number of
students in the hostel.

10) There are 260 persons with a skin disorder.
If 150 had been exposed to the chemical
A, 74 to the chemical B, and 36 to both
chemicals A and B, find the number of
persons exposed to
1)  Chemical A but not Chemical B
i1) Chemical B but not Chemical A

ii1) Chemical A or Chemical B

11) If A= {1,2,3} write the set of all possible
subsets of A.

12) Write the following intervals in set—builder

form.
1) (-3,0) i) [6,12]
iii) (6, 12) iv) (-23,5)

1.4 RELATIONS:
1.4.1 Ordered Pair:

A pair (a,b) of numbers, such that the order,
in which the numbers appear is important, is
called an ordered pair. In general, ordered pairs
(a,b) and (b, a) are different. In ordered pair (a,b),
'a' is called the first component and '2' is called the
second component.

Two ordered pairs (a,b) and (c, d) are equal,
ifand only ifa =cand b =d.

Also, (a, b) = (b, a) ifand only if a = b
Ex. 1: Find x and y when (x + 3, 2) = (4, y — 3)

Solution: Using the definition of equality of two
ordered pairs, we have

x+3,2)=4,y-3)




“x+t3=4and2=y-3
~x=landy=5

1.4.2 Cartesian Product of two sets:

Let A and B be two non—empty sets then the
cartesian product of A and B is defined as the set
of all ordered pairs (a, b) such thata € A and beB.
It is denoted as AxB and read as 'A cross B'

Thus, AXB = {(a, b) / aeA, beB}

For example,

IfA={1,2} and B = {q, b, ¢} then

AxB={(1,a)(1,b),(1,¢),(2,a),(2,b),(2,¢)}

Let’s Note.

If A= ¢ or B =¢, then

S AXB=¢
1.4.3 Number of elements in the Cartesian
product of two finite sets:

Let A and B be any two finite sets with
n(A) = m, and n(B) = m,, then the number of
elements in the Cartesian product of A and B is
given by

n(AxB) =m em,=n(A)«n(B)
Ex. 1) : Let A= {1, 3} ; B= {2, 3, 4} Find the
number of elements in the Cartesian product of A
and B.

Solution: Given A= {1, 3} and B= {2, 3, 4}
n(A)=2andn (B)=3
n(AxB)=2x3=6

1.4.4 Relation (Definition): If A and B are two
non empty sets then any subset of AxB is called
relation from A to B and is denoted by capital
letters P, Q, R etc..

If R is a relation and (x, y) € R then it is
denoted by xRy, read as x is related to y under the
relation RorR : x — y.

y is called 'image' of x under R and x is
called 'pre—image' of y under R.

Ex. LetA={1,2,3,4,5 and B={1,4,9}

Let R be a relation such that (x, y) € R
if x? =y. List the elements of R.

Solution: Here A= {1, 2, 3,4, 5}
and B= {1, 4, 9}
S R={(1,1),(2,4),3,9)}

Arrow diagram fot this relation R is given by

Fig. 1.21
1) Domain:

The set of all first components of the ordered
pairs in a relation R is called the domain of the
relation R.

i.e. domain (R)= {a € A|(a, b) € R}

2) Co-domain:
If R is a relation from A to B then set B is
called the co—domain of the relation R

3) Range:

The set of all second components of all
ordered pairs in a relation R is called the range of
the relation.

i.e. Range (R) = {beBj|(a, b) € R}




1.5 TYPES OF RELATIONS: iii) Into relation: A relation R from A to B is
i)  One-One Relation(Injective): A relation R said to be into relation if there exists at least
from A to B is said to be one—one if every one element in B which has no pre—image
element of A has at most one image in B in A. i.e. Range of R is proper subset of B
under R and distinct elements in A have For example: Let A= {-2, -1, 0, 1, 2, 3}
distinct images in B under R.
B=1{0,1,2,3,4;
A R1 B Let R3 = {(_25 4)a (_13 1)5 (0’ 0)9 (19 1)5
2,4);
0
N ]
’v‘
Fig. 1.22 ‘
For example: Let A= {1,2,3,4}
B=1{2,3,4,5,6,7} Fig. 1.24
and R, = {(1, 3), (2,4),(3,5
! ‘{( ) (29, ( _)} . Range of R,= {0, 1, 4}
Then R, is a one — one relation. (fig 1.22)
) . . Range of R,c B
Here, domain of R, = {1, 2, 3} and range is ) ; ) )
Then R, is an into relation from A into B
{3,4,5} 3
ii)  Many-one relation: A relation R from A to iv)  Onto relatlol‘l (Sl?rjectlve) A relat'10n R
. . from A to B is said to be onto relation, if
B is said to be many — one if two or more ] ]
. . . every element of B is the image of some
than two elements in A have same image in
B element of A.
For example: Let R, = {(1, 4), (3, 7), (4, 4)} For Example: LetA={=3,-2,-1,1,3, 4
Then R, is many — one relation from A to B B={1,4,9}. Let
A R2 B R4 = {(_37 9)7 (_2’ 4)3 (_13 1)9 (13 1)9 (33 9)}
A Ry B
4 =
] N
Fig. 1.23
Domain of R, = {1, 3, 4} Fig. 1.25
Range of R, = {4, 7}
1N




. Range orR, = {1, 4,9}

. Range = co—domain (B)
Thus R, is an onto relation from A to B.
Binary relation on a set:

Let A be non—empty set then every subset
of Ax Ais called a binary relation on A.

A relation having the same set as domain and co-
domain is a binary relation on that set.

SOLVED EXAMPLES

Ex. 1.: LetA= {1, 2,3} and

R=1{(1,2),(2,2),(3, 1), (3, 2)}
AxA = {(1, 1), (1, 2), 1, 3), (2, 1), (2, 2),
(2,3),3,1),3,2),3,3)}
Clearly RcAXA and therefore, R is a binary
relation on A.
Ex. 2: Let N be the set of all natural numbers and
R={a b)/a b e Nand2a+b=10}

Since R&N x N, R is binary relation on N.
Clearly, R = {(1, 8), (2, 6), (3, 4), (4, 2)}

We can state domain, range and co—domain
of the relation R as follows :

Domain (R) = {1, 2, 3, 4}
Range (R) = {2, 4, 6, 8}
Co—domain = N.

1) ¢ < Ax A is a relation on A and is called
the empty or void relation on A.

i) AXA < AXA.Soitisarelation on A called
the universal relation i.e. R=Ax A

Ex.3: IfA={2,4,6)

then R=Ax A= {(2,2),(2,4), (2,6),(4,2),
(4,4), (4,6), (6, 2), (6,4), (6,0)}

and R = Ax A is the universal relation on A.

Note: The total number of relations that
can be defined from a set A to a set B is the
number of possible subsets of Ax B

If n(A) = m and n(B) = m,

then n(Ax B) = m m,

and the total number of relations is 2”12
Properties of relations:

Let A be a non—empty set. Then a relation R
on A is said to be

(1) Reflexive, if (a, a) € R for every a€A i.e.
aRa for every acA
(1) Symmetric, if (a, b)eR
= (b, a) eR forall g, b, €A
i.e. aRb = bRa for all ¢, be A
(ii1) Transitive, if (a, b)eR and (b, ¢) € R
= (a, c)eR for all @, b, ceA.

Note: Read the symbol " =" as "implies".

Equivalence relation:

A relation which is reflexive, symmetric
and transitive is called an equivalence relation.

SOLVED EXAMPLES

Ex. 1: Let R be arelation on Q, defined by

R={(a, b)a, beQ and a-beZ}

Show that R is an equivalence relation.

Solution: Given

R ={(a, b)/a, beQ and a-beZ}

1) Leta €Q thena—a=0eZ
- (a, a)eR

So, R is reflexive.




i) (a, b)eR= (a-b)eZ
1.e. (a—b) is an integer
= —(a—b) is an integer
= (b—a) is an integer
= (b,a) e R
Thus (a, b) eR = (b, a) e R

.. R 1s symmetric.

i) (a,b) e Rand (b, c) e R
= (a—b) is an integer and (b—c) is an integer
= {(a—b) + (b—c)} is an integer
= (a—c) is an integer
= (a,c)eR
Thus (@, b) e Rand (b, c) e R=(a,c) e R
.. R is transitive.

Thus, R
transitive.

is reflexive, symmetric and

.. R is an equivalence relation.

SOLVED EXAMPLES

Ex. 1: If (x+1, y-2) = (3, 1) find the value of
x and y.

Solution: Since the order pairs are equal, the
corresponding elements are equal.
“x+t1=3andy-2=1
~x=2andy=3
Ex. 2: IfA= {1, 2}, find AXA
Solution: We have A = {1, 2}
SOAXA={(1,1),(1,2),(2,1),(2,2)}
Ex.3: IfA={1,3,5} and B = {2, 3}. Find AxB
and BXA. Is AXB = BxA?
Solution: We have
AxB={(1,2),(1,3),(3,2),3,3),(5,2), (5,
3)} and BxA={(2, 1), (2, 3),(2,5),(3, 1), (3, 3),

(3, 5)} All elements in AxB, BxA (except (3, 3)
are different.

.. AxB #BxA

Ex. 4: If AXB = {(3, 2), (3, 4), (5, 2), (5, 4)} then
find A and B

Solution: Clearly, we have

A = Set of all first components of AxB

w A=1{3,5}
B = Set of all second components of AxB
. B=1{2,4}

Thus A= {3, 5} and B = {2, 4}

Ex. 5: Express {(x, y)/x* +y* =25 where x,ye W}
as a set of ordered pairs.

Solution: We have x* +)? =25
x=0,y=5=x>+)?=02+52"25
x=3,y=4=x>+)?=(3) +(4)*=25
x=4,y=3=x>+)y?=(4)*+(3)*=25
x=5,y=0=x>+)?=(5)+(0)*=25
. The given set = {(0, 5), (3, 4), (4, 3),
(5,0)}

Ex.6: LetA={1,2,3} and B={2,4, 6}
Show that R = {(1, 2), (1, 4), (3,2), (3,4)}
is a relation from A to B find
1) domain (R) ii) Co—domain (R)
ii1) Range (R)
Also represent this relation by arrow
diagram
Solution: Here A= {1, 2,3}, B={2,4, 6}
and R = {(1, 2),(1,4),(3,2),(3,4)}
Since R < AxB, R is a relation from A to B
1) Domain (R) = Set of first components of R
={1,3}
i) Co—domain (R)=B = {2,4, 6}
iii)  Range (R) = Set of second components
of R= {2, 4}

N



Arrow Diagram: Ex.8:LetA={1,2,3,4,5, 6} define a relation
R fromAto Aby R={(x,y)/y=x+1}

A B i)  Draw this relation using an arrow diagram.

1 R > 2 i)  Write down the domain, co-domain and
range or R.

2 4 .

Solution :

3 6 1)  Arelation R from A to A by

R = {(x,y) / y=x+1} is given by
Fig' 1'26 R = {(17 2)’ (27 3)7 (33 4)7 (4a 5): (57 6)}

The corresponding arrow diagram is
Ex.7:LetA={1,2,3,4,5} and B= {1, 4, 5}

Let R be a relation from A to B such that

(x,y) eRifx<y
1) List the elements of R.

i1))  Find the domain, co—domain and range of
R.

]

ii1l) Draw the above relation by an arrow
diagram.

Solution: A= {1,2,3,4,5} and B= {1, 4, 5}

Fig. 1.28
1)  The elements of R are as follow:

R=1{(1,4),(1,5),(2,4),(2,5),(3,4),(3,5) i) Domain={1,2,3,4,5}
(4,5); Range = {2, 3,4, 5, 6}

i) Domain (R) = {1, 2, 3, 4} Co-domain={1,2,3,4,5, 6}
Range (R) = {4, 5}
Co—domain (R)={1,4,5} =B

EXERCISE 1.2

i)  An Arrow diagram

A B 1) If(x-1, y+4) = (1, 2) find the values of x
and y.
2 1 [xre,21]=[L3] findxandy.
33 32

3) IfA={a b c},B=(x, y} find
AxB, BxA, AxA, BxB.

4) IfP={1,2,3} and Q = {6, 4},
find the sets P x Qand Q x P




5)

6)

7)

8)

9)

10)

LetA={1,2,3,4},B={4,5,6},
C={5,6}.
Find i) AxBnNC)

i) (AxB)n(AxC)

iii) Ax(BuUC)

iv) (AxB)U(AxC)
Express {(x, y) / x* +y* = 100 where

x, v € W} as a set of ordered pairs.

Write the domain and range of the following

relations.

1) {(a, b)/a € N, a<6 and b =4}
1) {(a, b)/a,b € N,a+b=12}
11)(2, 4), (2, 5), (2,6), (2, 7)}

Let A= {6,8} and B= {1, 3, 5}

Let R = {(a, b)/ae A, beB, a-b is an even
number}

Show that R is an empty relation from A to

B.

Write the relation in the Roster form and

hence find its domain and range.

i) R, = {(a, @)/ ais prime number less
than 15}

1
i) R, ={(a, —)/0<a<5,aeN}
a

R={(a,b)/b=a+ 1, aez 0<a<5}
Find the Range of R

11) Find the following relation as sets of ordered

i)

pairs.
{(x,y)/y=3x,xe {1,2,3}, ye {3,6,9,12}}

i) {(,y)/y>x+1,xe {1,2} andy € {2, 4,

6}

i) {(x,y)/x+ty=3,x,vye {0, 1,2,3}}

Let’s remember!

A set is a collection of well defined objects.

A set which does not contain any element is
called an empty set and is denoted by ¢.

The power set of a set A is the sets of all
subsets of A and is denoted by P(A).

AuUBNC)=(AuB)n(AUCC).
ANnBuUlC)=AnB)UANCQ).

For any sets A and B

(AUB)=A"NnB'

If A and B are finite sets such that :

A N B=¢, then

n(A U B) =n(A) + n(B)

If n(A N B) # ¢, then

n(A v B)=n(A)+n(B) - n(A " B)

A xB={(a, b)acA, beB}

In particular, R x R = {(x, ) /x, y € R}

If (a, b)=(x, y)thena=xand b=y

If n(A) = p and n(B) = g then n(A x B) = pq
Axo=¢

The image of an element x under a relation R
is given by y, where (x, y) € R. (relation).

ThedomainofR isthesetofall 1*components
of the ordered pairs in R (relation).

The range of R (relation) is the set of all
second components of the ordered pairs in R

Let A be any non-empty set, then every
subset of A x A is binary relation on A.

MISCELLANEOUS EXERCISE - 1

1) Write the following sets in set builder form

{10, 20, 30, 40, 50},

i) {a,e,i,0,1)




iii) {Sunday, Monday, Tuesday, Wednesday,

Thursday, Friday, Saturday}

ACTIVITIES

Activity 1.1 :

2) IfU={xxeN,1<x<12}
A={1.4.7.10} B=1{2.4.67 11} Take Universal set X having 10 elements an.d take
35809 1 two unequal subsets A and B of set X. Write A',
=13,5,8,9,12} B',A-B,B—-A, AUB, AnB, (AUB), (AnB)".
Write the sets
HAUB  i)BNC  iii)A-B Activity 1.2 :
iv) B-C v) AUBUC vi) A ~(BUC) Give an example of nonempty sets A and B and
. . universal set such that
3) In a survey of 425 students in a school, it AUB - AFB S AUBY - AUB!
was found that 115 drink apple juice, 160 g YETAN ) (AUB) =A'Y
drink orange juice and 80 drink both apple 1) A'MB'=(ANBY
as well as orange juice. How many drink Activity 1.3 :
neither apple juice nor orange juice? . ) )
By taking suitable example verify the
4)  In a school there are 20 teachers who teach AxB # BxA. But n(AxB) = n(BxA).
Mathematics or Physics, of these, 12 teach
Mathematics and 4 teach both Physics and  Activity 1.4 :
Mathematics. How many teachers teach  Wwhat conclusion will you draw about two sets
Physics? Aand BifAcB and BCA.
5) 1) IfA= {1,2,3} and B = {2, 4}, state the
elements of AXA, AXxB, BXA,BxB,  Activity 1.5 :
(AxB)"(B xA) 12
) IFA= (-1, 1}, find A x A x A IfA= {7,3} then it can also be expressed as
6) IfA={l,2 3}, B={4,5, 6} whichof ,_ o/ [] 2 + [ ]x + [=] = 0}.
following are relations from A to B
: R = 1.4 1.5 1.6 Activity 1.6:
) R = {(1,4),(1,5), (1, 6);
i) R,={(1,5),(2,4), (3, 6)} Write the domain and range for the following
i) R, = {(1,4), (1,5), (3,6), (2,6), 3, 4)} "™
v) R, = {(4,2),(2,6),(5,1),(2,4)}
7)  Determine the Domain and range of the
following relations.
R={(a, b)/aeN, a<5,b=4}
17N
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4 o o 8

5 e o 9
Fig.1.29

1) Write the relation in term of the ordered
pairs.

2) Write the image of 5. (if it exists)
3) Write the pre-image of 8.

4) Write the relation in terms of the formula.

Activity 1.7 :

Write the following sets in Roster form. Also

draw Venn diagram.
1) A-setofall factors of 24.
i1) B - set of all prime numbers less than 30.

iii)) C - Set of all letters in the word

'MATHEMATICS'.

Activity 1.8 :

In a survey of 400 students. It was found that 150
drink milk, 250 drink Tea, 50 drink both. How
many drink neither Tea nor milk. Solve using

formula & Venn diagram.
Let M is set of students who drink milk.

Let T is set of students who drink Tea.

= ]
nm =[]

n(MuUT) nM) + n(T) — n(MNT)
L+ -]
Number of students neither drink Tea nor

milk

Total number of students —n(MUT)

Activity 1.9 :

Complete the following activity.

1
A= {g/xeN & x<8}

1
B={—/xeN & x<8}

2x
Find AUB,AnB,A-B,B-A
Solution :

Write set A & set B in list form

For AUB, [consider all elements from A as

well as B, don't repeat elements]

For AnB, [Take all the elements that are

common in A and B]

For A — B [Take all the elements that are

present in A but not in B]

Activity 1.10 :
U = {1,2,3,4,5,6,7,8}
A=1{12345 A= {o. }
B = {4,5,6,7,8}

AN



Complete the following activity. i)  n(A-B)+n(AnB) + n(B-A)

AUB = oo bon(AUB) =[] = | |+ | +]

AB = oo o n(A-B) =[] =[]
BoA = {ooo LonB-A) =[] i) AAB = fe !
ACB = {oooooe Lon(AnB) =[] AMB'=A-B

i) A'MB= e, )




2 . FUNCTIONS

Let’s study.

e  Function, Domain, Co-domain, Range
e  Types of functions — One-one, Onto

e Representation of function

e  Evaluation of function

e  Fundamental types of functions

e  Some special functions

~

Let’s learn.

[
2.1 FUNCTION

Definition : A function f from set A to set B is a
relation which associates each element x in A, to a
unique (exactly one) element y in B.

Then the element y is expressed as y = f{x) .

y is the image of x under f

If such a function exists, then A is called the
domain of f'and B is called the co-domain of /.
For example,

Examine the following relations which are given
by arrows of line segments joining elements in
A and elements in B.

1))

A— ! 3B

S

Fig. 2.1

R, is a well defined function.

2)

Fig. 2.2

R, 1s not a function because element d in A is
not associated to any element in B.

3)

A 3 ;B

Fig. 2.3

R, is not a function because element a in A is
associated to two elements in B.
The relation which defines a function f from
domain A to co-domain B is often given by an
algebraic rule.
2.1.1 Types of function
One-one or One to one or Injective function

Definition : A function /: A — B is said to be one-
one if distinct elements in A have distinct images

N/



in B. The condition is also expressed as 3)
a# b= fla) #£b)
Onto or Surjective function

Definition: A function f: A — B is said to be onto
if every element y in B is an image of some x in A

The image of A can be denoted by f(A).
fA)=1{y e B|y=f(x) for some x € A}
f(A) is also called the range of A.

Note that /: A— Bisontoif {A)=B.

For example,

Fig. 2.6
1) .
f f, is not one-one, onto
A1 5B 4)
At >
-
S ]
Fig. 2.4
/, is one-one, not onto Fig. 2.7
2) /, 18 not one-one , not onto
f Representation of Function
A= 33 P
Verbal Output is 1 more than twice the
form input
> Domain : Set of inputs
Range : Set of outputs
> Arrow
> form/ 2 5
Venn
Diagram 3 e > ° 7
>
Form 4o > PRY
Fig. 2.5 ° y
/, is one-one, onto
Fig. 2.7(A)
Domain : Set of pre-images
Range: Set of images
<21 >




Ordered | f= {(2,5), (3.7), (4,9), (5,11)}
Pair Domain : Set of 1% components
(x, ) from ordered pair = {2, 3, 4, 5}
Range : Set of 2™ components
from ordered pair = {5, 7,9, 11}
Rule / y=fix)=2x+1
Formula |Wherex e N,1<x<6
flx) read as ‘f of x’ or ‘function of
e
Domain : Set of values of x,
Range : Set of values of y for
which f'(x) is defined
Tabular ¥ v
Form 5 5
3 7
4 9
5 11
Domain : x values
Range: y values
Graphical
form
11¢ «(5,11)
101
91 *(4,9)
8..
1 3.7
6.
T 12,9
4..
3..
2..
1 1
00 123456
Fig. 2.7(B)

Domain: Extent of graph on x-axis.

Range: Extent of graph on y-axis.

2.1.2 Graph of a function:

If the domain of function is R , we can show the
function by a graph in xy plane. The graph consists

of points (x,y), where y = f(x).

Evaluation of a function:
1) Ex: Evaluate f(x) =2x>*— 3x + 4 at
x="7and x = —2¢
Solution : f(x) atx=71s f(7)
f(N)=2(77*-3(7)+4
=2(49)—-21+4
=98—-21+4
=81
f(=26) =2(2¢)*-3(2t) + 4

=2(4r)+ 6t +4
=82+ 6t + 4

2) Using the graph of y = g (x) , find g (—4)
and g (3)

(1.4)

x

8 7 6 5 Ja 3 2 1

(3,-5)

L - R e R e e

™

Fig. 2.8

From graph whenx=—-4,y=0s0g(—4)=0
From graph whenx=3,y=-5 sog(3)=-5
3) If f(x)=3x>—xand f(m) =4, then find m

Solution : As

S(m)=4

3m*—m=4
3m*—m—4=0
3m*—4m+3m—4=0
m@Bm—-—4)+138m—-4)=0




Bm—4)(m+1)=0 5) From the equation 4x + 7y = 1 express

4 1) y as a function of x

Therefore , m = 3 orm= -1 ii) x as a function of y

x =~z = function of y

4) From the graph below find x for which Solution : Given relation is 4x + 7y =1
fx)=4 1)  From the given equation
Ty=1-4x
Y 1-4 .
A y= —75 = function of x
= f(x) 1—4x
~ 5 Soy=f()="7"
S l i1) From the given equation
A
N 4x=1-7Ty
\[5 |/
2 -7y
1
o NI/ N

1-7y
Sox=g()=—"73"

Some Fundamental Functions

1) Constant Function :

Fig. 2.9 f:R — R given by
fix) =k, x € R, k is constant is called the
Solution : To solve f(x) =4 constant function.
find the values of x where graph intersects line Example: f(x)=3,x e R
y=4 Graph of f(x)=3
X AY
_ <) |
T
s. ||
« 4 y=4 |
\ 3 / < (_:2’ 3) t (2’3) >
T :25 y=3
< N > X |
-2-10 2345
1 1
v X4 3 2 -10, 1 2 3 4X
Fig. 2.10 Fig. 2.11

Therefore , x = —1 and x = 3 are the values of x ~ Domain : R or (—o, ) and Range : {3}
for which fix) =4




2) Identity function

If the domain and co-domain are same as A, then
we define a special function as identity function
defined by f'(x) = x, for every x € A4.

Let A=R. Then identity function /: R — R, where
y = x is shown in the graph in fig. 2.12.

A
v
>

v

Fig. 2.12

Graph of f(x)=x
Domain : R or (—oo, ) and Range : R or (—o0, o0)
3) Linear Function :

Example : A function f: R — R of the form

fx)y=ax+b

For example, f(x) = — 2x+3, the graph of which is
shown in Fig. 2.13

<

(=2

I7a¥ Ks)Y

Domain : R or (-0, c0) and Range : R or (—o0, o0)

Properties :

1) Graph of f(x) =ax + b is a line with slope
‘a’, y-intercept ‘b’ and x-intercept e%j

2) Graph is increasing when slope is positive
and decreasing when slope is negative.

4) Quadratic Function

Function of the form f(x) = ax*> + bx + ¢ (a # 0)

fix)=ax’+bx+c,a>0

A
v
>~

Fig. 2.14

Domain : R or (—oo, ) and Range : [, o)

5) Function of the form f (x)=ax" ,n € N
(Note that this function is a multiple of
power of x)

i) Square Function
Example : f(x) = x?

Y
A
16
14 _ 2
y=x
12
10
8
6
4
2
< >» X
4 3 2 1 0 1 2 3 4
v
Fig. 2.15




Domain : R or (—o0, ) and Range : [0, o)

ii) Cube Function

Example : /' (x) = x3

— N W A LN 9 ®

(1,1

A

1,-1/ -1

(-2,-8) 81

Fig. 2.16

Domain : R or (—o, ) and Range : R or (-0, )

6) Polynomial Function : A functions of the
form

— -1
S =ax"+a x"'+. .. +ta xta

is polynomial function of degree n , if a; # 0, and
a, a, a, ... ,a_are real. The graph of a general
polynomial is more complicated and depends
upon its individual terms.

Graph of f(x)=x*—1
f(x)=(@—1)(*+x+1)cuts x-axis at only one
point (1,0) , which means f (x) has one real root
and two complex roots.

4

Fig. 2.17

Note that, any polynomial of odd degree must
have at least one real root, because the complex
roots appear in conjugate pairs.

7) Rational Function
Definition: Given polynomials p(x), g(x)

_ px) . . .
fx)= 7 (q(x)#0) is called a rational function.

For example, f(x)=




Domain : R-{0} and Range : R —{0}

. . 2x+9
Example : Domain of function f (x) = 553
2x+9

1ef(x) = x_(XT-)(X‘FS)

is R —{0, 5, =5} as for
x=0,x=-5and x =5, denominator becomes 0 .

8) Exponential Function : A function f: R—R"*
given by f(x) = a* is an exponential function with
base a and exponent (or index) x, a # 1, @ > 0 and
x €eR.

- \ 31\ / 2
2-
2
1,2 ¥ 1,2)
1
-1,10.5 5 1.05
P _/// \\\‘
-~ 125.2-156-1-05Q, 0.5 1]1.52/25

Fig. 2.19

Domain: R and Range : (0, 0)=R"

9) Logarithmic Function: A function f: R"—R,

defined as f(x) = log x, (@ > 0,a # 1, x > 0)
where y = log x if and only if x = @ is called
Logarithmic Function.
y= 10g X . . ay =X
a is equivalentto -~ .

logarithmic form exponential form

P

Let’s Note.

——

1) y=log x<a'=x< antilogy=x

2) Asa’=1,sologl=0andasa'=1,
sologa=1

3) Asa*=a’<x=ysolog x =log y<
X=y

4) For natural base e, log x = In x (x> 0) is
called as Natural Logarithm Function.

Domain : (0, )

N
I

11 yﬂ%
< 0 /(1,0) —> X
14
v
Fig. 2.20

Range : (—o0, )

Rules of Logarithm :
1) log ab=log a+log b

2) log, % =log a —log b
3) log a"=b.log a

4) Change of base formula:
log, x
Fora,x,b>0anda, b#1, logax=‘1w

log x 1
Note: log x = log a = log_a

Algebra of functions:
If fand g are functions from X — R, then the
functionsf+ g, f— g, fg, Lg are defined as follows.




Operations

e ®=fx+gx
-8 ®=f(x)-—gx®
(f. 8 (=f(x). g

Loy £

oA (x —
S &) where g (x) #0

Ex. If f(x) =x? +2 and g (x) = 5x — 8, then find

n (o)
i) (f-g(=2)
i) (f.g) (Bm)
v L

) 5 ©

) As (f+tg) ()=f(x)+gx)
(F+oM=r(1)+g()
— (1P+2+5(1)-8
= 1+2+5-8
= §-8
=0

i) As (f-g) () =/(x)—gx
(-2 (=2)=f(-2)—g(=2)
= [(=27+2]+[5(-2) — 8]
= [4+2]—[-10-8]
= 6+18
= 24

iii) As (fg) (x) =f(x) g (x)

(f.g) Bm)=1(@Bm) g (3m)
[Bm)*+2] [5(3m) — 8]
[9m*+2] [15m—8§]
= 135m* — 72m* + 30m —16

1v) As ‘g(x) = ng'%))'
[
;§<°> O)

2
- =
1
4

2.1.3 Composite function:

Let A—>B and g: B—>C where fix) = y and
g(y) = z, xeA, yeB, zeC. We define a function
h:A—C such that A(x) = z then the function h is
called composite function of f'and g and is denoted

by gof.
.ogof : A—C

gof(x) = g[f(x)]

It is also called function of a function.

e.g.
LetA={12,3,4} and B= {1,3,5,7,10}
C = {-2,6,22,46,97,100} where

f: {(1’1)’ (273)’ (3’5)’ (477)} and

g=1{(1,-2), (3,6), (5,22), (7,46), (10,97)}

- gof ={(1,-2), (2,6), (3,22), (4,46)}

1 >e ] >e.)
2 \ /4}-3 \ / > 6
3 >e5 >e 22
4 >’/ > 46
10 97
Fig. 2.22




Since
f={xy)/xeA,yeB,andy=2x—-1}
g=1{(z)/y e B,z e C,and z = y*— 3}
then
gof (x) = {(xz)/ x € A,z € C} and

z =(2x-1)-3

Ex 1. Iff(x) = -)6%5- and g (x) =x*>— 1, then find
) (fee) ) i)(ge/)A3)
Solution :

2
As (> ) () =lg )] and f(x) = 75
Replace x from f(x) by g (x) , to get

2
(f°8) ()= g(x)+5
2
~ X145
2
= x4
As (g°f)(x)=glf(»]and g (x)=x*—1
Replace x by f(x) in g (x), to get

€ N@=F@PF-1

2 \2
=75 !

Now let x

e°H 3

Ex2.If f(x)=x2,g(x)=x +5,and & (x) = % ,
find (g ° /" h) (x)

— As(gefeh)(x)= g {f[h(x)]} and
g(x)=x+5
Replace x in g (x) by f[h (x)] +5 to get
(gofeh)(x)=flh()]+5

Now f'(x) =x?, so replace x in f(x) by % (x) , to get
(gefeh)(x)=f[hX)]+5

1
Now 4 (x) ="y therefore,

1)\2
(gofeoh) (x)= (7) +5

2.1.4 : Inverse functions:

Let f: A — B be one-one and onto function and
f(x) =y for x € A. The inverse function

f1':B— Aisdefined as ' (y) =x for y € B.

Domain of f Range of f
f
X o >e Y
f»l
Range of f! Domain of f!
Fig. 2.23

Note: As fis one-one and onto every element

vy € B has aunique elementx € 4 associated with
v . Also note that fo f~! (x) =x

Ex. 1 If fis one-one onto function with f(3) =7
then f~1(7)=3.

Ex. 2. If fis one-one onto function with

f(x)=9—5x,findf'(-1).
— Let f~'(—1) = m, then — 1 = f(m)

<28 >



Therefore,
—-1=9-5m
Sm=9+1
5m =10

m=2

Thatis f(2)=—1,s0 /"' (-1)=2.

5
Ex.3 Verify that f(x) = “g— and g (x) = 8x + 5

are inverse functions.

-5
Asf(x) = XT, replace x in f(x) with g (x)
-5
flgx)] = g'(x%‘
_ &+5-5
- 8
_ Sx
8
= X

and g (x) = 8x+ 5, replace x in g (x) with f(x)
glfx] =8fx)+5

x—5
8 ] +5

=x—5+5
=X

Asflg(x)]=xand g [f(x)] =x,fand g are inverse
functions.

Ex. 4: Determine whether the function

2x+1

[0 =3

has inverse, if it exists find it.
f! exists only if is one-one and onto.

Solution : Consider f'(x,) =1 (x,),

Therefore,

2x +1 _ 2x2+1
x,—3 x,~3

(2x +1) (x,-3) = (2x,+1) (x,-3)

2xx,—6x +x,—3=2xx,—6x,+x —3
—6x, +x,=—6x,+x
Tx,="Ix,
xZZ'xl

Hence, f'is one-one function.

2x+1
Letf(x)=y,so0y= T3

Express x as function of y , as follows

_ 2xtl

Y= x3
y(x—-3)=2x+1
xy—3y=2x+1
xy—2x=3y+1
x(y—2)=3y+1
3y+1
)

Here the range of /(x) is R — {2} .
x is defined for all y in the range.
Therefore f(x) is onto function.

As function is one-one and onto, so /! exists.

Asf(x)=y,sof"(y)=x

3y+1
Therefore, ' (y) = =

Replace x by y , to get
3x+1

S = 2 -

2.1.5 :Some Special Functions

i) Signum function : The function f: R—R

—-1if x<0
0ifx=0
1 ifx>0

fx) =

is called the signum function. It is denoted
as sgn (x)




v We have
A
-2 if —2<x<-1 orxe[-2,-1)
=590 “1 if-1<x<0 orxe[-1,0)
1 >y=1| fl)=10 if0<x<l orxe[0,1)
if1<x<2 orxe[l,2)
< o7 > X 2 if2<x<3 orxe[2.3)
y=-1< O -1 v
QN
y - x/' /7
v 271 /#—ef/ —o y=x-1
Fig. 2.24 N
< e > X
: 1o 302 -9 23
Domain: R Range: {—1,0, 1} pamve
ii) Absolute value function (Modulus function): // //
— -2
Definition: Let f: R—>R . f(x) = |x|, Vx € R 7
7 v
X if x>0 Graph of f{x) = [x]
SO= it x<0
Fig. 2.26
Domain =R and Range = I (Set of integers)
Y
4 f=1x|
EXERCISE 2.1
2 1) Check ifthe following relations are functions.
1 (a)
< > X
2 -1 0 1 2
Fig. 2.25

Domain : R or (—oo,00) and  Range : [0,00)

iii) Greatest Integer Function (Step Function):

Definition: For every real x , f(x) = [x] = The
greatest integer less than or equal to x.

Fig. 2.27

fx)=n, if n<x<n+1, xe[nn+l)




(b)

(©)

2)

3)

Fig. 2.28

Fig. 2.29

Which sets of ordered pairs represent
functions from A = {1,2,3,4}to

B ={-1,0,1,2,3}? Justify.

(@) {(1,0), 3,3), (2,71, (4,1), (2,2)}
(b) {(1,2), 2,-1), (3,1), (4,3)}

(c) {(1,3), (4.1), (2,2);

(d) {(1,1), (2,1), 3.1), (4,1)}

If f(m)=m?>—3m+ 1, find

(@) 1(0) () £(-3)
©f (%) (dfx+1)
(e f(x)

4)

5)

6)

7)

8)

9)

Find x, if g (x) = 0 where

5x=6 18—2x2
(@ g(0="7 (b) g ()= —=—

)gx)=6x>+x—2

Find x, if f(x) = g (x) where
(@) =x*+2x%, g (x) = 11x?

x2+3, x<2

17t = {5x+ 7,

>0 then find
(@) f(3) () f(2) (c) £(0)
4dx -2, x<-3
If f(x)= 5, —3<x<3 , then find
X%, x>3
(@) f(-=4) () /(=3)
(c) /(1) (d) £(5)

Iff(x)=3x+5, g (x)=6x— 1, then find
(a) (f*g) (x) (®) (-2 (2)

(c) (f2) 3) (d) (f/g) (x) and its domain.
If f(x)=2x*+3, g(x)=5x — 2, then find

(@)f-g b gef
©)ff dgog

Let’s remember!

A Function from set A to the set B is arelation
which associates every element of set A to
unique element of set B and is denoted by
f:A— B.

If fis a function from set A to the set B and if
(x, y) € fthen y is called the image of x under
fand x is called the pre-image of y under f.




A function f: A — B is said to be one-one if
distinct elements in A have distinct images in
B.

A function f: A — B is said to be onto if
every element of B is image of some element
of A under the function f.

A function f: A — B is such that there exists
atleast one element in B which does not have
pre-image in A then f is said to be an into
function.

Iff:A—Bandg:B — C with filx) =y
and g(y) =z, xe A, ye B, ze C then define
h : A — C such that i(x) =z, then the function
h is called composite function of fand g and
is denoted by g of.

Iff: A— Bisone-one and onto, g: B — Ais
one-one and onto such that g of : A — A and
fog : B — B are both identity functions then
fand g are inverse functions of each other.

Domain of /= Range of /! and
Range of /= Domain of /!

MISCELLANEOUS EXERCISE -2

1)

2)

3)

Which of the following relations
functions? If it is a function determine its

arc

domain and range.

D 1@ 1, 4 2), (6, 3), 8, 4), (10, 5),
(12,6), (14, 7)}

i) (0, 0), (1, 1), (1, =1), (4, 2), (4, -2),
(9, 3), (9, -3), (16, 4), (16, -4)}

1) {(1, 1), (3, 1), (5, 2)}

A function /i R—R defined by f(x) = %x + 2,

xeR. Show that fis one-one and onto. Hence
find £

A function f'is defined as follows

fix)=4x+ 5, for -4 <x <0.

Find the values of f{—1), f{-2), f(0), if they
exist.

4) A function f'is defined as follows:
fix)y=5—-xfor0<x<4
Find the value of x such that

flx)=3
5) Iffix)=3x*—5x+ 7 find f{x — 1).
6) Iffix)=3x+aandf{1)=7 find a and f(4).

7) Iffix) =ax*+ bx +2 and f(1) = 3, f(4) = 42.
find a and b.

2x—1 2
8 =55 ¥*75
Verify whether (fof) (x) = x.
x+3 3+5x
9) /)= 5—5 80 = S

then verify that (fog) (x) = x.

ACTIVITIES
Activity 2.1 :
_ xt3 _ 2x+3 .
If fix) = 0 glx) = 1 Veritfy whether

fog(x) = gof (x).

Activity 2.2 :

flx)=3x*—4x+2,ne{0, 1, 2, 3, 4} then represent
the function as

1) By arrow diagram
i1)  Set of ordered pairs

1ii) In tabular form
iv) In graphical form

Activity 2.3 :

If ix)=5x-2,x >0, find f'(x), f~'(7), for what
value of x is f{x) = 0.
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~—y Let’s study.

Complex number

Algebra of complex number

Solution of Quadratic equation

Cube roots of unity

Iﬁ Let’s recall.

e Algebra of real numbers

e  Solution of linear and quadratic equations

e Representation of a real number on the
number line

ﬁ Let’s learn.

e  Representation of point in a plane

Introduction:

Consider the equation x*> + 1 = 0. This
equation has no solution in the set of real numbers
because there is no real number whose square is
negative. To extend the set of real numbers to a

larger set, which would include such solutions.

We introduce the symbol i such that i = /-1

and > =—1.
Symbol i is called as an imaginary unit.

Swiss mathematician Euler (1707-1783) was
the first mathematician to introduce the symbol i

with #=-1.

COMPLEX NUMBERS

3.1 IMAGINARY NUMBER :
A number of the form ki, where ke R, k# 0

and i = \/—1 is called an imaginary number.

For example

[Z25 =5i, 2i, % i,— 11i, -4 etc.

= Let’s Note.

The number i satisfies following properties,
1) ix0=0

ii) Ifae R,then \J—q¢*> = +i’a® ==tia

iii) Ifa, be R, and ai=bi then a=b

3.2 COMPLEX NUMBER :
Definition : A number of the form a+ib, where
a, be Randi= /-1 is called a complex number
and it is denoted by z.

z=a+ib = a+ bi
Here a is called the real part of z and is denoted by
Re(z) or R(2)
'b' 1s called the imaginary part of z and is denoted
by Im(z) or I(z)
The set of complex numbers is denoted by C

.. C={a+ib|a be R,and i= -1}

For example

V/ a+ib Re(z) Im(z)
2+4i 2+4i 2 4

Si 0+5: 0 5
3—4i 3—4i 3 —4
5+ J—16 |5T4i 5 4

2+ =5 | 2+.f5 i 2 J5
T+ 3 (@B [(7+43) |0

22



P

Let’s Note.

——

1) A complex number whose real part is zero is
called a imaginary number. Such a number is
of the formz=0+ib = ib = bi

2) A complex number whose imaginary part is
zero is a real number.
z=a+ 0i = a, for every real number.

3) A complex number whose both real and

imaginary parts are zero is the zero complex
number.

0=0+0i
4) The set R of real numbers is a subset of the
set C of complex numbers.

3.2.1 Conjugate of a Complex Number :

Definition : The conjugate of a complex number
z=a+ib is defined as a — ib and is denoted by Z

For example

z z
3+4i 3—4i
7i =2 —T7i -2

3 3

5i =5i

2+.3
7+ =5
Properties of z
) (z)=z

2) Ifz= z, then z is real.

2+ 43
7-5i

3) Ifz= —z , then z is imaginary.

Now we define the four fundamental
operations of addition, subtraction, multiplication
and division of complex numbers.

3.3 ALGEBRA OF COMPLEX NUMBERS:
3.3.1 Equality of two Complex Numbers :

Definition : Two complex numbers z, = a+ib and
z, = ¢ + id are said to be equal if their real and
imaginary parts are equal, i.e.a =cand b =d.
For example,
1) If x+iy =4+3ithen x=4 and y=3
1) Addition :
letz, = a+ib and z,=c+id
thenz +z,=a+tib + c+id
=(atc) + (btd) i
Hence, Re(z +z,) = Re(z)) + Re(z,)
and Im(z + z,) = Im(z) + Im(z,)
Ex. 1)(2+3i) + (4+3i))=2+4) + (3+3)i
=6 +6i
2) (—2+50) + (7T+30)+(6—40)
=[(=2) +7+6] +[5+3 +(-4)]i
=11 + 4i
Properties of addition : If z, z,, z, are complex
numbers then
) z+tz, = z+z
i)z, +(z,+z) = (z,+z) + z,
i)z +0=0+z = z
iv)z +z = 2Re(2)

V) (zl+zz> _z 4 2
2) Scalar Multiplication :

If z = a+ib is any complex number, then for
every real number &, we define kz = ka + i(kb)
Ex. 1)If z = 7+ 3i then

5z = 5(7+3i) = 35+ 15i
3) Subtraction :
Let z,=a+ib, z,= c+id then

z,~z, =z,+(=z,) = (atib) + (—c—id)




[Here —z, = —1(z,)]
=(a—c) + i (b—d)

Hence,
Re(z,—z,) = Re(z,) — Re(z)

Im(z~z,) = Im(z)) — Im(z,)

Ex.l) z = 4+3i,z, = 2+
Sz z, = (4430 — (2H)
=42+ 31
= 2+2i
Ex.2) z = T+, z, = 4i, z, = —3+2i
then 2z —(5z, + 2z,)
= 2(7+i) — [5(4i) + 2(—3+20)]
=14 +2i —[20i — 6 + 4i]
=14 +2i—[- 6 + 24i]
=14+2i+6—24i
=20—-22i
4) Multiplication :

Letz, = atib and z, = c+id. We denote

multiplication of z and z, as z .z, and is given by
z,.z,= (a+ib)(c+id) = a(c+id)+ib(c+id)

ac + adi + bci + i’bd

ac + (ad+bc)i — bd (- P=-1)

z,.z,= (ac—bd) + (ad+bc)i

Ex. z, = 2431, z,= 3-2i
Sozpz,= (2130)(3-2i) = 2(3-26) + 3i(3-2i)

= 6-4i+9i— 6
= 6-4i+9i+6 (. if=-1)
= 12+5i

Properties of Multiplication : If z, z,, z, are

complex numbers, then

) z.z,= z,z

i) (z,z,)z, = z,.(z,.z,)

iii) (z.1) = 1.z, = z,

iv) z.z is real number.

V) (21.22) =z, 2 (Verify)

P

Let’s Note.

e

Ifz=qa+ibthen z.z =a’+b?

We have,
i=<\-1, 2=,
P=—i , =1
Powers of i :
In general,
i = 1’ il = i,
2= —1, i3 = —jwheren e N

5) Division :
Let z, = a+ib and z, = c+id be any two

complex numbers such that z, 0

Now,

Z a+ib

- = where z,#0 i.e. ¢c+id #0
2, c+id 2

The division can be carried out by multiplying

Z
and dividing Z—l by conjugate of c+id.
2

SOLVED EXAMPLES

Ex. 1)Ifz, = 3+2i, and z, = 1+,

z
then write Z_l = in the form a + ib
2

. 3+2i  3+42i 1-i
Solution : — = — X
1+ 1+ 1—i




3-3i+2i-27
(D =)

_ 3304242 (e
N 1+1 S(E=-1)

W
[
~

N | D
S}
N | —

Ex. 2) Express (1+2i)(—2+i) in the form of a+ib
where a, b € R.
Solution : (1+2i) (—2+i) = —2+i—4i+2*
=-2-3/-2
=—4-3j

Ex. 3) Write (1+2i) (1+3i) (2+i)" in the form
a+ib
Solution :

(1420) (1430) (2-+i) ' = (1+20)(1+3i)

2+1i

143i +2i + 6i°

2+1
—5+5i 2—i

X

2+1 2—1
—10+5i +10i — 5*

4—f*

54150 e
T 441 ==

—5+15i
5
=—-1+31

2
%)

1

3 5
+5 +

1
Ex. 4) Express - + in the form
i

of a+ib

~
~

Solution : We know that, ?=—1, = —i, i*=1

_1+2+3+5
A & P i

3

—i

+ +

2
= -
-1

3
—Z-2+5
l

~o | = SN =

-2
=7 + 3 =2i + 3 (verify!)

Ex. 5) If a and b are real and
(#*+3i)a + (i—1) b+ 5= 0, find a and b.
Solution : (i*+3i)a + (i—1)b + 5i*= 0+0i
ie. (1+3i)a+ (i—1)b — 5i=0+0i

. a+3ai +bi—b— 5 =0+0i
re. (a—b)+ (3a+b—-5)i=0+0i
Equating real and imaginary parts, we get

a—b=0and 3a+b—5=0

~.a=b and 3a+b =75

3ata =5
1.e. 4a =5
5

or = —
¢ Ty

5

a=b=—
4

Ex.6) If x +2i+15f% = 7x + # (y+4)
find x + y, given thatx, y € R.

Solution :
x +2i+15% = Tx + P (y+4)
Sox 2= 15y = Tx —(y+4)i
Sox — 15y +2i=Tx —(y+t4)i
Equating real and imaginary parts, we get
x —15y= 7x and 2 = —(y+4)
So—6x —15y=0 .... (1) y+6 = 0 ....(i1)
SLy=—6, x=15
Lxt+y=15-6=9




Ex. 7) Find the value of x*—x*+2x +4
whenx=1+ /3 i.

Solution : Sincex=1 + J§ i

L) =430
squaring both sides, we get
-1 =B

X2 =2x+ 1 =372
ire.x*—2x+1=-3
Lx=2x+4=0

Now, consider

Sox=—5+4i
Sox+5=4i

On squaring both sides
(x+5)* = (4i)*
SoxM+10x4+25 = —16
Sox+10x+41 =0

x’—x+4
x*+10x+41)x* +9x° +35x* —x + 64

x'+10x° + 4157

—x'—6x* —x+64

3 2
x3—x2+2x+4=x(x2—x+2)+4 —x"—=10x" —41x
2
= xX(xX—2x+4+x—2) + 4 4x” +40x + 64
2
= x(0+x—2) + 4 4x"+40x +164
~0 S X9 X3+35x - x+64
3 = (x*+10x+41)(x*—x+4) — 100
V3
Ex. 8) Show that 7+E =1 =0 x (x*=x+4) — 100
=—100
Solution : \
3
Lis = [BLi) V3+i EXERCISE 3.1
o 2 2 2
1) Write the conjugates of the following
3 2
B (\/5) +3(\/§) i+3(\/§)i2 +(i) complex numbers
3
(2) )3+ i) 3= i) -5 VT i
_3349i-33-i iv)=v=5 v)5i i) 5 —i
y 8 Vi) V2 + 3 i
i
8 2) Express the following in the form of a+ib,
=i a, beR i = /—1. State the value of a and b.
= R.H.S. i(4+3i)
1) (1+2i)(—2+i) i1) =
Ex.9)If x=-5+ 2./-4 , find the value of
)4_1_9 3435 2—2:‘/63 L @) . 3420 N 3-2i
x*+9x X2—x . 1) (i) (1+2i) 1V)2T5i 315
Solution : x=-5+ 2,/—
24 243 RN
V) = vi) (2+3i)(2-30)
4++-3
7N




3) Show that (—1+ V3 i)? is a real number.

4) Evaluate the following :

1) l‘35 11) l‘888 111) l‘93 1116

)i

V) vi) — vii) 20+ 740+ 770+

i
5) Show that 1 +i'°+:2°+7* is a real number.

6) Find the value of

1) 1'49 + l'68 + l'89 + l'llO
i) i+ 2+ 5+
7) Find the value of 1 + 2+ *+i%+ 8+ ...+

8) Find the value of x and y which satisty the
following equations (x, yeR)
1) (x+2y) + 2x3y)i+4i =5
-1
iy X
1+i 1—i
9) Find the value of
)  x*—x*txt46, if x =2+3i.
25
3-4i

i) 2x° — 11x*+44x+27, if x =

3.4 Square root of a complex number :

Consider z = x+iy be any complex number
Let /x+iy =a+ib, a, beR
On squaring both the sides, we get
x+iy = (a+ib)?
x+tiy = (a*—b*)+ (2ab) i

Equating real and imaginary parts, we get
x = (a*-b*) and y =2ab

Solving the equations simultaneously, we can get
the values of a and b.

SOLVED EXAMPLES

1) Find the square root of 6+8i
Let the square root of 6+8i be a+ib,
(a, beR)
. N6+8i = a+ib, a, beR
On squaring both the sides, we get
6+8i = (a+ib)*
.. 6+8i = a’—b*+2abi

Equating real and imaginary parts, we have

6 =a*—b* (1)
8 =2ab e (2)
4
“=3
2
(3]
16
ie. 6= o - b?
. b*+6b>—16 =0
putb?> = m
. omPtom—16=0

S (m+8)(m—2)=0
~m=—8 or m=2
ie.b* =—8 or b*=2
but beR Sob* #+-8

b2 =2 Lb=x
whenb= /2 ,a=2 .2

.. Square root of

6+8i=2 2 +.2 i= 2 (2+i)
whenb=— 2,a=-2 2

.. Square root of

6+8i=-2 .2 — 2 i=— 2 2+
oo NJ6+8i = £2(2+i)




Ex. 2 : Find the square root of 2i

Solution :
Let \/2i = a+ib a, beR
On squaring both the sides, we have
2i = (atib)?
- 0+2i = a*>~b*+2iab
Equating real and imaginary parts, we have
a=b*= 0, 2ab =2, ab=1
As (a*tb*)? = (a®>—b*)* + (2ab)?
(a2+b2)2 = 02+ 22
(a2+b2)2 = 22
Soartbt= 2
Solving a’*+b* = 2 and a*>—b*= 0 we get
2a* = 2

at=1

a= +1

Butb=£=l=L ==+l
2a a +1

\E = 1+i or —1-i
ie V2i = +(1+)

3.5 Solution of a Quadratic Equation in
complex number system :
Let the given equation be ax* + bx + ¢ =0
where a, b, ceR anda #0

the solution of this quadratic equation is
given by

_ —btNb’-4ac
2a
Hence, the roots of the equation ax*+bx+c =0
are —b+Vb*—4ac 49 —b-— \Vb* —4ac
2a 2a

The expression (b*—4ac) = D is called the
discriminant.

If D <0 then the roots of the given quadratic
equation are not real in nature, that is the roots of
such equation are complex numbers.

Let’s Note.

If p + ig is a root of equation ax*+ bx + ¢ =0
where a, b, ceR and a # 0 then p — ig is also a
root of the given equation. That is complex roots
occurs in conjugate pairs.

SOLVED EXAMPLES

Ex.1:Solvex’+x+1=0

Solution : Given equation is x>+ x+ 1 =0
wherea=1,b=1,c=1
So, the given equation has complex roots.

These roots are given by

—b++b* —4dac

2a

~1+4/-3

2

_ 1443

2

and

J3i —1-/3i
2

1+
. Roots are 1+
2

Ex. 2 : Solve the following quadratic equation
xX*—4x+13=0

Solution : The given quadratic equation is
xX*—4x+13=0
¥ —4x+4+9=0
(x—2)y+32=0
(x—2) =—32
(x—2) =+ 3277
taking square root we get,
(x—2)=+3i
x=2+3i
x=2+3iorx=2—3i

Solution set = {2 + 3i, 2 — 3i}

2L



4) Solve the following quadratic equations.

) x*—Q+)x—(1-7))=0

Ex. 3 : Solve x>+ 4ix—5=0; wherei= J-1

Solution : Given quadratic equation is

X2+ 4ix—5=0 i) x—(BJ2+2)x+62i=0
Compairing with ax2+ bx + ¢ =0 iii) x*— (5—i)x+ (18+i)=0
a=1, b=4i, c=-5 iv) (2 + = (5—i) x +2 (1—) = 0
Consider b*>—4ac = (4i)> —4(1)(-5)
3.6 Cube roots of unity :
= 16/*+ 20

Number 1 is often called unity. Let x be a
= -16+20 (.. %2=-1) cube root of unity.

=4 Lox=1
Lx=1=0
TP+t x+1) =0

o = —hEP —dac _ ~4i£4 Lox-1=0orxX+x+1 =0

The roots of quadratic equation are

2(1
2a 1) o _ —1xJ(1) —4x1x1
: 1243
x = —2i+1 .'.x=10rx=T
Solution set = {—2i + 1, —2i — 1} _1+i3
wx=1orx = _2
EXERCISE 3.2 —1+i3
.. Cube roots of unity are, 1, 5 ,
1) Find the square root of the following “1-i3
complex numbers 7
i) —8—6i i) 74241 iii) 1443 i Among the three cube roots of unity,' one is
‘ ‘ ' real and other two roots are complex conjugates
iv) 3424100 v) 2(1-31) of each other.

2) Solve the following quadratic equations. Now consider

2
) 8+t 1=0 £—1+_\/§zJ
i) 22— Bx+1=0 2

NN ey s 2x(i (i3]

iv) x*>4x+13=0

3) Solve the following quadratic equations. = % (1-2i 3 =3)
i) x*+3ix+10=0
i) 2%+ 3 +2=0 =3 (2720 43)
iii) X +4ix—4=0 _-1-i\3
v) i dx —4i= 2 2
et Similarly it can be verified that [_1 _iﬁ]




—1+i\/§
2

Thus complex roots of unit are squares of
each other. Thus cube roots of unity are given by

1, 143 ’(—1—1\/5}2

2 2

~1+iV3 _
2

Hence, cube roots of unity are 1, w, w?or 1,
w, w

Let

2

w, then —

where w =

“l+i3 —1—21'\/3

w is complex cube root of 1.
Sw=1 owi-1=0

ie. (w—1) wW+w+l1) =0
Sow=1 or w+w+l =0
but w#1

owrtw+l =0

Properties of 1, w, w?
1 |
i) w=—and — =w

w w

i) w=1 so w=1
iii) w*=w>.w=w so wl=w
v) w=w w=wll=n?

SO W3n+2: WZ
V) w=w?

vi) (W)P=w

SOLVED EXAMPLES

Ex. 1 : If wis a complex cube root of unity, then

prove that

. 1 1

) — +— =-1
w w

i) (14w =-1

i) (1-w+w?)? =-8

Solution :
unity.

Given, w is a complex cube root of

Lw=1 Also w?*+w+1 =0

SowrHl =—w and w+l =—w?
. 1 1 w+l —w’
l) _ + F = W2 = W2 =—l

i) (1+w?? =(-w)y=-w* =-1
i) (1-w+w?)® = (1+w*—w)’
= (—w—w)* (.. 1 +w?=-w)
= (2w’
= —8w
= —8x1
= —8

Ex. 2 : If wis a complex cube root of unity, then
show that

(I=w)(1=w?) (1=whH(1=w*) =9
Solution : (1-w)(1-w?) (1-w*)(1-w?)
= (1=w)(1=w?) (1w w)(1 =W w?)
= (1=w)(1=w?) (1=w)(1-w)
= (I-w)(1-wy
= [(I-w)(1-w)F
= (1-w?—w+w)?
= [1-(W+w)+1]?
= [I=(=D)+1P
= (1+1+1)?
- 3y
=9
Ex. 3 : Prove that

1+w"+w?=3, if n is a multiple of 3

1+w+w?=0, if n is not multiple of 3, neN




Solution : If n is a multiple of 3 then n=3k and if
n is not a multiple of 3 then n = 3k+1 or n=3k+2,

where k € N
Case 1: If n is multiple of 3
then 1+w™tw? = [+w¥y? 3k
= 1+(W3)+(w?)*
= 1+(1)+(1)*
=1+1+1
=3
Case 2: If n=3k + 1
then 1+w+w?n = 1+(w)*1+(nw?)*!
= [+(w)w +(w?)*k n?
= 1+(1)cw +(1)*.w?
=1+w+w?
=0
Similarly by putting n = 3k+2, we have,

1+w™+w?"=0. Hence the results.

EXERCISE 3.3

1) If wis a complex cube root of unity, show
that

D @-w)2-w) =7

i) 2+tw+w?) —(1-3w+w?)} =65

4)

5)

If x=a+b, y=cca+Bb, and z=aP+boc where
oc and P are the complex cube-roots of unity,
show that xyz =a*+b*

If w is a complex cube-root of unity, then
prove the following

D (wHw—1)y=-8

i) (at+b)yt(awtbw?)tHaw*tbw)= 0

Let’s remember!

A number of the form a+ib, where @ and b are
real numbers, 1 = \/—_1 , 1s called a complex
number.

Letz, =a+ib and z,= c+id. Then
z, +z, =(atc) + (b+d)i

z, z, = (ac—bd) + (ad+bc)i

For any positive integer k,

=1, e W2 = R = g

S

The conjugate of complex number z = a+ib
denoted by 7 , is given by Z = a—ib

The cube roots of unity are denoted by 1, w,
wrorl, w, w

MISCELLANEOUS EXERCISE - 3

... (atbwtew?) . SO 504 SRy 586y 584
iif) Totawtbw? 1) Find the value of is T 90 5754 5764 7
2) Ifwisacomplex cube root of unity, find the 2)  Find the value of =3 x J—6
value of
3) Simplify the following and express in the
Dw+ — i) wwwt i) (1+w?)? form a-+ib.
w
iv) (I=w=w?)’ + (1-w+w?)’ )3+ J=64 i) PP  iii) (2+3i)(1-4i)
v) (1+w)(1+w?)(1+w*) (1+w®) 5 443
iv) = i(—4-30) v) (1+30)*(3+i) vi) :
3) If o« and B are the complex cube roots of 2 1-i
unity, show that
g 2 (304 et o V5430
o 2HB2ocf = 0 vii) +7 +7 (5+i) wviii) —ﬁ—\/&'
N




5+7i

5471
x) 21t -
4+3;

o 38 +2i +41°
4-3j

i+ 20" +3i"
4) Solve the following equations for x, yeR
i) (4-5)x + (2+3i)y =10-7i

i) (1-3i)x + 2+5i)y = 7+i
ii) x+iy )
111 =T7-

2+3i :

iv) (x+iy) (5+6i) = 243

v) 2x+Py (2+i) = xi"+10i'®

5) Find the value of

i) xX+2x2-3x+21, if x = 1+2i.
10

i) x-5x*+4x+8, if x = —
—i

i) x*—-3x*+19x-20, if x = 1-4i.

6) Find the square roots of

i) —16+30i i) 15-8i iii) 2+2/3i
iv) 18i V) 3-4i vi) 6+8i
ACTIVITY

Activity 3.1:
Carry out the following activity.
If x +2i =Tx—15i% + #(y + 4), find x + y.

Given : x +2i=Tx—15% + *(y + 4)
x+2i=7x-15]_Jy+[ | +4)
x+2i=Tx+[_Jy-@+4[_]

o0

o0

x—[ J+2i=mx—(@+4)[ ]
x—=15y=7Tx=[_Jand[ J=-(+4)
—6x—15y=] Jandy=[ |
x=[],y=[]

vy=[]

Activity 3.2:
Carry out the following activity
a+bo+co®
Find the value of . at + bo> in terms of w?
a+bo+co’ a b
. —+—+c
Consider ., 0+ ha? = L] (032 o )
¢+ aw+ b’
(a I;' + b I;' + cjco2
=\ o ®
c+aw+ bw?
aw b L] +c o
= 1 |:|
c+aw+ bw*
(O++ o)’
c+aw+ b’

o0




4. SEQUENCES AND SERIES

Let’s study.

e  Geometric progression (G.P.)
e n"term ofa G.P.

e  Sum of n terms of a G.P.

e  Sum of infinite terms of a G.P.

e  Sigma notation.

Let’s remember!

4.1 SEQUENCE :

A set of numbers, where the numbers are
arranged in a definite order, is called a sequence.

Natural numbers is an example of a sequence.
In general,a sequence is written as {7 }.

Finite sequence — A sequence containing finite
number of terms is called a finite sequence.

Infinite sequence — A sequence is said to be
infinite if it is not a finite sequence.

In this case for every positive integer n ,
there is a unique 7 in the sequence.

Sequences that follow specific rule are called
progressions.

In the previous class, we have studied
Arithmetic Progression (A.P.).

In a sequence if the difference between any
term and its preceding term (¢ .~ ) is constant, for
all neN then the sequence is called an Arithmetic
Progression (A.P.)

Consider the following sequences.

1) 2,5811,14,..............

2) 4,10,16,22,28,..............

3) 4,16,64,256,................

1 1 1

4) g’ﬁ’m, ..............

The sequences 1) and 2), are in A.P. because
t.—t is constant.

But in sequences 3) and 4), the difference is not
constant. In these sequences, the ratio of any term

is constant [neN].

to its preceding term that is tn*;

n

Such a sequence is called a ‘GEOMETRIC
PROGRESSION’ (G. P.).

~ <

| ") Let’s learn.

4.2 GEOMETRIC PROGRESSION (G.P.)

Definition : A Sequence{s } is said to be a

n+l

Geometric Progression if —

n

= constant.

n+l

7 is called the common ratio of the G.P. and

n

itis denoted by r (r#0) ,foralln e N.

It is a convention to denote the first term of
the geometric progressionby a (a#0).

The terms of a geometric progression with
first term 'a' and common ratio 'r' are as follows.

a,ar.artar’,art,..... ...l
Let’s see some examples of G.P.

(1) 2,8,32,128,512, .cceiiiiiniiiinnnn, isa
G.P.witha=2andr=4.

(1) 25, 5,1,§ ,1

with a =25 andrzg .




4.3 General term or the n™ term of a G.P.

If a and r are the first term and common
ratio of G.P. respectively, then its general term is

given by ¢ =ar*"
Let’s find n™ term of the following G.P.

1) 2,832,128,512,...cccciiiniinn..
Here a=2 ,r=4
t=ar' =24

1

. 1

Here a=25,r=§

i) 25,5,1

1
=™ =25 ()™

4.3.1 Properties of Geometric Progression.
1)  Reciprocals of terms of a G.P. are also in

G.P.

ii) If each term of a G.P. is multiplied or
divided by a non zero constant ,then the

resulting sequence is also a G.P.

iii) If each term of a G.P. is raised to the same

power , the resulting sequence is also a G.P.

SOLVED EXAMPLES

Ex.1) For the following G.P.s find the n™ term
3,-6,12,-24,. ...
Solution:
Here a=3 ,r=-2
Sot=ar™ =3 (=2
3 9
ST AT g e
isa G.P. If it is a G.P., find its ninth term.

Ex 2) Verity whether 1

- 9
Solution : Here t =1, t= s t= 4

-3
) tz ? -3
Consider A
9
L 4 3
Z, _—_3 2
2
27
L 8 3
LT T
4

Here the ratio of any term to its previous term

is constant hence the given sequence is a G.P.

6561
~ 256

8
_ -3
Now ¢,= ar‘“=ar8=l(—2)

Ex3)ForaG.P.if a=3and ¢, =192, find rand

L -

Solution : Given a=3 ,t =ar’=192
192
L3(0=192 =y =64
b= 260,
Lor=42.

t=ar=3 (2)"=3(1024 }=3072.

Ex 4) ForaG.P.t,=486,t,= 18,find t |
Solution : We know that ¢ = ar*!

Now from ( 1) ar*= 486




2
1
a( 3 ) = 486.

1
a( 9) =486,
a=486 x9
a=4374.
1 9
Now o= ar’=4374 (T)
243 x 2 x9 35 x 2 x32
- 3° T 35 % 32x32
. 2
i ~ 9

n-2

Ex 5) If for a sequence {t }, 7 = =R

show that the sequence is a G.P.

Find its first term and the common ratio.

5n-2
Solution: ¢ = s

5n-1

tn+1 - 4"'2

511-1
n+

4n-2
Consider PR
4/173

5;1-1 4n-3 5
= gz X T2 T 4~ constant,

v neN.

5
The given sequence is a G.P. with r = -~ and
52 5116 4

1)  To find 3 numbers in G.P., it is convenient to
take the numbers as

) a a
iii) 5 numbers ina G.P. as it a, ar,ar’
r

Ex 6) Find three numbers in G.P. such that their
sum is 42 and their product is 1728.

a
Solution: Let the three numbers be o.aar.

According to first condition their sum is 42
a
Lo tatar=42

1
a (- +1+7) =42
42

7 I‘—a

1
7+r=_—1 ....................... (1)

From the second condition their product is 1728

A g ar=1728
r

Load=1728 = (12)°
Sa=12.

substitute a = 12 in equation (1), we get

2421 =5r
L2r2-5r+2=0
S @2r-1)(r-2)=0

S2r=lorr=2

1
Sor=7 or r=2

%, a,ar
ii) 4 numbers in a G.P. as i} , a . ar ar, Now ifa=12,andr="7" then the required numbers
ror
(here the ratio is 1?) are 24,12,6.
AN

N



Ifa=12,and »=2 then the required numbers are
6,12,24.

. 24,12,6 or 6,12,24 are the three required

numbers in G.P.

Ex 7) In a G.P. ,if the third term is S and sixth

5
term is é find its n"term .
, 1 1
Solution : Here 7= 5 t,= 625
1
t,=ar’ ST e (1),
. 1
(A =055 i 2)

Divide equation (2) by equation (1)

we get,
ST
"T12s5 TS
1 . 1 . .
S r=7 . Substitute r =7 in equation (1)
we get
(L)
5
=35.

t=ar"'=5 (?) rl=5x5n=752n

Ex 8) Find four numbers in G. P. such that their
product is 64 and sum of the second and third
number is 6.

a a
Solution : Let the four numbers be 3o ar,

ar’ (common ratio is 7?)
According to the first condition

a a

I X—Xar xar=64
r v

= 64

La=22.

. .. a
Now using second condition - +ar=6

2f

== + 227 =6. dividing by 2 we get ,

ﬁ o
— + +/2 =3 now multiplying by » we get
r

2+ 2 r=3r=0

L2r-3r+2 =0,

J2 7% 2r—r+ 2 =0,

2 r(r-J2)-1(r—2)=0.

1
V2

Ifa= 2J2,andr=+/2 thenl,2,4,8 are the

four required numbers
Ifa= dr= L then 8 4,2, 1 th
[fa= 2./2,an r=7; then8.4,2,1 arethe

four required numbers in G.P.

Ex 9) If p,q,1,s are in G.P. then show that
(g-ry+(rp)*+(s-q) = (p-s)

r S
Solution : As p,q,1,s are in G.P. 4_-_2_ k
p 4 r
(say)
S @=pr,rP=qs,qr=ps
consider L.H.S.
= (g +(rp)*+(s-q)

q*-2qr + r*+ r-2rp + p* + s*-2sq + ¢*

= pr-2qr+gs + gs -2rp + p* +s* -2sq + pr

= -2qr tp*ts® = -2ps +p*ts’ (qr =ps)

(p-s*= R.H.S.

Ex 10) Shraddha deposited Rs. 8000 in a bank
which pays annual interest rate of 8%.She kept it
with the bank for 10 years with compound interest.

Findthetotalamountshe willreceive after 10 years.
[ given (1.08)"°=2.1589)]

N



Solution:
The Amount deposited in a bank is Rs 8000 with
8% compound interest.

Each year, the ratio of the amount to the principal

fh ) _ 108
of that year 1s constant = 100

Hence we get a G.P. of successive amounts.

For P = 8000,

the amount after 1 year is 8000 x 108

100

108 108
100 100

108 " 108
100 100

108
100~
Therefore after 10 years the amount is

108
100

the amount after 2 years is 8000 X ———~

the amount after 3 years is 8000 x

X

8000 (——)'° = 8000 (1.08)'

=8000 x 2.1589 = 17271
Thus Shraddha will get Rs 17271 after 10 years.

Ex 11) The number of bacteria in a culture doubles
every hour. If there were 50 bacteria originally in
the culture, how many bacteria will there be after
5 hours ?

Solution : Given that the number of bacteria

doubles every hour .

The ratio of bacteria after 1 hour to that at the
begining is 2

after 1 hour =50 x 2
after 2 hour = 50 x 22
after 3 hour=50x 2
Hence it is a G.P. with a=50 ,r=2 .

To find the number of bacteria present after
hours 5 that is to find z, ?

= 5:
t6 ar

50 (2) 3= 50 (32) = 1600

ACTIVITIES
Activity 4.1:

f wheth -4 16 —64 .
Verify whether 1, = R isaG.P.
If it is a G.P. Find its ninth term.

Solution : Herer ¢, =1, #,= |:|, t,= lgé,

153 -4
Consider - = I:I =3

64
14 27
l‘3 lé - I:I
9

Here the ratio is constant. Hence the given
sequence is a G.P.

8
Now ¢, = =ar8=1_—4 =
(-5 -]

Activity 4.2:
ForaG.P.a=3,r=2,8 =765, find n.

Solution : § =765= | 2"—1),

—5—255—2“ 1
3 -« L

»=[ J=24n=[ |

Activity 4.3:
Fora G.P.if t, =486, t, = 18, find t,

Solution : We know that, fora G.P. t = I:I
= [=18..(D
t,=[  ]=486..(1D)

486

L
DL
=[]

c—r|¢—r
(=}




=L

Now from (I), t, = ar* = 18

Activity 4.4:

If a, b, ¢, d are in G.P. then show that (a — b)
(b—c) and (c — d) are also in G.P.

Solution : a, b, ¢, d are in G.P.
b2=[ ]
[ J=bd
ad = I:I
To prove that (a —b), (b —¢), (¢ — d) are in G.P.
i.e. to prove that (b — ¢)* = (a — b) (¢ — d)
RHS = (a—-b)(c—d)
= ac— |:| —bc + |:|
b —be—be+| |
b>—2bc + ¢?
=

= LHS

Activity 4.5:

For a sequence, S = 7(4" —1), find t and show
that the sequence is a G.P.

Solution: § = 7(4"-1)

S(nq) = 7|:|

noo= ]
7@-1n-7(_)

T[4 141+ 1]

7]

Activity 4.6:
10 people visited an exibition on the first day. The

number of visitors was doubled on the next day
and so on. Find i) number of visitors on 9™ day. ii)

Total number of visitors after 12 days.

Solution : On 1* day number of visitors was I:I

Number of visitors doubles on next day.
. On 2™ day number of visitors = I:I
.~ On 3" day number of visitors = |:|
and so on
. Number of visitors are 10, 20, 40, 80, ...............
These number forms a G.P. with a = I:I

. No. of visitors on 9" day i.e. t, = a.r™'

= 10x[ |=

Total number of visitors after 12 days

= S,=a |
o7 10x(1-4096)
10[ }—

-2 []

10 x 4095
Activity 4.7:

Complete the following activity to find sum to n
terms of 7+77+777+7777+..............

upto n terms

upto n terms)
upto n terms)

=5 [0y = Y = 3 =) ( -)

upto n terms)




_ % [(10410%....... + upto # terms) 3) 3 successive terms in G. P. are written as
a a ar
- (1+1+.......... upto n terms)] r
" 4) 4 successive terms in G. P. are written as
=IO~ e using | £
------- - a
9 r—1 4= ar, ar. (ratio 1?)
P
7 I:I 5) 5 successive terms in G. P. are written as
S =5|—( )-n]| =
=9 |:| a 4 a,ar,ar
rz b ”' b s s
Activity 4.8:
) EXERCISE 4.1
An empty bus arrived at a bus stand. In the first
m¥nute two persons'boarded 'the bu's. In the second 1) Verify whether the following sequences are
minute 4 persons, in the third minute 8 persons G.P. If so. find ¢
boarded the bus and so on. The bus was full to o ’ "
its seating capacity in 5 minutes. What was the ) 26,1854,
number of seats in the bus? i)  1,-525,-125.............
Solution : In the first minutes, 2 persons board. i) s 1 1 1
In the second minutes, 4 persons board. ’ J5 ’ 55 , 25\5 ’
and SO 0N .........o...... V) 3,4,5,6,.........
Hence it is al:l v) 7,14,21,28,.........
witha= |, r=[ | 2) For the G.P.
The bus was full in 5 minutes ) ifr = %, a=9;findz,
-1
_ Aol \o I:I iy 7 _ 1
S, a(rl) 2(—|:|1> i) ifa —243,r—3ﬁndt3
iii) if a =7,r=-3find ¢,
2(%>D iv) ifa =%,t6=162,ﬁndr
The number Of Seats 1n the bus = I:I 3) Wthh tel‘m Of the G.P. 5,25,125,625, ....... IS
5109
Let’s remember! 4) For what values of x.
%,x,i are in G.P. ?
Fora G.P. {z }, 5n-3
. 5) If for a sequence, ¢ = 03 show that the
1) ;_“: constant , ¥V 7 € N sequence is a G.P.
2) t=ar*a#0,r£0,yv neN Find its first term and the common ratio.
30N




6) Find three numbers in G.P. such that their

sum is 21 and sum of their squares is 189.

7) Find four numbers in G.P. such that sum of
the middle two numbers is 10/3 and their

product is 1.

8 ) Find five numbers in G. P. such that their
product is 1024 and fifth term is square of the

third term.

9) The fifth term of a G.P. is x , eighth term of
the G.P. is y and eleventh term of the G.P. is z

Verify whether y?> =x z .

10) Ifp,q,rs are in G.P. show that p+q, g+r, r+s

are also in G.P.

(c

Let’s learn.

(
4.4 Sum of the first n terms of a G.P.

If {t }is a geometric progression with first

term a and common ratio r ; where a # 0, r # 0;

then the sum of its first n terms is given by

S =a+artar’tar+ .................. +ar+!'=

n

a (l—r J ,r£1
1-r

Proof : Consider
S=1+r+r’+r+.... ... ! e (1)
Multiplying both sides by r we get

rS=r+rtrto o e (10)
Subtract (i1) from (i) we get S—Sr=1-r"

S(1-r) = I-r
1-7"
" SZ( ],..........(111), r# 1.
I-r
Multiplying both sides of equation (i) by a
we get,
aS=atartar+............... +ar'=S

a G_Tr:) =S {from (i) and (iii)}

S=a(1_’”"),r¢1.
n 1—r

If we Subtract (i) from (ii) we get,
(=1
S =a 1

Let’s Note.

1. §S=a3S

n

2. Ifr=1,thenS =na
Solved Examples
Ex1) If a=1,r=2find S for the G.P.

Solution: a=1,r=2
(1= 127 )
Sn—am =1 SE =2"_1.

Ex 2) For a G.P. 0.02,0.04,0.08,0.16,..., find S .
Solution : Herea=0.02, r=2

-7 -2
S, =a\T=7= 00212,

=0.02. (2" -1)

Ex 3) For the G.P. 3,-3,3,-3,......... , Find § .

Solution :

Ifniseven,n=2k
S, _(3-3)+(3-3)+(3-3) + - +(3-3)=0.
If nisodd , n=2k+1
S

2k+1

:S2k+t2k+1:0+3:3'

Ex4) ForaG.P.ifa=6,r=2,find S,




Ex 5) If fora G.P.r=2, §,,=1023, find a.

1-2!
Solution : §' = a( 1-—2 3 =a (1023),

Soa=l1.

Ex 6) ForaG.P.a=5,r=2,5 =5115,findn.
2"—1

Solution :§ = 5115 =5 (2T1) =5(2"-1),

5115
5

2= 1024 =210

=1023=2"-1

~n=10

Ex 7) If fora G.P. S,= 16 , S =144, find the first

term and the common ratio of the G.P.

Solution : Given

1-7

S3=a(1 —r): 16 o, (1)
1-7

S6—a(1 _;): 144 o, (2)

Dividing (2) by (1) we get ,
s, -1 144

B R TR
(= D)(r*+1)
=n "%
(F+) =9,
P=8 =2

r = 2.

Substitute r=2 in (1) We get

1-2
al 12| =16,

1 -8 _ 4
alq7=5] = 6,
a(7) =16,

16
a =7

Ex 8) Find the sum
9+99+999+9999+. ... .coiiiiinil . upto n terms.

Solution : Let § = 9+99+999+9999+............

....... upto n terms.
S = (10-1) + (100-1) + (1000-1)... to n brackets.

= (10+100+1000+ ...... upto n terms )
—(1+1+1 ...... upto n terms)

Terms in first bracket are in G.P. with a = 10,
=10 and terms in second bracket are in G.P. with

a=r=1
10"—1
SHZIO 10-1 |—n
10
= T(lO“-l)—n.

Ex 9) Find the sum 5+55+555+5555+........ upto

n terms.

Solution: Let Sn

= S5+55+555+5555+............ upto n terms.
= S(+11+111+............ upto n terms)

5
=9 (9+99+999+ ............ upto n terms)

5
=9 [(10-1)+(100-1)+(1000-1)+............
to n brackets |

5
=9 [(10 + 100 + 1000 +......... upto 7 terms)




—(I+HI+I+ upto n terms)]

5 101
o [10{710-1)-71
5

[y (10°-1) -]

T 9

Ex 10) Find the sum to » terms

0.3+0.03+0.003+.......... upto n terms
Solution : Let S

=0.3+0.03+0.003+ upto n terms

=3[0.1++0.01+0.001+....... .. upto n terms]|
1 1 1 1
=3[W+m+m+ ............ +T0o7]
-7 1 1
=3 x a(l _r)whereaZEanerE
o1
s 10"
10
1
Z?(l -0.1")

Ex 11) Find the n™ term of the sequence
0.4,044,0444,.........cccciiiiiinn,

Solution : Here t1=O.4

t,=0.44=0.4 +0.04

t.=0.444 = 0.4+0.04+0.004

t =0.4+0.04 +0.004 + 0.0004 +

.................... upto n terms
here ¢ is the sum of first n terms of a G.P.
witha=0.4 and »=0.1

1-0.17 4
(=04 (1=g7) =5 [1 - ©.1))]

Ex 12) For a sequence , if S = 5(4"-1 ), find the

n term , hence verify that it is a G.P. ,Also find r.
Solution :S_= 5(4-1), S =5 (41 1)
We know that £ = S —S |

= 5(4"—1)—5(4"'-1)
5(47)-5-5(4"+5
5(4"— 41
5(4"—424")

1
5(4)(1-7)
3
= 5@) ()

3
St =S5 (AT Xy

Consider 1 = 22 ) _ 4~ constant
onsiaecr l‘n = 5(4,,) =4 = constant ,

v n e N.
r=4

.". the sequence is a G.P.
Ex 13) Which term of the sequence
V3 .3,33 s is 2437
Solution : Here a = \/5 , V= \/5 , 1 =243
a. =243

G (VB)' T =243 =3 = (VB)”
(V3) = (3)"

n=10.

Tenth term of the sequence is 243.

Ex 14) How many terms of G.P.

2,22, 232% . are needed to give the
sum 2046.

Solution : Here a=2 ,r=2, let S = 2046.

=22



-1 2"—1
n2046=a\ 7 |=2|2—1 |=2(2"1)

1023 =2"1,2"=1024 =2" . n=10

Ex 15) Mr. Pritesh got the job with an annual
salary package of Rs. 400000 with 10% annual
increment .Find his salary in the 5 th year and also
find his total earnings through salary in 10 years.
[Given (1.1)*=1.4641, (1.1)"°=2.59374

Solution : In the first year he will get a salary of
Rs. 400000 .

He gets an increment of 10% so in the second
year his salary will be

110
400000 x {750~ | = 440000
In the third year his salary will be

110 Y
400000 x (W) and so on ...............
Hence it is a G.P. with a =400000 & r=1.1.
Similarly his salary in the fifth year will be
110 Y
t, = ar* = 400000 (W) = 585640.

(1.1)* = 1.4641

His total income through salary in 10 years

r'—1
willbeSlOZa(r_ 1)

2.59374 - 1
=400000 x o1

o [(1.1)10=2.59374]

1.59374)
0.1

=400000 [ 15.9374 ] = 63,74,960.

=400000 (

Mr. Pritesh will get Rs.5,85,640 in the
fifth year and his total earnings through
salary in 10 years will be Rs. 63,74,960.

Ex 16) A teacher wanted to reward a student by

giving some chocolates. He gave the student
two choices. He could either have 50 chocolates
at once or he could get 1 chocolate on the first
day, 2 on the second day, 4 on the third day
and so on for 6 days. Which option should
the student choose to get more chocolates?

Ans : We need to find sum of chocolates in
6 days.

According to second option teacher gives
1 chocolate on the first day, 2 on the second day,
4 on the third day, and so on. Hence itis a G. P..
with a= 1,r =2.

If the number of chocolates collected in this
way is greater than 50 we have to assume this is

the better way.

- o=
-G

Hence the student should choose the second way

By using S

to get more chocolates.

EXERCISE 4.2

1) For the following G.P.s, find S
) 3,6,12,24,. ...

.. 2 3
i) p.q,L .4
p p

2

2) ForaG.P.if

) a=2,r=-—

w|l\)

, find S,
i) §,=1023,r=4,Finda

3) ForaG.P.if
i) a=2,r=3,8 =242 findn.
i1) sum of first 3 terms is 125 and sum

of next 3 terms is 27, find the value of r.
4) ForaG.P.

AL



i) If £,=20,t=160,find S,
i) If7,=16,4,=512,find S,

5) Find the sum to n terms
i) 3+33+333+3333+..........
ii) 8+88+ 888+ 8888+ ..........

6) Find the sum to n terms
i) 04+044+0444+ ...
i) 0.7+0.77+0.777 + ..........

7) Find the n" term of the sequence
1) 0.5,0.55,0.555, ...
i) 0.2,0.22,0.222, ...........
8) For asequence, if S =2 (3"-1), find the n®

term , hence show that the sequence is a G.P.

9) IfS,P.R are the sum , product and sum
of the reciprocals of n terms of a G. P.

respectively , then
. S "
verify that{ & | =P
10) IfS_.S, .S, are the sum of n,2n,3n terms of

a G.P. respectively , then verify that

Sn (SSn- SZn) - ( S2n- Sn) 2'

4.5 Sum of infinite terms of a G. P.

We have learnt how to find the sum of first n

terms of a G.P.

If the G.P. 1s infinite, does it have a finite

sum?

Let’s understand

Let’s find sum to infinity.How can we find it?

We know that for a G.P.

S =a l—r”: a__ a\rn
n 1-r 1—r 1-r

If |r| < 1 then,as n tends to infinity, 7" tends to zero.

a
Hence S tends to 11—,

(as (

a
1—r

) ™ tends to zero)
Hence the sum of an infinite G.P. is given

byﬁ,when|r|<l.

Note : If || >1 then sum to infinite terms does not

exist.

SOLVED EXAMPLES

EX 1) Determine whether the sum of all the terms

in the series is finite ?

In case it is finite find it.

poL Lo
3733
iy 1,-L L o2l
27478
i) -~ 2 27 -8 .
5725 125 625

1v) 1,-3,9,-27,81, coooiiiiiiiiiiiii

1
Solution: i) r=—

(98]

1 1
Hereaz?,rz?,|r|<1

.. Sum to infinity exists.

L)
_a _ 3 _[\3)_1
SR T T IS
3 3
ii) Here a=l,r=—7,|r|<1




.. Sum to infinity exist

a 1 12
S_l—r_l_(_l)_ 3} 3

2 2

1i1) Hereaz—?,rz?,|r|<l

.. Sum to infinity exists

iv) Herea=1,r=-3
Aslr £ 1

.. Sum to infinity does not exist.

’ﬁ Let’s learn.

RECURRING DECIMALS :

We know that every rational number has

decimal form.

For example ,

%z 1.166666......... =1.16

% = 0.833333...= 0.83

_3—5 — 1.666666= 1.6

22

T =3.142857142857....... =3.142857
23 —0.23232323 =0.23

99 - bt o) ok o) ok o) hia) o 4 s s s s e e e e - .

We can use G.P.

decimals as a rational number .

to represent recurring

SOLVED EXAMPLES

Ex 1) 0.66666.....

=0.6+0.06+0.006+............
6,6 6

10 100 1000
the terms are in G.P. witha=0.6,r=0.1 <1

.. Sum to infinity exists and is given by

a 0.6 06 6 2
1-r 1701 " 09 9 3
ii)  0.46 =0.46+0.0046+0.000046 + ........ the

terms are in G.P. witha=0.46 ,r=0.01 <1.

.. Sum to infinity exists

_a 046 046 46
11—, 1-(001) — 099 99

iii) 2.5=2+0.5+0.05+ 0.005+0.0005+.......
After the first term,the terms are in G.P. with
a=05,r=0.1<1

.. Sum to infinity exists
a 0.5 0.5 5

11—, 1=01 09 9

1—-r

. 2.5=2+40.5+0.05+0.005+0.0005+ ......

5 23
=24 ——=—

1) Determine whether the sums to infinity of
the following G.P.s exist ,if exist find them

2 4 8 16
11) 29i b 8 b 16
3 9 27
i) =3, 1, I ,L e,
39




1 4 -8 16

v
) 5 5 5

9

2
5

2) Express the following recurring decimals as
a rational number.

i 0.32.
i) 3.5

iii) 4.18
iv) 0.345
v) 3.456

3) If the common ratio of a G.P. is % and sum

of its terms to infinity is 12. Find the first term.

4) [If the first term of a G.P. is 16 and sum of its

terms to infinity is lsﬁ, find the common
ratio.

5) The sum of the terms of an infinite G.P. is 5
and the sum of the squares of those terms is
15. Find the G.P.

Q

(c

[ Let’s learn.

Harmonic Progression ( H. P.)

Definition : A sequence £,¢,1,0,,............... N

(t#0,n € N)is called a harmonic progression if
1 1 1 1

b b

oL on 4

,.....are in A.P.

For example ,

poL o roro
77115

L
4779714719

Gy 1111
5781114

vy -3 3 1L
4°14°16° 6

SOLVED EXAMPLES

Ex1) Find the n"term of the H.P.

1 2 1 2 s e s s s e
2757377
. 5 7
Solution : Here 2, - 3, T s are

1
inA.P. witha=2andd= - hence

%,%,%,%, ........... are in H.P.
For A.P.
1
t =a+(n-1)d=2+(n-1 )7
P S
=2+ )
3 n 3tn
L= 272
2
For HP. t 37
Ex2) Find the n” term of H.P. 1 , 1, -1 , -1 ,
e s scssssse s 5 3 7
Solution: Since 5,1,-3,-7,............... are in A.P.

with a=1 and d = -4
Hencet=a+ (n—1)d
=5+ (n-1)(—4)
=5-4n+4 = 9-4n.

1
For H.P. t= 9—dn

Activity : 4.9
Find the n™ term of the following H.P.

I R S T
Do 7 120 175 22w

Solution : Here 2, 7,12, 17,22 .... are in |:|

witha=| |and(@=] |




11 1 1 1
hence 5 7 125 175 22» ceeeeeeees are inl:l
t =at+@n-l)d=

[+ ]

t of the H.P. = I:I

&
( 2! Let’s learn.

Types of Means:
Arithmetic mean (A. M.)
If x and y are two numbers, their A.M. is given

xX+y
by A=—

We observe that x, A, y form an AP.
Geometric mean (G. M.)

If x and y are two numbers having same sign
(positive or negative), their G.M. is given by

G= \/E We observe that x, G,y foorma GP.
Harmonic mean (H. M.)
If x and y are two numbers, their H.M. is given

2xy
x+ty -

by H=

We observe that x, H, y form an HP .

These results can be extended to n numbers as
follows

A x1+ x2+ x3+ ........ X,
n
G =
n

HM.=

1 1 1

—+— 4.+

xl x2 xn

Theorem : If A, Gand H are AM., GM., HM.
of two positive numbers respectively, then

1)G=AH i)H<G<A
Proof : let x and y be the two positive numbers.
x+y 2xy
A="5—,G= v , H="7;
x+ty  2xy
RHS=AH=""7" 73,
=xy=G*=L.H.S.

x+y
ConsiderA-G="9 - \/E

1
AG=>5 (Jx = Jyr>0
A> G, ()
A
T e, 11
= (n
Now consider G>=AH
G A
H-6 ! (FROM 1)
G
T UK CE ; (IIT)

From (I) and (IIl) H<G <A
Note : [f x=ythen H=G=A

n arithmetic means between a and b :

O N VY Ve be the n A.M.s
between a and b ,
thena, A LALA,, .......... ,A_,bisanA.P.

Here total number of terms are n+2
b =1t ,=a+t[(nt2)-1]d
b = a+ntl)d

b—a
= n+l
b—a
A = atd=at p+1
b—a

A, = at2d=a+2 7




b—a
a+3d=a+3———

3 n+1
A = atnd
b—a  alntl) b—a
S atno A= TRl T
_ a(ntl)+n(b-a)
n+l1
a+nb
A= Tarl
n geometric means between a and b :
LetG,G,,G,,G,,........ G, be the n G.M.s between

aandb,
then a,G ,G,,G,, ........ G, ,b areinG.P
Here total number of terms are n+2

t, =b = a(r)™

n+2

7 ntl —

Q

I

Q

~N

Il

Q
VR
Q| S
Ne—
i

Examples based on means

Ex : 1 Find A.M.,G.M.,H.M. of the numbers 4
and 16

Solution : Letx= 4and y= 16

ty 20 .
5 =5 =10 ~A=10
G = Jxy =64 =8 ,G=8.,

2(4)(16)
4+16

128 32

=20 T 5

2xy
x+ty —

H =

Ex2) Insert 4 arithmetic means between 2 and 22.

Solution:

let A, A, A,, A, be 4 arithmetic means between
2 and 22

2,A LA AL A, 22 are in AP with

a=2, =22, n=6.
22 = 2+(6-1)d=2+5d

20 = 5d, d=4

A, = atd=2+4=6,

A, = at2d=2+2x4=2+8 = 10,
A, = at3d=2+3x4=2+12=14

A, = atdd =2+ 4x4 =2+16 =18,

the 4 arithmetic means between 2 and 22 are
6,10,14,18.

Ex: 3 Insert two numbers between 2 and 1

9 12
so that the resulting sequence is a H.P.
Solution : let th ired bbidL
olution : let the required numbers be H1 an Hz
" 2, 1 , 1 , 1 are in H.P .
9 H H, 12

%, H, ,H,, 12 are in A.P.

_ 9 249 15
3d = 12 )
S 14
9 5
t, = Hl—a+d —74—7— 5 =7.
9 5 19
t, = H2=a+2d=7+2x7= > -

2
For resulting sequence % and 19 arc to be

1

) 2
inserted between 9 and B

<59 >



Ex: 4 Insert two numbers between 1 and 27 so

that the resulting sequence is a G. P.

Solution: Let the required numbers be G, and G,
1,G,,G,,27 arein G.P.

t,=1,t=G,, t,=G,t,=27

a=1,t=ar=27

Ifx=16,theny=4 y=20—x
If x=4,theny = 16.

The required numbers are 4 and 16.

EXERCISE 4.4

1)  Verify whether the following sequences are
rP=27=3%"r=3. H.P
t,=G,=ar=1x3=3 ) 11 1 1
t=G, = ar=1(37 =9 303 709
. 1 1 1 1
3 and 9 are the two required numbers. i1) 369 12
Ex: 5 The A.M. of two numbers exceeds their i) 1 1 1 1 1
G.M. by 2 and their HM. by 18/5 Find the 779711713715 T
numbers.
Solution : GivenA=G+2 .~ G=A-2 2) Find the n™ term and hence find the 8 ™ term
18 18 of the following H.P.s
AlsoA=H+? .'.H=A—? i) 1 1 1 1
R R T LA
We know that G2=AH
. 1 1 1 1
18 ) — — =, = ceerrennns
(A—2)2=A(A—?) 4 6 8 10
18 iy Lo L1 1
A2—4A+22=A2—?A 111) 5 ,10,15,20’ ...........
18
?A— 4A=-4 3) Find A.M. of two positive1 numbers whose
DA =—4x5 - A=10 G.M.and H. M. are 4 and 5
AlsoG=A-2=10-2=38 4) Find H.M. of two positive numbers whose
x+y 15
A= 3 =10, x+y =20,y =20 _().C)‘ AM. and G.M. are —- and 6
............................... i
5) Find G.M. of two positive numbers whose
Now G= v =8 .. xy=64 AM. and H.M. are 75 and 48
20 —x) =64
X *) 6) Insert two numbers between S and =S SO
20 x — x* =64 7 13
X2=20x +64 =0 that the resulting sequence is a H.P.
(x—16) (x—4)=0 7) Insert two numbers between 1 and —27 so
x=16 or x=4, that the resulting sequence is a G.P.
8) Find two numbers whose A.M. exceeds their
0N




1 25
G.M. by 5 and their H.M. by 26

9) Find two numbers whose A.M. exceeds G.M.

by 7 and their H.M. by 65—3 .

Let’s remember!

1) ForanA.P.t =a+(n-1)d
2) ForaGP.t=ar™"

Xty
3) AM. of two numbers A=

4) G.M. of two numbers G = \/E

2xy
Xty

5) H.M. of two numbers H=
6) G’=AH

7)) Ifx= ythenAGHIjvherexandyaﬁjl

any two numbers
8) Ifx#y thenH<G<A)

4.6 Special Series (sigma Notation)

The symbol Y (the Greek letter
sigma) is used as the summation sign.
The sum a,+a,+a,+a+...+a_is expressed as

Zn: a, (readassigmaa_,r going from 1 ton)

r=1

For example :

n
Z Xi:Xl+X2+X3+""+Xn

i=1

9
Z X=X, +X, T X, F X, X X X XX
i=1

10
Z Xi:X3+ x4+x5+ X, +X7+X8+X9+X10

=3

n

z x2=x2+x2+x2+ ...
i 1 2 3

+x 2
n
-1

n

2 XY XY PR, XY Xy,

i=1

Let’s write some important results using )
notation

Result: 1)
The sum of the first n natural numbers
_ Zn: Lo (n+1)
r=l1 2

Result 2)

The sum of squares of first n natural numbers

o, n(nt])2ntl)
Z I,.Z_ 6

r=1
Result 3)

The sum of the cubes of the first n natural

2
numbers = Enj r= (@j

r=1

4.6.1 Properties of Sigma Notation

Y k=kYt,

r=l1 r=l1

Where k is a non zero constant.

i) ¥ (qtb)=% a+ X b
r=1 r=1 r=I1
i) > 1=n

iv) Y k=kYl=kn,
r=1 r=l1

Where k is a non zero constant.

SOLVED EXAMPLES

Ex 1) Evaluate 3 (8 —7)
r=l1
Solution :

S 8r—=7)=73 8 -3 7




=4 (n*tn) —Tn = 4n*+ 4n —Tn = 4n*-3n.
17
Ex2)Find Y (3r—5)
r=l1

17 17 17
Solution: Y Br—5)=> 3r—> 5
r=1 r=1

r=1
17 17
=3y -5 3 1
r=1 r=1

17(17+1)
2

18
=3 x17x 5 -85
=3x17x9 -85
= 51%x9-85
=459 — 85

=374.

=3 ~5(17)

Ex 3) Find 3% +4°+ 5% 4+---mm- +29%.

Solution: 3% +4*+ 5%+ +29?
= (1% 22+ 32+ oo 4+ 29%) — (12 + 22)

29 2
=3 P
r=1 r=1

_ 29Q9+1)(58+1)  2(2+1)(4+1)

6 6

59 5

=29 x 30 x ?—2x3xg
=29x5%x59-5

=5(29x59-1)=5(1711-1)
=5(1710) = 8550

Ex 4) Find 100> —99% + 982 — 972 + -—----- +22-12
Solution : 100> —992+982—97? + ---mn- +2212
= (100> +98 +96* + ------- +22)—

(99*+ 97* + 9524 —-—---- +12)

- S @n-3 @1y

r=1 r=1

S (@ — 42+ 4r 1)
r=1

= T @r- 1)

r=1

50 50
= Y 4r-3 1

r=1 r=l1

50(50+1

50 50
=43 - 1=4
r=1

= r=1

= 2x50 %5150
= 50(2x51—1)
= 50(101)

= 5050.

, I e F e — +72
Ex 5) Find rZ:l e

R 7
Solution : Py |

r=

r(r+l)(2r+l)
6(r+1)

|
= ips

> 2P +7)

r=1

1 n n
= (22Xt X
r=1 r=1

1{2 n(n+D2n+1) n(n+l):|

6 6 2
B l{n(n+l)(2n+l) . n(n+1)}
6 3 2
_ n(n+1)(4n+5)

36
Ex6)Find 1 x5+3x7+5%x9+7x11

.................... + upto n terms .

Solution Consider first factor of each
term.1,3,5,7,------ are in A.P. with a =1, d=2.

t=at(-1)d=1+(-1)2 =2r-1.

Also the second factors 5,7,9,11,----- are in A.P.
witha=5,d=2.

t = 5+(-1)2=5+2r-2=2r+3




%)
|

i Qr—1) (2r+3)

S (412 + 4r — 3)
r=l1

n(n+1)(2n+1) n(n+1)
=4 6 +4 bl —3n

_ n{w} 20 (1) —3n

n
=3 [2Q2n*+n+2n+1)+6(n+1)-9]

3 (@ +6n+2)+ 61 3]
n
= ?(4n2+ 12n—1)

2+4+6+ --- +upto n terms 20
1+3+5+ --- +upto n terms ~ 19°

Ex 7) If
Find the value of n.

Solution :

Here the terms in the numerator are even numbers
hence the general term is 27, terms in the
denominator are odd numbers hence the general
term is 27 — 1.

19n +19=20n + 20 - 20

n =19.
EXERCISE 4.5
1) Find the sum 3 (r+1)(2r—1)
r=1
2) Find 3 3 —2r+1)
r=1
no 142434 - +
3) Find 3 23 r
r=1
oo P28
4) Find rZZI T
5) Findthesum5x7+9x 11+ 11 x 13 + ---
upto n terms.
6) Find the sum 22+4% + 6? + 82 + --- upto n terms
7) Find (707 — 69%) + (682— 67%) + (66*>— 65?)
+ -+ (22-12)
8) Find the sum 1x3x5 + 3x5x7 + 5x7x9 + ---
(2n=1) 2n+1) 2n+3)
9) Find n, if

1 x24+2%343%4+4 x5+ --- +upto n terms
1+2+3+4+ --- +upto n terms

2+4+6+ --- +upto n terms 20 100
1+3+5+ --- +upto n terms 19 =3
i 2r 20 10) If §,, S, and S, are the sums of first n natural
A = 19 numbers, their squares and their cubes
2(2r-1) respectively then show that
r=l1
n 2 — +
2r2zlr 0 982=3S8, (1+885).
P MISCELLANEOUS EXERCISE - 4
r=1 r=1
n(n+1) B n(n+1) 1) 1Ina G.P, the fourth term is 48 and the eighth
7 x19 =20x2—5—~=20xn term is 768 . Find the tenth term.
n(nt+l) 19=20n (nt+1)—20n 4 243
o 2) ForaGP.a= - andt =—— find the
dividing by n we get, 19 (n+1) =20 (n+1) -20 3 1024
value of .
N\




3)

4)

5)

6)

7)

8)

9)

n—-2

For a sequence , if £ = verify whether

an=3
the sequence is a G.P. If it is a G.P. , find its

first term and the common ratio.

Find three numbers in G.P. such that their
sum is 35 and their product is 1000.

Find 4 numbers in G.P. such that the sum of
middle 2 numbers is 10/3 and their product is
1.

Find five numbers in G.P. such that their
product is 243 and sum of second and fourth

number is 10.

For a sequence S =4 ( 7"-1) verify whether

the sequence is a G.P.

Find 2422422242222+ -=---=---mmmeem- upto n
terms.
Find  the »n™ term of the sequence
0.6,0.66,0.666,0.6666,----------

o2

L)

0

10) Find 3 (57°+4r-3)
r=1
11) Find 3 #(r-3)(r-2)
r=1
n 2 2 2, 2
12) Find % "+2°43" + +r
r=l 2r+1
, n P42+ - 3
13) Find Y
= (r+1)
14) Find2x6+4x9+6xX12+ ———cemmeem- upto
n terms.
15) Find 122+ 132+ 14? + 152 + <mmmemeem- 202

16) Find ( 502 —49? ) + (482-47 )+(462-45% ) +
----- +(22-12).

17) InaG.P.if ,=7,¢,= 1575 find r

18) Find k so that k-1,k, k+2 are consecutive
terms of a G.P.

19) If p™ , g ™ and " terms of a G.P. are x,),z
respectively, find the value of
x4t X yr‘p X zPd

>

L (4

L)




oY

5. LOCUS AND STRAIGHT LINE

Let’s study.

e Locus

Slope of a line

Perpendicular and parallel lines

Angle between interesting lines

Equations of lines in different forms :
Slope point form

Slope intercept form

Two points form

Double intercept form

Normal form

YV YV VYV

General form

Distance of a point from a line

e Distance between parallel lines

Let’s recall.

We are familiar with the perpendicular
bisector of a segment, the bisector of an angle,
circle and triangle etc.

These geometrical figures are sets of points
in plane which satisfy certain conditions.

e The perpendicular bisector of a segment in
a plane is the set of points in the plane
which are equidistant from the end points
of the segment. This set is a line.

e The bisector of an angle is the set of
points in the plane of the angle which are
equidistant from the arms of the angle. This
set is a ray.

’ﬁ Let’s learn.

5.1 : DEFINITION : LOCUS : A set of points
in a plane which satisfy certain geometrical
condition (or conditions) is called a locus.

L ={P | P is a point in a plane and P satisfy
given geometrical condition}
Here P is the representative of all points in L.

L is called the locus of point P. Locus is a
set of points. Every locus has corresponding
geometrical figure. We may say P is a point
in the locus or a point on the locus.

Examples:

e The perpendicular bisector of segment AB
is the set M = { P | P is a point in a
plane such that P4 = PB }.

e The bisector of angle AOB is the set :

D = { P | P is a point in the plane such that
P is equidistant from OA4 and OB }
={P| £ POA =2 POB }

e The circle with center O and radius 4 is
the set L ={ P | OP = 4, P is a point
in the plane }

The plural of locus is loci.

5.2 : EQUATION OF LOCUS : Every point
in XY plane has a pair of co—ordinates. If
an equation is satisfied by co—ordinates of all
points on the locus and if any point whose
co—ordinates satisfies the equation is on the
locus then that equation is called the equation
of the locus.




Ex.1 We know that the y co—ordinate of every
point on the X-—axis is zero and this is true
for points on the X-—axis only. Therefore the
equation of the X-axis is y = 0. Similarly
every point on Y-axis will have x-co-ordinate
zero and conversely, so its equation will be
x = 0.

Note: The x-co-ordinate is also called as
abscissa and y-co-ordinate is called as ordinate.

Ex.2 Let L = {P | OP = 4}. Find the equation
of L.

Solution : L is the locus of points in the plane
which are at 4 unit distance from the origin.

Let P(x, y) be any point on the locus L.
As OP = 4, OP* = 16

T (x - 0P2+ (y —02=16

X2+ =16

This is the equation of the locus L.

The locus is seen to be a circle

Ex.3 Find the equation of the locus of points
which are equidistant from A(-3, 0) and
B(3, 0). Identify the locus.

Solution : Let P(x, y) be any point on the
required locus.
P is equidistant from A and B.
.~ PA = PB
.. PA?= PB?
L3P (- OF = (x - 3 + (-0)
Lxrt o+t 9+ Yy =xr—6x+ 9+ )y
T 12x =0
. x = 0. The locus is the Y-—axis.

’ﬁ Let’s learn.

Shift of Origin : Let OX, OY be the co-
ordinate axes. Let O'(h, k) be a point in
the plane. Let the origin be shifted to O'.
Let O'X’, O'Y' be the new co—ordinate axes
through O' and parallel to the axes OX and
OY respectively.

Let (x, y) be the co—ordinates of P referred to
the co—ordinates axes OX, OY and (X, Y) be
the co—ordinates of P referred to the co—ordinate
axes O'X', O'Y'. To find relations between
(x, ¥) and (X, Y).

v-axis § TY'
D
! P(X,y)
M . A
!
i
i
I i
Y y
P
R DU 2 PP Y I > x
[ e 1 —»i O'(h, k) v
k
o PN L X-axis
X
i
v

Figure 5.3

Draw PL 1 OX and suppose it intersects O'X
in L'

Draw PM 1 OY and suppose it intersects O'Y’
in M'.

Let O'Y meet line OX in N and O'X" meet
OY in T.

.. ON = h, OT = k, OL = x, OM =y,
OL' =X, OM =Y

Now x =OL = ON + NL = ON + O" L'
=h+ X

and y=0OM= OT + TM = OT + O' M’
=k+7Y

lx=X+h|ly=Y +k

These equations are known as the formulae for
shift of origin.

Ex.4 If the origin is shifted to the point O'(3,2)
the directions of the axes remaining the same,
find the new co—ordinates of the points

(a)A(4, 6) (b) B(2,-5).
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Solution : We have (4, k) = (3,2)
x=X+hy=Y+k
x=X+3. andy=Y + 2 .......... (1)
(@) (x, y) = (4, 6)
From (1), we get 4 = X + 3, 6 =Y + 2
X=1and Y = 4.
New co—ordinates of A are (1, 4)
(i) (x. y) = ( 2,-5)
from (1), we get 2 = X + 3, 5= Y + 2
X=-1and Y = -7.

New co-ordinates of B are (—1,-7)

Ex.5 The origin is shifted to the point (-2, 1),
the axes being parallel to the original axes. If
the new co—ordinates of point A are (7, —4),
find the old co—ordinates of point A.
Solution : We have (4, k) = (-2, 1)
x=X+hy=Y+k
x=X-2,y=Y + 1
X, Y) = (7, -4)
we get x =7 — 2 =5,
y=—-4+1=-3.
Old co-ordinates A are (5, -3)

Ex.6 Obtain the new equation of the locus
xX*—xy — 2 —x + 4y + 2 =0 when the
origin is shified to (2, 3), the directions of the
axes remaining the same.
Solution : Here (4, k) = (2, 3)
. x=X+h y=Y + k gives
x=X+2, y=Y+3
The given equation
X —xy — 2y — x + 4y + 2 =0 becomes
(X+2)> = (X + 2)(Y + 3) — 2(Y + 3)
- X+2)+4Y+3)+2=0
X2- XY -2Y’- 10Y -8 =0
This is the new equation of the given locus.

EXERCISE 5.1

1. If A(1,3) and B(2,1) are points, find the
equation of the locus of point P such that
PA = PB.

2. A(-5, 2) and B(4, 1). Find the equation of
the locus of point P, which is equidistant
from A and B.

3. If A(2, 0) and B(0, 3) are two points, find
the equation of the locus of point P such
that AP = 2BP.

4. If A(4, 1) and B(5, 4), find the equation
of the locus of point P if PA?= 3PB2

5. A(2, 4) and B(5, 8), find the equation of
the locus of point P such that

PA? - PB*= 13.

6. A(l, 6) and B(3, 5), find the equation of
the locus of point P such that segment
AB subtends right angle at P. (£ APB
= 90°)

7. If the origin is shifted to the point
0'(2, 3), the axes remaining parallel to the
original axes, find the new co-ordinates of
the points

(a) A(1, 3) (b) B(2, 5)

8. If the origin is shifted to the point O'(1,3)
the axes remaining parallel to the original

axes, find the old co-ordinates of the
points
(a) C(5, 4) (b) D@3, 3)

9. If the co-ordinates (5,14) change

to (8,3) by shift of origin, find the
co-ordinates of the point where the origin
is shifted.

10. Obtain the new equations of the following
loci if the origin is shifted to the point
0'(2, 2), the direction of axes remaining
the same :

@3x-y+2=0

b) x> +y* = 3x =7

)xy —2x -2y +4=0
Y Y

5.3 LINE :

The aim of this chapter is to study a line
and its equation. The locus of a point in a
plane such that the segment joining any two
points on the locus lies completely on the
locus is called a line.
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The simplest locus in a plane is a line.
The characteristic property of this locus is that
if we find the slope of a segment joining any
two points on this locus, then the slope is
constant.

Further we know that if a line meets the
X-axis in the point A (a, 0), then a is called
the x-intercept of the line. If it meets the
Y-axis in the point B (0, b) then b is called
the y-intercept of the line.

’ﬁ Let’s learn.

5.3.1 : Inclination of a line : The smallest
angle made by a line with the positive direction
of the X—axis measured in anticlockwise sense
is called the inclination of the line. We denote
inclination by 0. Clearly 0° < 6 < 180°.

Y-axis a

,.\9

o .

X-axis

Figure 5.1

Remark : Two lines are parallel if and only
if they have the same inclination.

The inclination of the X-axis and a line
parallel to the X-axis is Zero. The inclination
of the Y-axis and a line parallel to the Y-axis
is 90°.

5.3.2 : Slope of a line : If 6 1is the inclination
of a line then tan® (if it exists) is called the
slope of the line.

Let A(x,, y), B(x,, y,) be any two points on
a non—vertical line whose inclination is 0 then

verify that
Hhh

2 1

tan 0 = , where x, # x,.
The slope of the Y-axis is not defined. Similarly
the slope of a line parallel to the Y—axis is

not defined. The slope of the X—axis is 0. The

slope of a line parallel to the X—axis is also 0.

Remark : Two lines are parallel if and only
if they have the same slope.

Ex.1 Find the
inclination is 60°.

slope of the line whose

Solution : The tangent ratio of the inclination
of a line is called the slope of the line.

Inclination 6 = 60°.
. slope = tan® = tan60° = /3.

Ex.2 Find the slope of the line which passes
through the points A(2, 4) and B(5, 7).
Solution The slope of the line passing
through the points (x, ) and (x,, y,) is given
by

Yo =N
B 7-4
Slope of the line AB = 2= = =1
X, — X 5-2

Note that X, # X,

Ex.3 Find the slope of the line which passes
through the origin and the point A(-4, 4).

Solution The slope of the line passing
through the points (x, y) and (x, y,) is
given by

m==>—""_ Here A(-4, 4) and O(0, 0).
0-—4
0+4

= -1.

Slope of the line OA = 22—21 =

Xy =X

Note that X, # X,

Let’s study.

5.3.3 :

Perpendicular Lines : Lines having
slopes m and m, are perpendicular to each
other if and only if m xm= —I.

Ex.1 Show that line AB is perpendicular to
line BC, where A(1, 2), B(2, 4) and C(0, 5).

Solution : Let slopes of lines AB and BC be
m, and m, respectively.
4-2

. L ]
. om, 51 and
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Yo =N -4 1

m = [

2 x,-x, 0-2 2

1
Nowml>< m2=2>< (_Ej = -]

. Line AB is perpendicular to line BC.

Ex.2 A(1,2), B(2,3) and C(-2,5) are the
vertices of a A ABC. Find the slope of the
altitude drawn from A.

Solution : The slope of line BC is

Y=y _5-3 2 1

m = ——= —_

! x,—-x —2-2 4 2
Altitude drawn from A is perpendicular to
BC.
If m, is the slope of the altitude from A
then m >xm, = —1.
-1
om, = ;1 = 2.

The slope of the altitude drawn from A is 2.

5.3.4 : Angle between intersecting lines :
If 6 is the acute angle between non—vertical
lines having slopes m, and m, then

, where 1 + mm, # 0

Ex.1 Find the acute angle between lines having
slopes 3 and 2.

Solution : Let m =3 and m, = —2.

Let 6 be the acute angle between them.

|m1—m2 |_| 3_(_2) |:

Sl
|1+m1m2|_|1+(3)(—2)|

—5

. tan0 =

0 = 45°
The acute angle between lines having slopes
3 and -2 is 45°.

Ex.2 If the angle between two lines is 45°
and the slope of one of the lines is —, find
the slope of the other line. 2

Solution : If 0 is the acute angle between lines
having slopes m, and m, then

m, —m,
tand = [T
1+mm,
Given 0 = 45°.

Let m, = % Let m, be slope of the other line.

tan45° = % S 1l= 1—27’7’12
1+(2jm2 2+m2
1-2m, 1 or 1-2m, 1
2+m, 2+m,
1—2m2 = 2+m2 or 1—2m2 = —2—m2
3m2 = —] or m, = 3
1
m =3 or — —
2 3
EXERCISE 5.2

1. Find the slope of each of the following
lines which pass through the points :

(a) (25 _1)’ (45 3) (b) (_29 3)’ (5’ 7)
(€ (2,3), 2 -) (@@ 1, (3.1
2. If the X and Y-intercepts of line L are 2

and 3 respectively then find the slope of
line L.

3. Find the slope of the line whose inclination
is 30°.

4. Find the slope of the line whose inclination

is 459

5. A line makes intercepts 3 and 3 on
co—ordiante axes. Find the inclination of
the line.

6. Without using Pythagoras theorem show
that points A(4,4), B(3, 5) and C(-1, —-1)
are the vertices of a right angled triangle.

7. Find the slope of the line which makes
angle of 45° with the positive direction
of the Y—axis measured clockwise.




8. Find the value of k for which points
P(k,—1),Q(2,1) and R(4,5) are collinear.

’# Let’s learn.

5.4: EQUATIONS OF
DIFFERENT FORMS :

We know that line is a locus. Every locus
has an equation. An equation in x and y which
is satisfied by the co—ordinates of all points
on a line and which is not satisfied by the
co—ordinates of any point which does not lie
on the line is called the equation of the line.

LINES IN

The equation of any line parallel to the
Y-axis is of the type x = k (where k is a
constant) and the equation of any line parallel
to the X-axis is of the type y = k. This is all
about vertical and horizontal lines.

Let us obtain equations of non-—vertical
and non —horizontal lines in different forms:

5.4.1 Slope-Point Form To find the
equation of a line having slope m and which
passes through the point A(x, y).

Y-axis 4

P(x,y)

A(x1,¥1)

X-axis

7

Figure 5.9

The equation of the line having slope m and
passing through A(x, y ) is (y-y) = m (x-x)).

Remark In particular if the line passes
through the origin O(0,0) and has slope m,
then its equation is y - 0 = m (x - 0)

ie. y = mx
Ex.1) Find the equation of the line passing
through the point A(2, 1) and having slope 3.

Solution : Given line passes through the point
A(2, 1) and slope of the line is —3.

The equation of the line having slope m and
passing through A(x,, ) is (=y) = m(x-x,).
the equation of the required line is

y—-1=3x-2)
y—-1=-3x+6
Ix+y-7=0
5.4.2 : Slope-Intercept form : The equation

of a line having slope m and which makes
intercept ¢ on the Y—axis is y = mx + c.

Y-axis 4

“lzoo

e, )

o X-axis

Figure 5.10

Ex.2 Obtain the equation of the line having
slope 3 and which makes intercept 4 on the
Y—axis.

Solution: The equation of line having slope m

and which makes intercept ¢ on the Y—axis is

y = mx +t c.

the equation of the line giving slope 3
and making y—intercept 4 is y = 3x + 4.

5.4.3 : Two-points Form : The equation of a
line which passes through points A(x,, y,) and

S =0
B(x,, y,) is L =
x_xl xl _x2
Y-axis A
P(x,y)
A(x1, Y1)
o / B(x2,vV2) X-axis

Figure 5.11

Z0



Ex.3 Obtain the equation of the line passing
through points A(2, 1) and B(1, 2).
Solution : The equation of the line which passes

through points A(x,, y,) and B(x, y,) is

X=5 _V=nh
Xo =X V=N

The equation of the line passing

through points A(2, 1) and B(l, 2) is
x-2 y-1
-2 2-1

x=2 y-1

5.4.4 : Double-Intercept form : The equation
of the line which makes non-zero intercepts
a and b on the X and Y axes respectively is

X
X, Y
a b

\ B(O0, b)

Y-axis
P(x,y)
A(a, 0)
o X-axis \

Figure 5.12

Ex.1 Obtain the equation of the line which
makes intercepts 3 and 4 on the X and Y axes

respectively.

Solution : The equation of the line which

makes intercepts a and 5 on the X and Y

) X
co—ordiante axes —+ R 1

a

The equation of the line which makes intercepts

3 and 4 on the co-ordiante axes is §+%:1

4x+3y-12=0.

5.4.5 : Normal Form : Let L be a line and
segment ON be the perpendicular (normal)

drawn from the origin to line L.

If ON = p. Let the ray ON make angle a

with the positive X —axis.

N = (pcosa, psina)

Y-axis a

™N

<®
o \ X-axis

Figure 5.13

Let 0 be the inclination of the line L. The
equation of the line, the normal to which from
the origin has length p and the normal makes
angle o with the positive directions of

the X-axis, is xcosa + ysina = p.
Ex.1 The perpendicular drawn from the origin to
a line has length 5 and the perpendicular makes

angle 30° with the positive direction of the
X-axis. Find the equation of the line.

Solution : The perpendicular (normal) drawn

from the origin to the line has length 5.
SLp =35

The perpendicular (normal) makes angle

30° with the positive direction of the X-axis.
0 =30

The equation of the required line is

X coso + y sina = p

. x c0s30° + y sin30° = p




NI

Lyt y=5
2 oY

~ABx+y-10=0

Ex.2 Reduce the equation /3xy—y-2=0 into

normal form. Find the values of p and o.

Solution :

Comparing /3x — y—2=0 with
ax+by+c=0 we get g=./3, b=-1 and

c=-2

Vat+b* =43+1=2

Divide the given equation by 2.

N

ARV
2 oY

. cos 30° x — sin 30° y = 1 is the

required normal form of the given equation.

p =1and 6 = 30°

SOLVED EXAMPLES

Find the equation of the line :

(1)

parallel to the X-axis and 3 unit below

(i)

(iii)

(iv)

. the equation of the required line is
y=-3

Equation of a line through the origin
and having slope m is of the form

y = mx.

= 0 =
Here, m = tan 30 \/E .

. the equation of the required line is

By using the point—slope form is
Y=y, = m (xx))

equation of the required line is
(-2) = 6 (x=5)

re. 6x —y — 28 =0

Here (Xl, yl) = (2_1)7 (Xz, yz) = (551)

By using the two points form

L _ YT
X, =X V=0

X—X

the equation of the required line is

' x=2 y+1
it 5-2 1+
(1) passing through the origin and having _
inclination 3(° - 2(x=2)=3(y+1)
(i) passing through the point A4(5,2) and T 2x -3y -7=0
having slope 6. 3
(iv) passing through the points 4(2—-1) and (V) Given m:_Z’ c=5
B(5,1)
(V) having slope 4 and Y —intercept 5, By using the slope intercept form
(vi) making intercepts 3 and 6 on the X and y=mx+c
Y axes respectively. the equation of the required line is
Solution : 3
(i) Equation of a line parallel to the y -7 x+5 3x+4y-20=0
X-axis is of the form y=k,
AN\




(vi) x —intercept = a = 3;
y—intercept = b = 6.
By using the double intercept form

£+Z:1
a b

the equation of the required line is

£+Z:1

3 6

2x+y-6=0
EXERCISE 5.3

1. Write the equation of the line :

a) parallel to the X—axis and at a distance
of 5 unit form it and above it.

b) parallel to the Y- axis and at a distance
of 5 unit form it and to the left of it.

c) parallel to the X— axis and at a distance
of 4 unit form the point (-2, 3).

2. Obtain the equation of the line :

a) parallel to the X—axis and making an
intercept of 3 unit on the Y-—axis.

b) parallel to the Y—axis and making an
intercept of 4 unit on the X-axis.
3. Obtain the equation of the line containing
the point :
a) A(2,-3) and parallel to the Y-axis.

b) B(4,-3) and parallel to the X-axis.
4. Find the equation of the line passing
through the points A(Z,O) and B(3,4).

5. Line y=mx+c passes through points
A(2,1) and B(3, 2). Determine m and C.

6. The vertices of a triangle are A(3,4), B(2,0)
and C(1,6) Find the equations of

(a) side BC (b) the median AD

(c) the line passing through the mid points
of sides AB and BC.

7. Find the X and Y intercepts of the
following lines :

Xy 3x 2y
a) —+==1 b) —+—=1
(@ 3 2 ®) 2 3
() 2x-3y+12=0
8. Find the equations of the lines containing
A(3.4)

intercepts on the co—ordinates axes.

the point and making equal
9. Find the equations of the altitudes of the
triangle whose vertices are A4(2, 5),

B(6,— 1) and C(—4, -3).
5.5 : General form of equation of line: We
can write equation of every line in the form
ax+by+c=0. where a b, ceR and all are
not simultaneously zero.
This form of equation of a line is called the
general form.

The general form of y=3x+2 1s3x—y+2=0

The general form of §+§:1 is3x+2y-6=0
The slope of the line ax+by+c=0 is —g.

c
the x-intercept is — and

. : c
the y—intercept is 5

Ex.1 Find the slope and intercepts made by
the following lines :
(@ x+y+10=0 (b) 2x+y+30=0
c)x +3y—-15=0




Solution:
(a) Comparing equation x+y+10=0
with ax + by + ¢ = 0,

we get a=1, b =1, c = 10

a
". Slope of this line = B -1
10
The X-intercept is - T = —-10
a
) ) C 10
The Y-—intercept is = T -10

(b) Comparing the equation 2x+ y+30=0

with ax+by+c=0.

we geta=2,b=1,c =30
. Slope of this line = —— = -2
. . c 30
The X-intercept is —-—— = ——— = —15
a 2
. . c 30
The Y-—intercept is 5 -1 " =30

(c) Comparing equation x + 3y — 15 = 0 with
ax + by + ¢ = 0.

we get a =1, b =3, ¢c=-15

". Slope of this line = —%

3
. . c -15
The X— intercept is —— = T 15
a
c -15
Th - i t t i _— = —— = 5
e y— intercept is b 3
Ex.2 Find the acute angle between the

following pairs of lines :
a) 12x—4y=5 and 4x+2y=7
b) y=2x+3 and y=3x+7

Solution :
(a) Slopes of lines 12x—4y=5and

4c + 2y = 7 are m; = 3 and m, = 2.

If O is the acute angle between lines having

slope m, and m, then

tang = [ M
I+mm,
. tanb = _(_2) = = =
1+(3)(-2) -5
. tan® = 1 0 = 45°

(b) Slopes of lines y=2x+3 and y=3x+7
are M, = 2 and m, = 3
The acute angle 6 between lines having

slopes m; and m, is given by

tang = |h"h

1+mm,
g - 2-3 ‘—1‘ 1
- an 1+(2)(3)

0 = tan™’ (lJ ,
7

Ex.3 Find the acute angle between the lines

y—3x+1=0 and By-x+7=0.
Slopes of the given lines are
m, =~/3 and mzzi.

V3

The acute angle 6 between lines having

Solution :

slopes m, and m, is given by

tane: u
1+ mm,
1 1 1
G-l e L ﬁ-‘
0 ‘ B B 3
-otan v= 1_1+1‘_2‘
1+\/§><—
|




1-3 1

23 VB

‘L‘_L[
23] V3
0 =30°
Ex.4 Show that following pairs of lines are

perpendicular to each other.
a) 2x—4y=5 and 2x+y=17.

b) y=2x+23 and 2x+4y=27

Solution :

(1) Slopes of lines 2x—4y=5 and
2x+y=17 are :l
'2

x(-2) = -1,

and m,= -2

1
2

given lines are perpendicular to each other.

Since m,.m, =

(i) Slopes of lines y = 2x + 23 and

1

2x+4y = 27 are M -7, and my=2.

1
Since m,.m, = —EX(2) = —1, given lines

are perpendicular to each other.

Ex.5 Find equations of lines which pass
through the origin and make an angle of 45°
with the line 3x — y = 6.

Solution : Slope of the line 3x — y = 6. is 3.

Let m be the slope of one of the required

line. The angle between these lines is 45°.

. tands® = | M3
T () (3)
m-3
e I P
 1+3m=m—3 or 1+3m=—(m—3)

. m=-2 or l
2

Slopes of required lines are m = -2 and
m = 1
2

Required lines pass through the origin.

. Their equations are y=-2x and

1
=3

2x+y=0 and x-2y=0

Ex.6 A line is parallel to the line 2x+ y=7and

passes through the origin. Find its equation.

Solution : Slope of the line 2x+y=7 is —2.
". slope of the required line is also —2
Required line passes through the origin.
- It's equation is y=-2x
. 2x+y=0.

Ex.7 A line is parallel to the line x+3y=9
and passes through the point A4(2,7). Find its

equation.
Solution : Slope of the line x+3y=9 is —%

1
". slope of the required line is 3

Required
A2,7).

line passes through the point

. It's equation is given by the formula
y-y)=mE-Xx)
(r-7)==3(2)
3y =21 = - x 2

x+3y=23.

Ex.8 A line is perpendicular to the line
3x+2y—1=0 and passes through the point

A(1,1). Find its equation.

75



Solution : Slope of the line 3x+2y—1 is —%

Required line is perpendicular it.
2
The slope of the required line is —.

Required line passes through the point
A(L1),
. It's equation is given by the formula
(y=»)=m(x-x)
2
(v=1)=5(x-1)
3
3y-3=2x-2
2x-3y+1=0,

5.5.1

co—ordinates of the point of intersection of two

: Point of intersection of lines : The

intersecting lines can be obtained by solving

their equations simultaneously.

SOLVED EXAMPLES

Ex.1 Find the co—ordinates of the point of
intersection of lines x+2y=3 and 2x-y =I.

Solution : Solving equations x+2y =3

and 2x — y = lsimultaneously, we get x=1
and y=1.

Given lines intersect in point (1, 1)

Ex.2 Find the equation of line which is parallel
to the X—axis and which passes through the
point of intersection of lines x+2y=6 and

2x—y=2

Solution : Solving equations x+2y=6 and
2x—y=2 simultaneously, we get x = 2
and y =2 .

The required line passes through the

point (2, 2) and has slope O.
(As it is parallel to the X-axis)

Its equation is given by (y—y,) = m(x — x))
-2) = 0(x-2)
y =2

~ <

[ Let’s learn.

5.5.2

Line :

: The distance of the Origin from a

The distance of the origin from the line

c

Ja* +b?

ax+by+c=0 is given by P=

5 (o. —%)

N

(o
P A(——,0)

o L X

Figure 5.14

5.5.3

from a line: The distance of the point P

The distance of the point (x.y)

(x,y,) from line ax+by+c=0is given by

pe ax, + by, +c
Ja' +b°
5.5.4 : The distance between two parallel

lines :

The distance between two parallel lines

ax+by+c, =0 and ax+by+c,=0 is given

€6

Ja* +b?

by p=




SOLVED EXAMPLES

Ex.1 Find the distance of the origin from the
line 3x+4y+15=0

Solution : The distance of the origin from the

line ax + by + ¢ = 0 is given by
C

Ja* + b’

The distance of the origin from the line

p:

3x+4y+15=0 is given by

Ex.2 Find the distance of the point P(2,5)
from the line 3x+4y+14=0

The distance of the point P(xl, J’1)
from the line ax+by+c=0 is given by

Solution :

_|ax, +by, +c¢

p=l/ A
Ja' +b*

. The distance of the point P(2,5)from
the line 3x+4y+14=0 is given by
3(2)+4(5)+14| 40

V3 + 47 \ 5

8

p:

Ex.3 Find the distance between the parallel
lines 6x+8y+21=0 and 3x+4y+7=0.

Solution : We write equation 3x+4y+7=0 as

6x+8y+14=0 in order to make the
coefficients of x and coefficients of % n

both equations to be same.

€6

Now by using formula pz‘ﬁ
a+b

We get the distance between

parallel lines as

the given

|21-14 |7
Je2+82| 10

Let’s remember!

e Locus : A set of points in a plane which
satisfy certain geometrical condition (or

conditions) is called a locus.

e Equation of Locus : Every point in XY

plane has Cartesian co—ordinates. An
equation which is satisfied by co—ordinates
of all points on the locus and which is not
satisfied by the co—ordinates of any point
which does not lie on the locus is called

the equation of the locus.

e Inclination of a line : The smallest angle
0 made by a line with the positive direction
of the
sense, is called the inclination of the line.
Clearly 0°< 6 < 180°.

X—axis, measured in anticlockwise

e Slope of a line : If 0 is the inclination of
a line then tan® (if it exists) is called the

slope of the line.

IfA(xl,yl), B(x2 ,yz) are any two points
on the line whose inclination is 6 then

tang = 22—

(if x, # x,)
Xy =X

: Non-

vertical lines having slopes m, and m, are

e Perpendicular and parallel lines

perpendicular to each other if and only if

mm, =—1.




Two lines are parallel if and only if they
have the same slope, that is m = m,.

Angle between intersecting lines : If 0 is

a) 2x+3y—-6=0
b) x+2y=0

2) Write each of the following equations in
the acute angle between lines having slopes ax+ by+c=0 form,
m,and m, then tanf = I a) y=2x-4 b) y=4
1+mm,
X Jy_ X y
provided mm, + 1 # 0. o +i=1 ===
e Equations of line in different forms : 3) Show that lines x-2y-7=0 and
e Slope point form :  (y=y)=m (x-x,) 2x — 4y + 5 = 0 are parallel to each other.
. 1 1
e Slope intercept form : y=mx+c 4) If the line 3x+4 y= p makes a triangle of
ey y—y area 24 square unit with the co—ordinate axes
e Two points form : . _; = B _}j then find the value of p.
2 1 2 1
. Xy 5) Find the co—ordinates of the circumcenter
* Double intercept form : ;"'_ =1 of the triangle whose vertices are
e Normal form : xcosa+ ysina=p A-2,3),B(6,-1),C(4,3).
e General form +by+c=0
aroyTe 6) Find the equation of the line whose
e Distance of a point from a line : X—intercept is 3 and which is perpendicular
e The distance of the origin from the line to the line 3x— y+23=0.
, 0 is e b c 7) Find the distance of the point A (-2,3) from
=0 is given =
Grroyre=U B VY P the line 12x—5y—13=0.
« The distance of the point P (xpyl) from line 8) Find the distance between parallel lines
.. 9x+6y—7=0. and 9x + 6y — 32 =0.
ax+by+c=0 is given by
ax, + by, +c¢ 9) Find the equation of the line passing through
_ 1 1
p= m the point of intersection of lines x+ y—2=0
and 2x—-3y+4 =0 and making intercept 3
e The distance between the Parallel lines: .
) ] on the X—axis.
The distance between the parallel lines
ax+by+c¢, =0 and ax+by+c,=0 10) D(-1,8), E(4,-2), F(-5,-3) are midpoints of
sides BC, CA and AB of AABC. Find
. ¢ —c
is give by p= —\/12T22 (1) equations of sides of AABC.
a
(1) co—ordinates of the circumcenter of
EXERCISE 5.4 AABC.-
1) Find the slope, x—intercept, y—intercept of
each of the following lines.
VTN




MISCELLANEOUS EXERCISE -5 o
Find the slopes of the lines passing
through the following of points :
(a) (19 2)9 (3’ _5) (b) (19 3)a (5’ 2)
© 1.3, G, =) @ @ -5, G, -1 1O
Find the slope of the line which
a) makes an angle of 120° with the
positive X—axis.
b) makes intercepts 3 and —4 on the
axes.
c) passes through the points A(-2,1) and
the origin .
Find the value of & T
a) if the slope of the line passing through
the points (3, 4), (5, k) is 9.
b) the points (1, 3), (4, 1), (3, k) are
collinear
c¢) the point P(1,k) lies on the line passing
through the points A(2, 2) and B(3, 3).  12.
Reduce the equation 6x+3y+8=0 into
slope—intercept form. Hence find its slope.
Verify that 4(2, 7) is not a point on the
line x+2y+2=0.
Find the X-intercept of the line
x+2y—-1=0.
Find the slope of the line y—x+3=0.
Does point A(2,3) lie on the line
3x+2y—-6=0 ? Give reason.
VTN

Which of the following lines pass through
the origin ?

(@ x=2
() y=x+2

(b) y=3
(d) 2x—y=0

Obtain the equation of the line which is :

a) parallel to the X—axis and 3 unit below
it.

b) parallel to the Y—axis and 2 unit to the
left of it.

c) parallel to the X—axis and making an

intercept of 5 on the Y-axis.

d) parallel to the Y—axis and making an

intercept of 3 on the X-axis.

Obtain the equation of the line containing
the point

a) (2,3) and parallel to the X—axis.
b) (2,4) and perpendicular to the Y—axis.
¢) (2,5) and perpendicular to the X-—axis.

Find the equation of the line :

a) having slope 5 and containing point
A(-12).

b) containing the point (2, 1) and having
slope 13.

¢) containing the point T(7,3) and having

inclination 90°.

d) containing the origin and having
inclination 90°.
e) through the origin which bisects

the portion of the line 3x+2y=2
intercepted between the co—ordinate

axes.




13. Find the equation of the line passing
through the points A(-3,0) and B(0,4).

14. Find the equation of the line :
a) having slope 5 and making intercept

5 on the X-axis.

b) having an inclination 60° and making

intercept 4 on the Y-—axis.
15. The vertices of a triangle are A(1,4),
B(2,3) and C(1,6). Find equations of
(a) the sides (b) the medians
(c) Perpendicular bisectors of sides

(d) altitudes of A ABC.

ACTIVITIES

Activity 5.1 :

Complete the activity and decide whether the line
2x —4y =5 and 2x + y = 17 are perpendicular to
each other.

Slope of line 2x —4y =5 1s I:I
Slope of line 2x + y =17 is I:I
Product of slopes of these line = I:I .

. The given lines are I:I .

". The equation of line is I:I

Activity 5.3 :

Complete the activity and find the equation of the
line which is parallel to the line 3x + y = 5 and
passes through the origin.

Slope of line 3x +y=151s I:I

The required line passes through the origin

It's equation is y = I:I

The equation of required line is I:I .

Activity 5.4 :

Complete the following activity and find the value
of p, if the area of the triangle formed by the axes
and the line 3x + 4y =P, is 24.

Fig. 5.15

Activity 5.2 : Hee, A=([ lo)B=©.[ ]
Complete the activity and obtain the equation of !
the line having slope 2 and which makes intercept ~ A(AAOB)= 5 (0OA) (OB)
3 on the Y-axis.
1

here o~ Jm-[] R 1N .
The equation of line y = I:I +c P I:I

po=[ ]

e oo
VTN
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DETERMINANTS

Let’s study.

Definition of Determinants
Properties of Determinants
Applications of Determinants
Cramer’s Rule

Consistency of linear equations
Area of triangle

Collinearity of three points

Let’s recall.

In standard X, we have learnt to solve
simultaneous equations in two variables using
determinants of order two. We will now learn
more about the determinants. It is useful in
Engineering applications, Economics, etc.

\

The concept of a determinant was
discussed by the German Mathematician G.W.
Leibnitz.

Cramer developed the rule for solving
\linear equations using determinants.

a b

is defined as the
c d

The representation

determinant of order two. Numbers a, b, ¢, d
are called elements of the determinant. In this

arrangement, there are two rows and two columns.

(a b)isthe I*Row (¢ d)is the 2" Row

[Zj is the 1 Column [Zj is the 2" column

<81

That is, four elements are enclosed between
two vertical bars arranged in two rows and two
columns.

a b

1s associated with
c d

The determinant

the expression ad — b,

ad-bc 1s called the value of the determinant
a b
d

C

Note that ad—bc is an algebraic expression

in a,b,c and d.

’ﬁ Let’s learn.

6.1 Determinant of order 3 :

Definition The determinant of order 3
iIs a square arrangement of 9 elements
enclosed between two vertical bars.  The
elements are arranged in 3 rows and
3 columns as given below.

ay 4, dy R,
) dyp Ayl R
ay  a;,  ay| R
Cl C2 C3
Here a ,a,,, a, are element in row I (R))
a,,, a,,, a,, are elements in row II (R,)

a

310 Uy, Ay ATC elements in row III (R,)

Similarly a,, a
(C,) and so on.

,p» @y, are elements in column I

Here a represents the element in /" row and ;*

column of the determinant.

For example : a,, represents the element in 3* row
and 1* column.

N



In general, we denote determinant by D or A =3(-3)+2(-1)+4(1)
or A (delta) . ——90-244=—11 +4 =7

2D =(a,,.a, .a,)*(a,a,.a,)*
For example, D = a, a, a, 1 722 7733 12° 723 *731

(a13' Ay -dy) — (a13' Ay -y
o (a12' 4y 'a33) a (all' Ay, Ay
Like a 2x2 determinant, 3x3 determinant is = (3x2x—1) + (2x1x0) + (4x1x1) —
also an algebraic expression in terms of elements
of the determinant. We find that expression by (4x2x0) = (=2xIx=1)=(3x1x1)
expanding the determinant. =-6+t0+4-0-2-3=-11+4=-7

ay 4y Ay

6.1.1 Expansion of Determinant
SOLVED EXAMPLES

There are six ways of expanding a
determinant of order 3, corresponding to each

Ex.1 Evaluate the following determinants :
of three rows (R, R, , R,) and three columns ol Vel wing

(C,, C,, C,). We give here the expansion by the 3 7 =2 12
1t row of the determinant D 1) 7 5 2) |3 25
a4y 4 3 2 6 1 3 3
D= |, ay ay 3) |11 2 43 13
a3 Ay Ay 2 2 3 3 31
The determinant can be expanded as follows: ¢ 1 tion
_ ay Ay ay Ay ay 4y 1) 7 =15-14=1
D=a, —a, a3 5
asy) ds as; ds ay Az
For example, 2) -2 12 —-50-36=-86
3 25
3 -2 4
D=1 2 1 3 2 6
01 -1 3) |1 2
We expand the determinant as follows in 223
two different ways. 1 2 1 2 1 1
=31 -2/ T+6
2 3 2 3 2 2
1) D) =a, |2 | a, [ @ia, 0 SC1R2Ar60=-1
ay) dy ay; sy as; s
b33 1 3 33 3 1
_32 1 5 1 1 +41 2 4) 3 1 3:1‘3 1‘—3‘3 1+33 3‘
IR | e 0 1 331
=3(=2-1) + 2(-1-0) + 4(1-0) = 1(~8)-3(—6)+3(6)
<82 >




= —&+18+18=28 5 5

: 3 4 5
iv) [5 4 4 v 2i 3 i
Ext. 2. Find the value of x if v v 4 - Wit 1 -2
5 48
2 3 1
1 x x2 1 1 —X h
a 0 -b
D12 4j=0 2 [ 4 5]=0 ) o R
46 9 r - vii) |h b f|viii) |-a 0 —c
g f ¢ b ¢ 0
Solution :
2) Find the value of x if
1 x x°
) |1 2 4(=0 23 [x 3
4.6 9 D s 7hx s
— — — 2 J— =
1(18 —24) —x(9-16) + x> (6 - 8) =0 21 x4l v-1 x x-2
1(=6) x(=7)+x*(2)=0 -1 3 —4|=0iii)[ 0 x-2 x-3]=0
—6+7x—-2x*=0 0 -5 3 0 0 x-3
2 _ =
2°-Tx+6=0 3) Solve the following equations.
(2x-3)x-2)=0 x 2 2 1 4 20
=2 orren o2 ox 2=0if 2 5|=0
2 2 2 x 1 2x 5¢°
L 4) Find the value of x if
2) X —4 5 :0 X _1 2
x =2 1 2 1 -3 =29
1(—4 + 10) — I(x —5x) —x(—2x + 4x) =0 3 4 5
1(6) — 1(-4x) —x(2x) =0 ,
4P 2
6+ 4x—2x2=0 B
5) Findxandyif |l 3i° 4|=x+iy
2x*—4x—-6=0 .
5 -3 i
2x+2)(x-3)=0
x=—lorx=3 where i = /-1
EXERCISE 6.1
1) Evaluate the following determinants : ’ﬁ Let’s learn.
3 52 1 i 3
4 7 A 6.2 PROPERTIES OF DETERMINANTS
i) ii)y)1 8 9 ii)|im 2 5 . .
-7 0 , In the previous section we have learnt how to
3 7 0 3 2

expand a determinant. Now we will study some
properties of determinants. They will help us to
evaluate a determinant more easily.
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Property 1 - The value of determinant
remains unchanged if its rows are turned into
columns and columns are turned into rows.

a b ¢

LetD = |4 b, ¢
a, b, c,
= a, .(b,c,
+ Cl(azb 3

—b,c,)—b, (ac,—ac)
- a3b2 )

- albzc3 _a1b3 cz_b1 a, C3+b1 a, ¢,

tca,by—cab, ————— (1)
a  a, 4
LetD, = |b b, b
G G G
= a, (byc,— b, ¢) — a, (be,— ¢cb) +
a,(b,c, —cb,)
= abe,—abgc, —abe,+ acb, + abc, -
a,e,b,
—————————— (i1)
From (i) and (ii) D= D,
For Example,
1 2 -1
LetA = 3 -1 2
0 2 1
S | T R O S
= 1(-1-4) -2 (3-0) - 1(6-0)
= -5-6-6
= 17 (1)

By interchanging rows and columns of A we get

= 1(-1-4)-3(2+2) t0=-5-12=-17
s A=A from (i) and (ii)

Property 2 - If any two rows (or columns)
of a determinant are interchanged then the value
of the determinant changes only in sign.

a b ¢
LetD = |4 b, ¢

a, b, c,

= a, .(b,c,

—b,c,)=b, (ac,—ayc,)

392
+cl(azb3 o azbz )

- albz ¢, —4a, b3 ¢~ b1a263+ b1a3cz

T c1a2b3 o cla3b2

Let D, = determinant obtained by interchanging
first and second row of determinant D

a, b, ¢
D = |a b ¢
a, by, ¢

= a,(bc;—byic)-b,

(alc37a301) * cz( a1b3 o a3b1)

- azblcs_ azb3cl o bz acs, b2a3c1 +

c, a1b3 -c, aSb]
= —lab,c, —a b,c,~bac,+tbac,+
Clazbs - Cla3bz]

= -D

For Example,

the determinant A 1 2 -1
1 3 0 LetA = |3 -1 2
A =2 12 0 2 1
-1 2 1 = 1(-1-4)-2(3-0)- 1(6-0)
= —5-6-6
-1 2 2 2 2 1
= -3 +0 = -17
2 1 -1 1 -1 2
AN\




Interchange 1% and 3™ rows. Then new

determinant is given by A

0 2 1
A, =B -1 2
1 2 -1
= 0(1-4) - 2(-3-2)+1(6+1)
= 0+10+7
= 17
LA = A

1

Interchange 2™ and 3™ column in A and let the
new determinant obtained be A

1 -1 2
LA =32 -1
0 1 2
= 1(4+1) +1(6)+2(3)
= 546+6 = 17 A, =-A

Note — We denote the interchange of rows by
R <R, and interchange of columns by C. < G

Property 3 - If any two rows ( or columns)
of a determinant are identical then the value of
the determinant is zero

a b ¢
LetD = |a b ¢
a; by ¢

Here first and second rows are identical.

Here in determinant A first and second rows
are identical

Property 4 - If each element of a row (or
column) of a determinant is multiplied by a
constant k then the value of the new determinant
is k times the value of the original determinant.

a, b1 G
Let D = az b2 cz
a, by ¢
- al( bzc3 o b3cz) o bl (azc3 o ascz) +
c(ab,—ab) ..ol (1)
a b ¢
D1 = |a, b, ¢
ka3 kb3 kc3

= a,(kb,c,— kb)) — b, (ka,c, — ka.c,)
+ ¢, (ka,b, — ka,b))

= kla, (bc,—b,c,)-Db (a,c,—a,c,)~+
¢ (ab,—ab,)]
= kD (from 1)
0 2 1
For Example, A= |3 -1 2
1 2 -1
= 0-2(-3-2) + 1(6+1)
= +10+7

= 17

D = a .(bc —byc)-b (ac,—ac )+  Multiply R,by 3 we get,
Cl(al b3 B a3b1 ) 0 2 1
= abe —abie —bac b ac o 03 a3
¢a b3 - ¢ a3b1 1 1 2 1
= 0
0 2 1
1 -1 2 = 9 =3 6 = 0-2(-9-6)+ 1(18+3)
For Example, A =|1 -1 2 1 2 -1
0 12 = 30+21=51
=1(-2-2) —(-1) (2-0) + 2(1-0) = 3x17
=_4424+2=-4+4=0 A =3A
VTN




Remark 1) Using this property we can take
out a common factor from any one row (or any
one column) of the given determinant.

i1) If corresponding elements of any two rows
(or columns) of a determinant are proportional
(in the same ratio) then the value of the
determinant is zero.

Example :
1 2 3
A=479
8 16 24
1 2 3 1 23
= |4 7 9 |=81479
8x1 8x2 8x3 123
(using property 4)
= 8§x0 (using property 3)
Activity 6.1
25 75 125
Simplify : A= |13 26 39
17 51 34
135
A= x| |x[ L 23
132

=[x 1-[p-16-15)
1 (- )]
=[x =L

Property S - If each element of a row
(or column) is expressed as the sum of two
numbers then the determinant can be expressed
as sum of two determinants

Example (1)

a+x b+y c¢+z| |a b ¢ XNz
a, b, ¢, |=la, b, c,|+|a, b, c,
a, b, G a, by ;| |a; by ¢

Example (i1)
xtyntz p | o p I »nop I |ap !
x2+y2+zz q m=(x, ¢ m+y2 q Wl'i‘Z2 q m
Xt Y.tz ¥ n X, ¥ n V. ¥ n Z, ' n
Property 6 - If a constant multiple of all
elements of any row (or column) is added to
the corresponding elements of any other row
(or column ) then the value of new determinant
so obtained is the same as that of the original

determinant.

Note - In all the above properties we
perform some operations on rows (or columns).
We indicate these operations in symbolic form as
below.

) R R; means interchange ™ and J™ rows.
if)  C <> C means interchange i™and ;™ columns.

iii) R, — kR, (or C, — kC) means multiplying

i row (or i column) by constant k.

v R — R, +kR, (or C, —C, + ij) means
change in /™ row (or ™ column) by adding
k multiples of corresponding elements of j®
row (or j column) in /™ row (or i column).

a b ¢
A=la, b, c

a, by, ¢

Performing R, — R + k.R,

a,+ka, b +kb, c +kc,
A = a, b, c,
a, b, G

a, b1 ¢ ka3 kb3 kc3

A = |a b ¢|+la b ¢

a, b, ¢ a b c

(by property 5)
a b ¢ a, by ¢

= |a, b, ¢| +kla, b, ¢

a, by, ¢ a; b, ¢




(by property 4)

a b ¢
= la, b, c,|+k(0)
a; by c (R, and R, are identical)
a b ¢
a, b, ¢
1 2 3
Example: LetB= -1 2 0
1 2 1

= 1(2-0) — 2(-1-0) + 3(-2-2)

=2+2-12
=4-12=-8 ————— (i)
1 2 3
Now,B= |-1 2 O
1 2 1

R —>R + 2R2. Then

1+2(-1) 2+2(2) 3+2(0)

B =| -1 2 0
1 2 1
-1 6 3
B =|-1 2 0/=-1(2-0)-6(-1-0) + 3(-2-2)
1 2 1

=-2+6-12=6-14=-8
From (i) and (ii) B = B,

(i)

Remark — If more than one operations are to
be done, make sure that the operations are done
one at a time. Else there may be a mistake in
calculations.

The diagonal of a determinant : The
diagonal (main or principal diagonal) of a
determinant A is collection of entries a; where
i=)

OR

The set of elements (a,, ,a,,a

11> Qoppyz s veeeees a,)
forms the diagonal of a determinant A
a4 4
eg.D =1a, a, ay
ay Az Ay

Herea. , a

11> 4y @, are element of diagonal.

Property 7 - (Triangle property) — If all the
elements of a determinant above or below the
diagonal are zero then the value of the determinant
is equal to the product of its diagonal elements.

Verification:
a b ¢ a 0 0
0 b, ¢|=la, b, 0|=abc

0 0 ¢ l|ag by ¢

300
For example, A= |5 4 0| =a,b,c,=3x4x2=24
32 2
SOLVED EXAMPLES

Ext. 1. Without expanding determinant find the

value of :
3 4 -11 17 18 19
i) 2 -1 0 ii) 20 21 22
5 =2 -1 23 24 25
Solution :
3 4 -11
1) LetD = -1 0
5 -2 -1

Performing R, — R, + 4R,

11 0 -11
=12 -1 0
5 -2 -1




Taking 11 common from R,. Solution :

1 0 -1 p q r
= 1112 -1 0] R—R -2R, ))LHS=|a b c| Performing C, © C,
5 -2 -1 Xy z
1 0 -1 r-p q
= 112 -1 0 = (=D|c b a| Performing C,& C,
1 0 -1 z y x
= 11(0)=0....
“" R, and R, are indentical. rpd
—(-1)(-Dle a b
17 18 19 =Y
i) LetD = [20 21 22
23 24 25 rrd
=|c a b|=RHS
Performing C,— C, - C| z Xy
17 1 19 N N N
X z zZ+4x
= 20122 i +y y+ +z|R >R +R, +R
=lz+x x z
23 1 25 1) RHS y.y | 1 TG TG

y+z z+x x+y
Performing C, — C, - 2C,

711 20x+y+z) 2(x+y+z) 2(x+y+2)

=| z+4+x xX+y y+z
= (20 1 20 N N N
zZ ZTX X
23 1 23 4 4
R—R —R
= 0, since C, and C, are identical. T
X y z

Ex 2. By using properties of determinant show
=2\z+x x+y y+z|R, >R, —-R

that
V+z z+x x+y
p q r\r p ¢
1) a b c=lc a b ¥ y -
X y zi |z x Yy =2 z X Y |R, > R, —R,

y+z z+x x+y
xX+y y+z z+x X y z

i) |z+x x+y y+z|=2z x Yy Xy oz

=21z x y| =RHS

y z X

y+z z+x Xx+y y z X




x+1 x+2 3

Ex 3. Solve the equation | 3 x+2 x+1/=0

x+1 2 x+3

Solution :

x+1 x+2 3
3 x+2 x+1/=0 R,—R,—R,

x+1 2 x+3
x+1 x+2 3

S2=x 0 x—2::0R3__>R3_Rl
x+1 2 x+3
x+1 x+2 3

S2-x 0 x—=2|=0

C,—>C,+C,

0 —X X
x+1 x+5 3

S2=-x x=2 x-2|=0
0 0 X

x+1 x+5 3
.'.x(x—2) -1 1 1|=0
0 0 1
Sx(x =2+ D)= (x+5)=1)+3(0)]=0
SLx(x—2)2x+6)=0
S 2x(x—=2)(x+3)=0

Sx=0orx=2 orx=-3

EXERCISE 6.2

1) Without expanding evaluate the following
determinants.

2 7 65
i) 3 8 75
59 86

1 a a+c 2 3 4
[l b c+al ii)|5 6 8

1 ¢ a+b 6x 9x 12x

2) Using properties of determinant show that

a+b a b
a a+tc ¢ | =4abc
b c b+c

3) Solve the following equation.

x+2 x+6 x-—1
x+6 x—-1 x+2/=0
x—1 x+2 x+6

4+x 4-x 4-x
4) If |4-x 4+x 4-x| = 0 then find the
4—x 4-x 4+x

values of x

5) Without expanding determinants show that

I 3 6 2 33 1 21
6 1 4/+4)12 1 2(=1013 1 7
3 712 1 7 6 326

6) Without expanding determinants find the
value of

10 57 107
i)y (12 64 124
15 78 153

2014 2017 1
i) 2020 2023 1
2023 2026 1

7) Without expanding determinant prove that

a b ¢ b ¢ aq a a b
i) |@& b o|=b, ¢, a=|c, a, b,
a3 b3 c3 b3 C3 a3 C3 a3 b3
1 yz y+z x*
iy 1 zx z+x[=|l »
1 xp x+y |l z 2

6.4 APPLICATIONS OFDETERMINANTS
6.4.1 Cramer’s Rule

In linear algebra Cramer’s rule is an explicit
formula for the solution of a system of linear
equations in many variables. In previous class
we have studied this with two variables. Our goal
here is to extend the application of Cramer’s rule
to three equations in three variables (unknowns) .
Variables are usually denoted by x, y and z.

N



Theorem — If ax+tby+tcz=d
ax+bytcz=d,
ax+by+cz=d,

are three linear equations in three variables
x,yandz;a,,b,,c, are coefficients of x,y,z and di

are constants. Then solutions of the equations are

DT DT D
provided D # 0 and where

Dx Dy Dz

a b ¢ a d ¢
D =& b o Dy=|a d ¢
a, b, c, a, d, c,
d b ¢ a b d,
Dx= |4, b, ¢ Dz=|ab d
dy by ¢ a, by d,

Remark : If D = 0 then there is no unique solution
for the given system of equations.

SOLVED EXAMPLES

1) Solve the following
Cramer’s Rule

D2x—y+z=1, x+2y+3z=8, 3x+y—4z=1
NDx+y—z=2, x—2y+z=3,

equations using

2x —y—3z=-1

Solution :

1) Given system is
2x—-y+tz=1
xX+2y+3z=8
Ix+ty—4z=1

= 2(-8-3)+ 1(-4-9) + (1 - 6)
= 2(~ 11) + 1(=13) + 1(-5) =40

1(-8—3)+1(-32-3)+ 1(8—2)
“11-35+6=-40

2 1 1
~D =1 8 3
31 4

2(-32 -3) ~1(=4 — 9) + 1(1 - 24)
~70+ 13 - 23 =-80

2 -1 1
D =1 2 8
301 1

2(2-8) + 1(1 —24) + 1(1 - 6)
~12-23-5=-40

D, 40

X

40 _ D, 80 _,
D —40

D —40

D, 40

4

D  —-40

1, ~x=1,y=2,z=1

2) Given system is
xty—-z=2;
2x—-y—-3z=-1
1 1 -1

D=1 -2 1
2 -1 -3
=1(6+1)—1(-3-2)-1(-1+4)
=7+5-3=9

x—=2y+z=3;

2 1 -1
D =3 -2 1
-1 -1 -3
= 2(7) - 1(-8)-1(-5)=14+8 +5=27
1 2 -1
D=1 3 1
2 -1 -3




= 1(-8)—2(-5)-1(-7) =8+ 10+7=9

112
D =[1 =2 3
2 -1 -1

= 1(5) - 1(-7)+2(3)=5+7+6=18

D
D 9 D 9
=DZ=E=2
D 9

x=3,y=1,z=2

6.4.2 Consistency of three linear equations in
two variables
Consider the system of three linear equations
in two variables x and y

axtby+c =0
ax+by+tc,=0 ...
ax+tby+c,=0

These three equations are said to be

consistent if they have a common solution.

The necessary condition for system (I) to be
consistent is

a b ¢
a, b, ¢| =0
a; by ¢
SOLVED EXAMPLES

Ex. 1) Show that the equations are consistent
3x+4y=11,2x—y=0and 5x — 2y =1

Solution : By condition of consistency consider
a b ¢ 3 4 -11

ol =2 -1 0

¢ 5 2 -1

a, b,
a, b,

=3(1-0)-4(2-0)-11(-4+5)=3+8-11
= 11-11=0

.. the given system of equations is consistent

Ex. 2) Show that the following equations are not
consistent

xt2y=1,x—y=2and x-2y=0
Solution : For consistency of equations, consider
a b ¢ I 2 -1
c, 1 -1 2
¢, 1 -2 0
= 1(0+4)-2(0-2)—-1(-2+1)=4+4+1=9 £ 0
.. the given system of equations is not consistent.

Note : Consider the following equations

2x+2y=-3, x+ty=-1, 3x+3y=-5
The given equations in the standard form are
2x+2y+3=0, x+y+1=0, 3x+3y+5=0
a b ¢ 2 22 I 11
D=la, b, ¢|=|1 1 1|=211 11
a, b, ¢ 3 35 3 35
=0 (AsR, = R)

The slopes of the lines 2x + 2y+2 = 0 and
x +y +1=0 are equal and each is (—1)

So, the slope of each of these lines is - 1.
Threrefore, the lines are parallel. So they do
not have a common solution and hence the
system of equations is not consistent.

Thus D = 0 is not a sufficient condition for
the consistency of three equations in two
variables.

=5

[ Let’s learn.

6.4.3 Area of a triangle and Collinearity of
three points.

If A(x,,y),B(x,,y,) and C(x,, y,) are vertices
of triangle ABC then the area of the triangle is




x o »n 1 X X X

Lix, v, 1_1ly y

20, » I 201 1 1

Remark:

1) Area is a positive quantity. Hence we always
take the absolute value of the determinant.

i1) If area is given, consider both positive
and negative values of determinant for
calculation of unknown co—ordinates.

iii) If the value of the determinant is zero then
the area of A ABC is zero. It implies that the
points A, B and C are collinear.

SOLVED EXAMPLES

.1) Find the area of the triangle whose vertices
are P(2,-6), O(5,4), R(-2, 4)

Solution: Let, P(2,-6 )= (x,y)), 0O(5,4) = (x,,),),

R(-2,4) = (x,.y,).

Area of the triangle POR
xon 1 2 -6 1
=Ly w2 Lls 4y
2 | 2
X3 Vs -2 4 1

- % [200) + 6(7) + 1(28)]

= % [70]=35 square unit.

Q. 2) Using determinant show that following
points are collinear.

A(2,3), B(~1,-2), C(5,8)

Solution:
. 2 3 1
A(AABC)=5—1 -2 1
5 8 1

=% [2(-10) -3(-6) + 1(2)]

-l 20+18+21=0
2
.. Points 4, B, C are collinear.

Q.3) If P(3,-5), O(-2,k), R(1,4) are vertices of
triangle POR and its area is 12—7 square
unit then find the value of £.

Solution : Let P(3,-5) = (x .y, ),

Q(_zak) = (xzayz)a R(1>4) = (x39y3)'
| x oy 1 3 51
A(APQR):ExZ y, I==]=2 k 1
x oy 1 1 4 1

=% [3(k—4) + 5(=3) + 1(-8 — k)]

L k- 12-15-8 4= L2k 35
2 2

But area of triangle POR is 12—7

o 2k—-35==17

S 2k=52 or2k=18

S k=26 or k=9

(Q.4) Find the area of the triangle whose vertices
are A(-2, -3), B(3, 2) and C(-1, -8)

solution : Given (x, y ) = (-2, -3),

(x29 yz) = (33 2)7 and (xy y3) = (_1 ) _8)
We know that area of a triangle

x oy 1 | -2 -3 1
=% ooy 1 =213 2
x, oy 1 -1 -8 1

% [22+8) +3(3 + 1) + 1(-24 +2)]

D ro+12-221 =1 42+ 12
2 2




- L0 =-15
2

But Area is positive.

.. Area of triangle = 15 square unit

Q.5) If the area of a triangle with vertices
P(-3, 0), O3, 0) and R(0, k) is 9 square
unit then find the value of k.

Solution : Given (x, y) = (-3, 0), (x,, »,)

) 1 1 1
wv) -t +—=-2
X y z
1 2 1
x_erz_3
2
Xy oz
V) 2_14_2:4’1_14_1:2’24_1_1:2
X y z X y z X y z

2) An amount of Rs. 5000 is invested in three
= = th f th
trigl’ ?e) i2n9d s(X311i1} i,z (0, ) and the area of the plans at rates 6%, 7% and 8% per annuam
& - ‘ respectively. The total annual income from
We know that area of a triangle these investments is Rs 350. If the total
x oy |1 annual income from first two investments
_ 1 x, y, 1 is Rs. 70 more than the income from the
2 [ 7 1 third, find the amount invested in each plan
G by using Cramer’s Rule.
1 -3 01 3) Show that following equations are consistent.
S 530 1| =+9 2x+3y+4=0,x+2y+3=0,
0 k£ 1 3x+4y+5=0
(Area is positive but the value of the determinant ~ 4) Find & if the following equations are
can be positive or negative) consistent.
1) x+3y+2=0,2x+4y—- k=0,
. %[—3(0—k)+1(3k—0)]::|:9 x-2y-3k=0
. i) (~Dx+(k-1)y=17,
" 5 [6] = 9, (k—1x+(k-2)y=18,x+y=5
5) Find the area of the triangle whose vertices
. 6k =+18, are:
k=413 1) (4’5)’ (077)’ (7151)
11) (3a25)> (_155)3 (_23_3)
EXERCISE 6.3 iii) (0,5), (0,-5), (5,0)
1) Solve the following equations using 6) Find the value of k if the area of the triangle
Cramer’s Rule with vertices A(k,3), B(-5,7), C(-1,4) is 4
- ' square unit.
1) x+2y—-z=5, 2x—-y+z=1,
3x+3y=8 7) Find the area of the quadrilateral whose
i) 2x—y+62=10,3x+4y—5z=11, vertices are A(-3,1), B(-2,-2), C(4,1),
8x— 7y —9z=12 D(2.3).
iii) 1lx—y—z=31,x— 6y +2z=-26, 8) By using determinant show that following
Xx+2y—7z=-24 points are collinear.
P(S,O), Q(10573)5 R(7556)
02N\




9)

2)

The sum of three numbers is 15. If the
second number is subtracted from the sum of
first and third numbers then we get 5. When
the third number is subtracted from the sum
of twice the first number and the second
number, we get 4. Find the three numbers.

al(bZC3

o bacz) _bl(a2c3_ a3cz) + cl(a2b3 o a3b2)

Properties of determinant

(1) The value of determinant remains
unchanged if its rows are turned into
columns and columns are turned into
TOWS.

(i) If any two rows (or columns) of a
determinant are interchanged then the
value of the determinant changes its
sign.

(ii1) If any two rows (or columns) of a

determinant are identical then the value

of the determinant is zero

(iv) If each element of a row (or column)

of a determinant is multiplied by a

constant k then the value of the new

determinant is k times the value of the

old determinant

(v) Ifeach element of a row (or column) is
expressed as the sum of two numbers
then the determinant can be expressed
as a sum of two determinants

(vi) If a constant multiple of all elements
of a row (or column) is added to the
corresponding elements of any other
row (or column) then the value of new
determinant so obtained is the same as
that of the original determinant.

3)

4)

5)

6)

(vii) (Triangle property) — If all element of
the determinant above or below the
main diagonal are zero then the value
of the determinant is equal to product
of its diagonal elements.

Solve the system of linear equation using
Cramer’s Rule.

D D

D
x= D" ,y=7)1,z=ﬁz provided D #0

Consistency of three equations.
Ifax+by+c =0 ax+by+c,=0
ax + by + c, = 0 are consistent, then
a b ¢
a, b, ¢|~ 0

a, by ¢

Area of a triangle, the vertices of which are

(x5 1)s (X,20,) (X5,0,); 18

lxl »ol
= —|x 1
5™ V2
X3 )

Points (x, y)), (x,,y,) (x,,y,) are collinear if
and only if

lxl » o1
I[=0

—|x
e bg)
Xy 1

MISCELLANEOUS EXERCISE - 6

2 =57 1 -3 12

Q.1) Evaluate i) |5 2 1| i)|0 2 -4
9 0 2 9 7 2
Q.2) Find the value of x if
1 4 20 1 2x 4x
)1 -2 =5/=0 1)l 4 16/ =0
1 2x 5x° 1 1 1

N2+



Q.3) By using properties of determinant prove i) kx +3y+4=0

xX+y y+z z+x x+ky+3=0
that | z x y =0 3x +4y +5=0
1 1 1 .7) Find the area of triangle whose vertices are

Q.4) Without expanding determinant as far as ) A(-1,2).B(2.4).C(0,0)
possible, show that i) PG3,6),Q(-1,3),R(2,-1)
b+ b bZ 2 111) L(lal) s M (_2,2), N (5,4)
¢ bc bc

i) |c+a ca c*a*| =0 Q.8) Find the value of .

a+b ab a*b? 1) if area of triangle A PQR is 4 square
unit and vertices are P(k, 0), O(4, 0),
xa yb zc x y z R(0, 2)
i) @ b Pl=la b ¢ ii) if area of A LMN is 33/2 square unit
1 1 1 be ca ab and vertices are L (3,-5), M(-2,k),
N (1,4)
I m n n f w
iii)yle d f| = |l e u ACTIVITIES
u v ow m d v
Activity 6.1 :
0 a b Apply cramer’s Rule for the following linear
V) _g 0 =0 equationx+y—z=1,8x+3y—-6z=1,
—4x -y +3z=1.
-b — O .
Solution:
Q.5) Solve the following linear equations by 1 I -1
Cramer’s Rule. D = [ 3-6 =[]
4 -1 3
1) 2x—yt+z=1,x+2y+3z =28, 3x+y—4z =1
0o 1 -1
u)xyz__ Dx = [ 3 —-6] =
1 2 1 o-1 3
———4+—=3
X y oz 1 O -1
2 1.3, by - 8 o -6 -]
X y z
-4 0 3
i) x—p+2z=7, 3x+4y-5z=5 , 2x—y+3z=12 1 | O
Q.6) Findthevalue ofkifthe followingequation p; = |8 3 0 = [
are consistent. 4 -1 0O
1) 3x+y—2=0, kx+2y—3=0 and 2x—y =3
<95 >




Dx |:|

x =—E=—|:|=|:|
|:| |:|

y =—D=—|:|=|:|
[)Z I:I

z =—E=—|:|=|:|

Activity 6.2 :

Fill in the blanks in the steps of solution of the
following problem and complete it.

The cost of 4 kg potato, 3 kg wheat and 2
kg rice is Rs. 150. The cost of 1 kg potato, 2 kg
wheat and 3 kg rice is Rs. 125. The cost of 6 kg
potato, 2 kg wheat and 3 kg rice is Rs. 175. Find
the cost of each item per kg by using Cramer’s
Rule.

Solution : Let x,y,z be the costs of potato,
wheat and rice per kg respectively. The given
information can be written in equation form as

4x+3y+2z= ...
x+..y+3z=125
oxt2y+3z=175

4 3 2

4 3 150
D_=|1 ... 125/=625
6 2 175
Dx Dy Dz
X = = y:—: z = =
D D D
Activity 6.3 :

Find the equation of the line joining the points
P(2,-3) & QO(—4,1) using determinants.

Solution: P(2,-3) & O(—4,1), R[], [))
Area of APQR =0
Col

OOl =0
Ol

=0 is the eq" of line

Activity 6.4 :
Find k, if the following equations are consistent.

x+y=0, kx—-4y+5=0,kx-2y+1=0

Solution:
D=1 3|=25
6 2 3 o
CO5 =0
.. 32 OOl
D, =125 2 3|=250
175 2 3 6+ =0
4k =
4 150 2 =
D, =1 125 3|=
6 175 3
0:0 0:0 0:0
<96 >
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LIMITS

P

——

Let’s study.

e  Definition of Limit

e Algebra of Limits

e  Evaluation of Limits
» Direct Method
» Factorization Method
» Rationalization Method

e Limits of Exponential and Logarithmic
Functions

Introduction:

Calculus is one of the important branches of
Mathematics. The concept of limit of a function is
a fundamental concept in calculus.

Let’s understand

Meaning of x—a :

When x takes the values gradually nearer to
a, we say that ‘x tends to a’. This is symbolically
writeen as ‘x—a’.

‘x—a’ implies that x # a and hence (x—a) # 0

Limit of a function :
Let us understand the concept by an example.

Consider the function fx) =x + 3

Take the value of x very close to 3, but not
equal to 3; and observe the values of f{x).

From the table we observe that as x > 3 from
either side. f{x) > 6.

This idea can be expressed by saying that the
limiting value of f{x) is 6 when x approches to 3.

This is symbolically written as,

lim f(x) =6

x—3

ie lim (x+3) =6

Thus, limit of the function, f{x) = x +3 as x—3 is
the value of the function at x = 3.

-
‘v Let’s learn.

7.1 DEFINITION OF LIMIT OF A
FUNCTION:

A function f(x) is said to have the limit / as
x tends to a, if for every € > 0 we can find 6 > 0
such that, |[f{x) — /|<€ whenever 0 < |x—a| <d and
‘I’ 1s a finite real number.

We are going to study the limit of a rational
P(x)
O(x)

Here P(x) and Q(x) are polynomials in x.

function as x> a.

We get three different cases.
(1) Oa) =0,

(2) QO(a)=0and P(a)=0
(3) Q(a)=0and P(a)#0

P(x) _P(a)
In case (1) £1_1)13 0 0@




Because as x> a, P(x) > P(a) and QO(x) >
Q(a)

In Case (2) x — a is a factor of P(x) as well as
Q(x) so we have express P(x) and Q(x) as P(x) =
(x—a) P (x)and O(x) = (x —a) O, (x)

P(x) _ (x-a)B(x) _ B(x)

NoY 50 " @00 @ 0@
Note that

(x-a) # 0 so we can cancel the factor.

In case (3) O(a) = 0 and P(a) # 0,

- P(x
lim 200 does not exist.

7 OM)

7.1.1 One Sided Limit: You are aware of the fact
that when x> a; x approaches a in two directions;
which can lead to two limits, known as left hand
limit and right hand limit.

7.1.2 Right hand Limit : If given €> 0
(however small), there exists 0 > 0 such that

| f(x) = 1| <€ forall x witha < x < a + J then
lim fix) =1,

xX—a

7.1.3 Left hand Limit : If given € > 0 (however
small), there exists 6 > 0 such that for | f(x) — L)
<eallxwitha-d<x<athen lm fix)=1,

Example:

Find left hand limit and right hand limit for the
following example.

3x+1

f(x)=
Tx* -3

if x<1

if x>1

To compute, lim f{x), we use the definition for f
x—1*

which applies to x > 1:

lim fix) = lim (7% 3) = 4
x—1" x—1"

Likewise, to compute lim f{x), we use the
x—=1"
definition for f which applies to x < 1:

lim fix)= lim Gx+1)=4
x—1" x—1"

Since left and right-hand limits are equal,

1iIIll fix)y=4

7.1.4 Existence of a limit of a function at a
pointx =a

If lim fx) =lim f{x) =/, then limit of the

X—a

function f(x) as x > a exists and its value is /. If

lim f{x)# lim f{x) then liin f(x) does not exist.

xX—a

~ <

[ Let’s learn.

7.2 ALGEBRA OF LIMITS:

Let f(x) and g(x) be two functions such that

li_r)n flx)=1and li_r)n g(x) = m, then

1. lim [fix)£g(x)] = lim f(x)=* lim g(x)
=l+tm

2.  lim

X—a

[f(xx) x g(x)] = lim  fx) x lim g(x)

=]/xm

3. lim [kf(x)] = k lim f(x) = kl, where ‘K’ is

X—a

a constant

flx) Nmf) g

4. lim - =— provided m#0
limg(x) m

x—a g(x)
7.3 EVALUATION OF LIMITS :
Direct Method : In some cases !CI_TS f(x) can be

obtained by just substitution of x by a in f(x)




SOLVED EXAMPLES
4 4
Ex. 1) lim| —zr* |=—xlim(~* ) ==n()? =—x
) r—)l[ j 3 - ( ) 3 ()

Ex. 2) }Vig; (02 -3)y+2)]

= lim (*-3) lim (y +2)
=(22-3)2+2)=(4-3)4)=1x4=4

X

Ex. 3) {jg;[

lim(\/m)—lim(m)

Similarly for the interval 3 <x <4;
fx)y=2x+1

lim fix) = lim Qx+1)=(2x3)+1=6+1
x—3"

x—3"

From (I) and (I1), lim f{x) # lim f{x)
x—>3" x—3"

1in31 f(x) does not exist.
X

Theorem: lim > = n(a""), for neQ.
xX—a x —_ a
SOLVED EXAMPLES

Ex. 1) lim{x ; } - 48 and neN, find 7.

x—4 X —

— xo3 x—3
tim()
. . .| x"=4"
J6+3-J7-3 Solution: Given hral[ 1 } =48
_ —_ —_ X—> x —_
3
Son(@)'=48=3 x16=3(4)
— J9-V4 - n(4)~1=3(4)*>'... by observation
3
Son=3.
S 3-2 1
303 2x-2 }
Ex.2) Evaluate lim| ———
. . . . HILV 26+x-3
Ex. 4) Discuss the limit of the following function
as x tends to 3 if Solution: Put 26 + x =2, .. x=1-26
5 As x>1,t>3
X +x+1, 2<x<L3
S = 2x+1, 3<x<4 . 1im[ﬂ}
=1 26+x -3
Solution: we use the concept of left hand limit
and right hand limit, to discuss the existence of 2(t3 —26)— 2
limit as x>3 — lm| ——————
t—3 i/? _3
Note : In both cases x takes only positive values.
For the interval 2 <x <3; flx)=x>+x + 1 43
Co _ 2 = lim
i )= lim (e ) in|
= (3)+3+1
As lim Y od n-1
_ - =na
=9+3+1=13 ---- D —a| x—a
200N




=2 x 3(3)*!
=2x33=2x27
— 54

EXERCISE 7.1

Q.I Evaluate the Following limits :

) _Vx+6
1. lim
x—3 X
-3 -3
2. lim| X2 }
x—>2_ x_2
) [ ¥ -125
3. hms—
5| x° 3125
4 303
4. If lim{x 1}:lim{x “} find all
x—1 x_l x—a xXxX—a

possible values of a.

Q.IT Evaluate the Following limits :

(=37 ) (> +37)

1. lim
x—>7 x—=7
xk =5k
2. If lim =500 find all possible
x—5 X — 5
values of k.
1-x) -1
3. tim| ¢ x)z
x—0 (1 _ x) -1
Q.III Evaluate the Following limits :
) _\3/1+x —\/1+x}
1. lim|————M—
x—0 X
2 lim _2y-2
ad J7+y -2

3 3
i (Z+2)5 —(a+2)5
im
3. z—a z—a
A hm_)f ~125
TS| X125

’ﬁ Let’s learn.

74 FACTORIZATION METHOD :

Consider the problem of evaluating,

lim ZAC))

where g(a) # 0.
x—a g(x)

SOLVED EXAMPLES

e

Solution: If we substitute z = 3 in numerator and
denominator,

we getz(2z—-3)—-9=0andz>-4z+3=0.
So (z—3) is a factor in the numerator and
_2(22—3)—9

denominator.
22 —4z+3 :|

(2—3)(2Z+3)

)
[(22+3)

| (z—l)

2(22—3)—9

Ex. 1) Evaluate lim| —;
z"—4z+3

z—3

2z -3z-9
| z2—4z+3

|

} . (z-3#0)

<100



.| (X’ =8x* +16x)°
Ex. 2) Evaluate lim| —— is
(x —x—12)

[x(x - 4)2 T

(x — 4)18 (x + 3)18

Solution : lim
x—4

8 9
im| (=)

= (x— 4)18 (x+ 3)18

_ I o (o
=5 (x+3)18} 4 #0

49
W

. 1 2
Ex. 3) Evaluate lim| ——+——
=l x=1 1-x

. 1 2
Solut : I
mon )flirll{x—l+(l—x)(x+l)}

- Eﬂ?_x—l (x—l)(“l)}

lim I+x-2
T ol (x—l)(x+1)

lim _ox=
Tl (x=1)(x+1)

Since (x—>1),(x—1=#0)

|

1
2

Ex. 4) Evaluate lim

x—1

X +x?-5x+3
x* =1

Ex.5) lim

Solution : In this case (x — 1) is a factor of
the numerator and denominator.

To find another factor we use synthetic
division, Numerator: x>+ x?>—5x +3

1]1 1 -5 3
1 2 -3
1|2 E=1+1) | 3=-5+2) | 0=-3+3)

L+ xr=5x+3=(x—1)*+2x-3)

Denominator: x> — 1 = (x + 1)(x —1)

. _x3+x2—5x+3}
= lim 5
x—1 X _1

_(x—l)(x2 +2x—3)]

ol (x+1)(x-1)

x-l (x+ 1)

. _(x2+2x3)] x—l
= lim|—~| | x#1

1+2-3
1+1

sincex— 1= 0

= lim{_—l} = —lim{l} = 1
x| x x| x 1

=1




EXERCISE 7.2

Q.1

Q.IT Evaluate the following limits :

Q.III Evaluate the following limits :

Evaluate the following limits :

. x+3
lim| ————
=3 x" +4x+3

3 2
lim 53:;83’2
=0 3" —16y

. {—2x—4}
lim 3 >
2| x° +2x

L
lim| % 1}

u—l1 u3 _1

! 9x }
lim| —— - 3
=3 x-3 x =27

. _x3—4x2+4x}
lim —_—
x—2 X _1

lim x'+x>+160
X2 X +8

_ 3
lim[1 8y3}
yos V=AY

) {v2+vﬁ—4}
lim| ————
V2

2| v —3u32 + 4

| x*+2x-15
hm — -
=3 x"=5x+6

(c

( Let’s learn.

7.5 RATIONALIZATION METHOD :

If the function in the limit involves a square
root, it may be possible to simplify the expression
by multiplying and dividing by the conjugate.
This method uses the algebraic identity.

N

Here, we do the following steps:

Step 1. Rationalize the factor containing
square root.

Step 2. Simplify.

Step 3. Put the value of x and get the

S required result.

SOLVED EXAMPLES

! 1

(b+z)5 —(b—z)2

V4

Ex. 1) Evaluate ling

1 1
Solution: lim (b+z)2—(b—z)2

z—0 z

= lim
z—0
lim \/b+z—\/b—z ><\/bJrz +\/b—z

- z Nb+z+b—z

(\/b+z)2—( b—z)2 1
= lll'l'l X
20 z Nb+z+b—z

| B¥2)=(022) 1 }
o0 z Jb+z+b-z

= limE ! }

X
0z Nb+z+b-z

z

z—0

<102 >



lin{ 2 }
0| Jb+z+b-z

2
\/b+0+\/b—0

[s

[\)
_
$

Jb

x—0 2

2
Ex. 2) Evaluate 1in{u}
X

2

x—0 X

Solution : lim{

1—@}

- x2+1(1+m)
(1+M)

x—0 x2

=0 x’ [1+\/x2 +1J

- lim (_xz) !

=0 X [1+\/x2 +1J

= lim -l

0 [1+\/x2 +1}

EXERCISE 7.3
Q.I Evaluate the following limits :
. | Ve+x+x> =46
l. lim
x—0 X
i 2 2
2. lim \/1 ) 2\/1 Y
y—0 i y
3 hm_\/2+x—\/6—x
x—2 i \/; _ \/5
Q.II Evaluate the following limits :
wal N3a+x —2\/;
B 2
2. lim x4
2| Jx+2-3x-2

Q.IIT Evaluate the Following limits :

. _x2+xx/x—2
1. lim| ——M—
x—1 x_l

) _\/1+x2 —/1+x
2. lim
"_’0_\/1+x3 —/1+x

3 lim_x2+x—20

4| Bx+4 -4

4 lim_ x -8
T2 x+2-+/3x-2

Q.IV Evaluate the Following limits :

-1 _ }
= —— . 2_
1+1 1. lim =)
2 3-y -1
-1 - B
- 9 . | 3-~5+z
2. lim
z—)4_ _ S—Z_
02N

<103 >




7.6 LIMITS OF EXPONENTIAL AND
LOGARITHMIC FUNCTIONS :
We use the following results without proof.

.oa -1

1. lim 2 =loga  a> (),
x—0 X

2. lime _1=loge=1
x—0 X

3. lim[1+x]£ =e

x—=0
o gm0
x—0 X

SOLVED EXAMPLES

_[77-1
Ex.1) Evalute : 115{ . }

7T =1
Solution : 1M

x—0 X

=log 7

Ex.2) Evaluate : lim[5 =3 }

x—0 X
.| 5=3"
Solutions : 11r101
X—> x
5 -1-3 +1}
—lim
x—0 i X
_lim| & =D _6 _l)}
x—0 L X X
_lim H} _ lim[@}
x—0 X x—0 X
=log5 — log3

ol
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Ex.3) Evaluate : llng 1+gx

Solutions : lim|1+—x
x—0

Ex.4) Evaluate : lim

x—0

{log(l + 4x)}

X

log(1+ 4x)}

Solutions : lim{
x—0 X

:hm{wxq

x—0 4x
=4x1
=4

Ex.5) Evaluate :
.[W—N—f+1
lim| —————
x—0 X

Solutions : Given lin{w}

x—0 x2

[ (ax 2 )x—4x—2X+1]
—lim -

x—0 X

o [4r0r —4X—2"+1}
_lim 5

x—0 X

4 (27 -1)- 2" -]

—lim >

x—0 X




=lim(2"-1)-(4"—1)] S

I 4 lim) 57
im (2x 1)} N lim[(4x 1)} IV] Evaluate the following :

x—0 X x—0 X _

- (25 =2(5) +1
= (log2) (log4) h  lim .
EXERCISE 7.4 [ (49) —2(35)" +(25)"
CISE 7 ) lir]%() (2) ()}
xX—> X

I] Evaluate the following : -

9 -5 } »
1) lim| — E
=0 471 ( Let’s learn.
2) ling M} Some Standard Results
X—> X .
) 1. }Clilg k =k, where k is a constant
) log(2+x)—log(2—x)
3) 1}3& X 2. }CI_TB xX=a
II] Evaluate the following : 3. lm =g
[ 3432 4. lim&x=¥a
1) 11_1)]3 —_— x—a
* 5. Ifp(x) is a polynomial, then !}_IB px)=p(a)
1
) _3 T ) n__n
2) lim i} 6. lim>X—L — n(a™"), for neQ
x—>0_3—x Xx—a X —a
i [log(3-x)—log(3+x) 7. fim| €| =loge=1
3) 11’1’01 x—0 X
X—> X
II1] Evaluate the following : 8 lim log(1+x) _ 1
x—0 X
B 3x _ p2x
0| log(1+4x)
. (2-1) lim ¥ =2
2) lim I. If xlj)le 5 - 80 then find the value of n.
=01 (3" =1).log(l+x) X
- II. Evaluate the following Limits.
— 5 5
3) lim 15 =5 2_3 H} D lim(x+2)3_(a+2)3
x—0 L X s X—a
<105 >
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lim (1+x)" -1 18) lim[log(4—x)—log(4+x)}

2) x—2 X x—0 X
3 lim_ (x—2) 19) Evaluate the limit of the function if exist at
) 2| 2x* = Tx+6 7 4x r<l
; [ P41 x=1wheref(x)={xz+2 v>1
4y limf ———
=l x"4+5x—6
~ Activity 7.1
5y lim x-S } -
N . Y—x—1
3:\/x—2—\/4—x Evaluate - Eg% %}
. 3—\/5+x} . —
0) 4 1_J5-x [ -n-
LI-v5-x Solution : = 1123 f}
R )
7) lim } _ tim X
[ X = e T,
1
x . -1
8) lim 1+f] = hm{e }—I:I
x—0 5 x—0 X
9) lim 10g(1+9x)} = |:|—1
x—)O_ X — I:I
5
10) lim (1—x)3—1 Activity 7.2
=0 (1-x)" -1
Carry out the following activity.
. |la"+b" +c" -3
11) Evaluate : !}Eg - I 1 2
X Evaluate | 777777
e +e =2
12) lim——— . 1 2
) x>0 x’ Solution : Ei?[x_ffl_xz}
13) lim xx(6 =3) } i 1 2
x=> _(2 —l)log(1+X) = xlgll x—1 |:|
@ —a¥—a" 1 - 1
e B —
- B X—>1_(x—1)(x+1)_
. (5" -1 - -
15) lim| —>— 2 ]
x—>0_x,log(l+X) = lxl_f)fll m

a4x _1 =
16) lim 1

x—0 _b2x _1

- =l x+1
17) ling log100+log(0.01+x)} _ I:I
X—> L x
o3 o3 o
<106 >




8. coNTINUITY

oY

| [

P

Let’s study.

——

e  Continuity of a function at a point.

e  Continuity of a function over an interval.

Let’s recall.

Different types of functions.

Limits of Algebraic, Exponential,

Logarithmic functions.

Left hand and Right hand limits of functions.

&@g
Y Let’s learn.

8.1 CONTINUOUS AND DISCONTINUOUS

FUNCTIONS
The dictionary meaning of the word continuity is
the unbroken and consistent existence over a
period of time. The intuitive idea of continuity is
manifested in the following examples.

(1) An unbroken road between two cities.
(i) Flow of river water.

(ii1) The story of a drama.

(iv) Railway tracks.

(v) Temperature of a city on a day changing
with time.

The temperature of Pune rises from 14° C
at night to 29° C in the afternoon, this change
in the temperature is continuous and all the
values between 14 and 29 are taken during 12
hours. An activity that takes place gradually,

without interruption or abrupt change is called a
continuous process. Similarly to ensure continuity
of a function, there should not be any interruption
or jump, or break in the graph of a function.

8.2 CONTINUITY AT A POINT

We are going to study continuity of functions of
real variable. So the domain will be an interval
in R. Before we consider a formal definition of
continuity of a function at a point, let’s consider

various functions .

v Y
T
/ﬂx)
€ t » X | |« >» X
O a 0 a
Figure 8.1 Figure 8.2
Y

A

T

A
N
>

Figure 8.3
In Figure 8.1, we see that the graph of f(x)

has a hole at x = a. In fact, f(a) is not defined for x
= a. At the very least, for f{x) to be continuous at

x =a, we need f(a) to be defined.

Condition 1 : If f (x) is to be continuous at x = a
then f (a) must be defined.

N



Now, let us see Figure 8.2. Although f(a) is
defined, the graph has a gap at x = a. In this
example, the gap exists because lim f (x) does
not exist. Because, left hand limit xa;ax = a is not
equal to its right hand limit at x = a. So, we must
add another condition for continuity at x = a, will

be that lim f(x) must exist. So the right hand limit

and left hand limits are equal.

Condition 2 : If f(x) is to be continuous at x = a

then lim f(x) must exist.
xX—a

In Figure 8.3, The function in this figure satisfies
both of our first two conditions, but is still there is
a hole in the graph of the function. We must add a
third condition that £1£I(} f(x)=f(a).

Condition 3 : If f(x) is to be continuous at x = a
then lim f(x) =f(a).

Now we put our list of conditions together and

form the definition of continuity at a point.

Let’s learn.

8.3 DEFINITION OF CONTINUITY

A function f{x) is said to be continuous at point

x = aifthe following three conditions are satisfied:

i.  fisdefined on an open interval containing a.

ii. lim f(x) exists

iii. lim £(x) =/ (a).

The condition (iii) can be reformulated and the
continuity of f{x) at x = a, can be restated as
follows :

<108 >

A function f{x) is said to be continuous at a point
x = a if it is defined in some neighborhood of ‘a’
and if %m(} [f(a+h) —f(a)]=0.

Discontinuous Function : A function f{x) is not
continuous at x = ¢, it is said to be discontinuous

atx = ¢, 'c' is called the point of discontinuity.

Example 1. Consider f(x)=|x| be defined on R.
fx) = —x

= X

for x<0
for x>0.

Let us discuss the continuity of f{x) atx =0

Consider, lim f(x) = lim (—x)=0
x—>0"

x—>0"

lim f(x) = lim (x)=0
x—0" x—0"
For x =20, f(0) =0

lim f(x)= lim f(x)=f(0) =0
x—>0" x—0"
Hence f(x) is continuous at x = 0.

Example 2 :

Consider fix) = x*. Let us discuss the continuity
of fatx=2.

fix) =x°
@) =2=4
lim £ = lim ()= 2= 4

lim f(x) =f(2)=4

x—2

Therefore the function f'(x) is continuous at x=2.

There are some functions, which are defined
in two different ways on either side of a point.
In such cases we have to consider the limits of
function from left as well as from right of that

point.




8.4 CONTINUITY FROM THE RIGHT AND
FROM THE LEFT

A function f{x) is said to be continuous from the
right at x =a if lim f(x) =f(a).

A function f{x) is said to be continuous from the
leftatx =aif im f(x) =f(a).

Consider the following examples.

Example 1: Let us discuss the continuity of f{x) =
[x] in the interval [2, 4)

Therefore f{x) is discontinuous at x = 3.

Example 2 : Let us discuss the continuity of

f(x) = x*+2for0<x<2
=5x—4 for 2<x<3.5
For x = 2, f(2)=2°+2=6

lim /() = lim (+2)=(2+2)=6
lim f(x) = lim (5x—4)=(10-4)= 6
lim 7(x) = lim 7 (x) = 6= lim (x) = f(2)

Therefore f{x) is continuous at x = 2.

[Note : [x] is the greatest integer function or floor |
function] gl
) =, forx e [2,4) Z I
that is flx) = 2, forx e [2,3) ST
4 4
fix) =3, forx e [3,4) 51
The graph of the function is as shown below, 21
Test of continuity at x = 3. — : : : : > X
0L 1 2 3 4
Forx=3,/3)=3
Fi .
v igure 8.5
N
31 —
8.5 PROPERTIES OF CONTINUOUS
)1 FUNCTIONS:
If the functions f and g are continuous at x = a,
I then,
< , , , > X 1. their sum ( f + g ) is continuous at
0 1 2 3 4 x=a
\4 .
2. their difference ( f — g) is continuous at x =
Figure 8.4 a.
3. constant multiples that is k.f forany k£ € R is
lim f(x)= lim [x] =2 and continuous at x = a.
x—3" x—3"
. . . 4. their product that is ( f.g ) is continuous at
lim f(x)= lim [x] = lim (3)=3 _
x—3" x—3" x—3" X =a.
lim f(x)# lim f(x)
x—3" x—3"
<109 >




5. their quotient that is ! where g(a) # 0 is
continuous at x = a.
6. their composite function f [g(x)], that is

fog (x) is continuous at x = a.

8.6 CONTINUITY OVER AN INTERVAL

So far we have explored the concept of continuity
of a function at a point. Now we will extend the
idea of continuity to an interval.

Let (a, b) be an open interval. If for every

x e (a, b), f1is continuous at x then we say that /'
is continuous on (a, b) .

Consider f on [a, b) if f is continuous on (a, b)
and f is continuous to the right of a, then f is
continuous on [a, b)

Consider fon (a, b] if fis continuous on

(a, b) and f'is continuous to the left of b, then f'is
continuous on (a, b]

Consider a function f continuous on the open
interval (a,b). If £1£13 flx) and !}E} f(x) exists, then

we can extend the function to [a,b] so that it is
continuous on [a,b].

Definition : A real valued function fis said to
be continuous in an interval if it is continuous
at every point of the interval.

8.7 CONTINUITY IN THE DOMAIN
THE FUNCTION :

A real valued function f: D — R is said to be
continuous if it is continuous at every point in the
domain D of 'f".

OF

SOLVED EXAMPLES

Example 1 : Determine whether the function fis
discontinuous for any real numbers in its domain.

Solution :
Let us check the conditions of continuity at x = 2.
Forx=2,f(2)=7 ( Given)

[Condition 1 is satisfied]

gl_gl f(x)= 33’1 Bx+1)=32)+1="7.
and )}lgl f(x)=17,
So lim /()= lim /(1) =7 = lim (x)=7
[Condition 2 is satisfied]
Also, lm /(1) =7=/(2), lim /() =/2)
[Condition 3 is satisfied]
Therefore f(x) is continuous at x = 2.

Let us check the conditions of continuity at x = 4.

Forx=4,f4)=(4*-8)=8
[Condition 1 is satisfied]

lim f(x)= lim (7)=7 and

x—4" x—>4"

lim f(x)= lim (®—8)=4>-8 = 8
x—4" x—4"

lim f(x)# lim f(x) So, lin} f(x) does not exist.
x—>4" x—4" x>
[Condition 2 is not satisfied]

Since one of the three conditions is not satisfied
at x = 4, the function f (x) is discontinuous at x =
4. Therefore the function f is continuous on it’s

domain, except at x = 4.

Example 2 : Test whether the function f{x) is

continuous at x = — 4, where

x* +16x+48
x+4
8

f(x) for x # —4

for x = —4.

where filx) = 3x+1, for x<2
= 7, for 2<x<4 Solution : For x = —4, f(-4) =8 (defined )
= x*-8 for x>4. 5
lim fx)= lim | X +16x+48
o o x+4
<110>
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lim (
x—>—4

x+4

(x+4)(x+12)J

lim (x+12)=—4+12=8

. lim f(x) exists
x—>—4

L lim S =4 =38

Therefore the function f{x) is continuous at

x=-4.

Example 3 : If f(x)= (

1

2-5x

3x+2jr for x #0,

is continuous at x = 0 then find £(0).

Solution : Given that f{x) is continuous at x = 0

- £(0)

AQ)

lim 1)

lim (
x—0

lim
x—0

lim
x—0

3x+2
2—-5x

jl

<ll1>

8.8

(1)

2)

3)

(4)

(5)

(6)

SRR

8 RS
o2t {lim(lwoc)/a = e}
- - x—0
EXAMPLES OF CONTINUOUS
FUNCTIONSWHEREVERTHEYARE
DEFINED:

Constant function is continuous at every
point of R.

Power functions with positive integer
exponents are continuous at every point of
R.

Polynomial functions,

P(x) =apx" +ax™'+ax"+ .. ta x+ta
are continuous at every point of R

The exponential function a* and logarithmic
function log,x (for any x > 0, base b > 0 and

b # 1) are continuous for all xeR

Rational functions which are quotients

P(x)

of polynomials of the form
(x)

arec

continuous at every point , where Q(x) # 0.

The n'" root functions, are continuous in their
respective domains.

EXERCISE 8.1

1.

Examine the continuity of

(1) fixx)=x*+2x*—x—-2 atx=-2.

. x> -9
(1) fix) = on R
x—3
2. Examine whether the function is continuous

(1) fix)y=x*—2x+1,

at the points indicated against them.
for x<2

=3x—2, forx>2, atx=2.




> +18x-19
(i) fix) = % for  x#1
= 20 for x=1, atx =1
3. Test the continuity of the following functions

at the points indicated against them.

1
Vx—=1—-(x-1)3
for
x—2

1) fx) = x#2
1
= - for x=2,atx=2
5
x -8
i) fix) = for x #2
@ S Jx+2-3x-2 7
= 24 for x=2,atx=2
(i) f(x) = 4x+1, for x<3
B 59— 9x " B
= 3 s or x>3 atx—?.
x-27
(iv)f(x) = — 29  for0<x<3
S
- 2 for3<x<6
atx=3
24" -8 —3" +1
4 1) If f(x)= forx#0
) ) 1= T o
=k, forx=20

is continuous at x = 0, find £.

. 5'+57-2
(1) If f(x) = —

=k

is continuous at x = 0, find &

forx#0

forx=0

(iii) For what values of @ and b is the function

fix)=ax+2b + 18 forx <0
=x*+3a—b for0<x<2
= 8x -2 for x > 2,

continuous for every x ?

<112

(iv) For what values of'a and b is the function

2
X

f(x) = for x <2
x—2
=ax’—bx+3 for 2<x<3
=2x—a+b for x>3

continuous in its domain.

Let’s remember!

Continuity at a point

A function f (x) is continuous at a point a if and
only if the following three conditions are satisfied:

(1) f(a)isdefined, onanopen interval containing
a

() }gl} f(x) exists, and
(3) lim f()=/(@

Continuity from right : A function is continuous
from right at a if )}Lrg f(x)=f(a)

Continuity from left : A function is continuous
from left at b if linb1 f(x)=£(b)
X0

Continuity over an interval :

Open Interval : A function is continuous over an
open interval if it is continuous at every point in
the interval.

Closed Interval : A function f (x) is continuous
over a closed interval of the form [a,b] if it
is continuous at every point in (a,b), and it is
continuous from the right at ¢ and continuous
from the left at b

Discontinuity at a point : A function is
discontinuous at a point if it is not continuous at
that point.




MISCELLANEOUS EXERCISE - 8

(I) Discuss the continuity of the following
functions at the point(s) or in the interval
indicated against them.

1) f(x) = 2x*2x+5 for 0 <x <2

1-3x—x?
= — for 2 <x <4
1-x
7 —x?
= for 4 < x < 7 onits domain.
x-=95
34372
2) fx) = — for x # 0.
= (log3)> forx =0atx =0
Sx_e'c
3) fx) = o forx # 0

I
e

1
= 7(10g5—1) for x = Oat x

B Nx+3-2

4) f(x) 3 forx # 1
x —1
= 2 for x = 1, at x =1.
logx— log3
5) f) = oo forx#3
=3 for x = 3,at x = 3.

(IT) Find k if following functions are continuous
at the points indicated against them.

1) f(x) = (5’6‘8)2“ for x #2
8—3x

=k for x = 2 at x = 2.
5 B 45 -9* -5 +1 " 0
2
=§ for x =0, at x =0

1

3) f(x) =(1+kv)* , for x#0

= g2 , forx=0,atx =20

(II)Find a and b if following functions are
continuous at the point indicated against
them.

(1) f(x) = ¥ +a ;

:2 x2+1+b s

forx > 0
for x <0 and

f(1) = 2iscontinuous at x =0

x2-9
2) fix) = +a , forx>3
x—3
=5 , x=3
= 2x*+3x+b , forx<3
1s continuous at x =3
32" -1
3) fx) = 1 t+a , forx>0
=2 , forx=0
= x+5-2b , forx<O
1s continuous at x=0
ACTIVITIES

Activity 8.1:

If the following function is continuous at x = 0,
find @ and b.

fix) = x¥*+a , forx>0
= 2Jx*+1+b , forx<O0
= 2 , forx=0

Solution : Given

fixy = x*+a , forx>0

= 24x*+1+b, forx<0

lim fix) = lim (2 +a)
x—0" x—0"




x—2
lim flx) = [ (1) Since f{x) is continuous at x = 2
0)=2 e 2 i _
/0 " lim 1 =112)
Since f(x) is continuous at x = 0 .
' - lim fo =01
lim f{x) = f0) X2
x—0" 3 ﬂz) _ I:I
=] :
My = Medeii Activity 8.3:
= 2Jr+1tDb Determine whether the function ' /" is continuous

on its domain.

M o) = H b e 3)

Since f (x) is continuous at x =0

lim f(x) = £(0)

S ama

b fm gy - T
- L

fix) = 3x+1, x<2
=17, 2<x<4

=x-8, x4

Activity 8.2: lim I
e Now Mty = fim [ =[]
If fix) = , for x # 2 is continuous at x = 2
x=2 Butf(x)=|:| atx =2
then find £A(2). o
". The function is | | atx=2
Solution : Given function,
oy - Bt Also M gy =[]
x =
x—2 . .
| ey o=t =[]
lim fx) = lim
¥2 =2 x-2 .. Given function is | | atx=4
. 2 . . .
_ lim x-0 . the function is continuous at x = |:| and
x—2 X - D
discontinuous at x = I:I in the domain of f{x).
_ lim HO-0)
x—2 (x - D)
= }grzl (x+1)

- 0+0J

<114,
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9. DIFFERENTIATION

Let’s study.

e The meaning of rate of change.

e Meaning of derivative and the formula
associated with it.

Derivatives of some standard functions.

e Some applications of derivatives

Let’s recall.

e Real valued functions on R.
e  Limits of functions.
e  Continuity of a function at a point and over

an interval.

The meaning of rate of change.

Suppose we are traveling in a car from
Mumbai to Pune. We are displacing ourselves
from the origin (Mumbai) from time to time. We
know that the speed of the car

Distance travelled by the car

~ Time taken to travel the distance

But at different times the speed of the car
can be different. It is the ratio of, a very small
distance travelled and very small time taken to
travel that distance. The limit of this ratio, as the
time interval tends to zero is the speed of the car
at that time. This process of obtaining the speed
is given by the differentiation of the distance
function with respect to time. This is an example
of derivative or differentiation which is useful.
This measures how quickly the position of the
object changes with time.

When we speak of velocity, it is the speed
with the direction of movement. In problems with
no change in direction, words speed and velocity
may be interchanged. The rate of change in a
function at a point with respect to the variable
is called the derivative of the function at that
point. The process of finding a derivative is called
differentiation

9.1 Definition of Derivative and differentiability

Let f be a function defined on an open interval

containing ‘a’. If the limit lim fla+dx) - f(a)

5x—0 ox

exists, then f'is said to be differentiable at x = a.
This limit is denoted by /' (@) and is given by

f'(a)=lim ACK: 6; pAC) f (a)isalso called

5x—0 X

the derivative of ‘f” at a.

If y = f(x) is the functional and if the limiting
value of the function exists, then that limiting
value is called the derivative of the function and it

is symbolically represented as,

dy=fx)=y'
dx

lim =) =y"=y

. (f(x +5x) —f(x)j
ox




9.2 Derivative by the method of first principle.

The process of finding the derivative of
a function using the definition of derivative is
known as derivative from the first principle. Just
for the sake of convenience dx is replaced by 4.

Ify = f(x) is the given function, then the derivative

of y w.r.t.x is represented as

f(X+h)—f(X))

dy .
E_f(x)_%l}( P

9.3 Notations for derivatives :

If y = f(x) is a given function then the derivative of
f(x) 1s represented in many different ways. Many
mathematicians have used different notations for
derivatives.

Most commonly used is the Leibniz’s notation.

The symbols dx, dy and Z—y were introduced by
X

Gottfried Wilhelm Leibnitz.

Note : If we consider the graph of a function in
XY-plane, then the derivative of the function f at
a point ‘a’, is the slope of the tangent line to the
curve y = f{x) at x = a. (We are going to study this
in detail in next level)

Q

(c

[ Let’s learn.

Derivatives of some standard functions

Ex. (1) Find the derivative of x” w. 1. t. x. (neN)
Solution :

Let f{x) = x"

Sx+h)y=(+h)y
By the method of first principle,

i hm( St h)- f(X)]

h

Let x+h=y, ash—>0,x—>y

1) = lim[yn _xnj

xX—=y y —X
f'x)=nx""" ... { lim(x —d ]:na""l}
X—a x —_ a
Ex. (2) Find the derivative of a* w. r. t. x.(a > 0)
Solution :
Let fix) = a*
flx+h)=a*

By the method of first principle,
(f(Hh)—f(X)j
h

i) = Him

) a(x+h) _ax
= lim| ——
h—>0 h

x h
_ lim(—a (a _D]
h—0 h

f'(x)=a"loga

Try the following

1 ~
(1) 1£/ix) = =, then prove that /"(x) = 2

xn+l

(2) Iff(x)=e", then prove that /'(x) = ¢




SOLVED EXAMPLES , (4T -4
') = ygg( P j
EX. 1. Find the derivatives of the following by 44" - 1)
using the method of first principle = %{%[Tj
(i) Vx (i) 4 (iii) logx #
= &4 lim( — j
Solution : h=>0{  h
() Let/ix) = Vx f'(x)=4"1og4 .......... [ lirr(}[ a - lj =log a}
fox+h)=Jx+h L
By the method of first principle, (iii) Let f{x) = logx
. fx+h) - f(x) Sxth) =log (x+h)
[0 = lim P SV
fv(x) — lim f(x+ )_f(x):l
. /(x+h)_\/;J 0| h
= lim| —
e h i [loglt /)~ log(x)}
o (JaEn —x Jerm +x oL h
0 h \/(x +h)+ Jx [
loo| X +h
. xX+h—-x = lim| '°% ¥
= lim 0| N X )
h0 h(«/(x+h)+\/;) h
= 1im( h ) I |
h=>0 h(\/(xTh)+\/;) _ lim 10g(1+h]
T 0 X
lim( ! J (Ash— 0, h=0) h
= — | ...(Ash—>0, L J
=0\ Jx+h++/x _ _
I log (1 + J 1
a \/x+0+\/; = %7123 Tx X;
1 L x .
J') = eV i
1 .| log(1+x)
= O —|.. vim| ——— =1
X x—0 L X
(i) Let f(x) =4
fx+h)=4"" _ !
X
By method of first principle, 1
f'x) = .

/() = lim

h—0

(f(x+h)—f(X))
h
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EX. 2. Find the derivative of x> +x+2 atx=-3
Let fix) =x*+x 12

Forx=-3,f(—3)=(-32-3+2=9-3+
2 =8

f=3+h) = (=3 +h)+ (=3 +h)+2
= W —6h+9-3+h+2=1—5h+8

By method of first principle,
. hm(f(a +h) —f(a)j

h—>0 h

(f(—3+h)—f(—3)j
h

1)

L (3= m

. (h2—5h+8—8j
hm T

h—0

lim(—h(h_s)j

h—0 h

= lim (h-=5)=-5(Ash—0,h+0)

x—0
S f'(=3)=-5
9.4 Rules of Differentiation (without proof)
Theorem 1. Derivative of Sum of functions.
If u and v are differentiable functions of x such

that y = u + v then Q:@WLQ

dx dx dx

Theorem 2. Derivative of Difference of functions.

If 4 and v are differentiable functions of x such

that y = u — v then d_y:@_@
dx dx dx
Corollary 1 : If uvw... are differentiable

functions of x such that y = ku + kv + kw

+o.. where kl, k2, k3 ....... are constants then

by du,, dvy do
dx dx dx dx

Theorem 3. Derivative of Product of functions.
If u and v are differentiable functions of x such
dy dv  du

that y=wu.v then —=u—+v—
dx  dx  dx

Corollary 2 : If u,v and w are differentiable

functions of x such that y = u.v.w then

dy dw dv du
—=uv—Fuw—+vw—

dx dx dx dx

Theorem 4. Derivative of Quotient of functions.

If u and v are differentiable functions of x such
du dv
u dy V. di —U. di
that y = — where v # 0 then — = —*——%&
% dx %

Derivatives of Algebraic Functions

y dyldx
Sr. No.
Sx) S'(x)
01 T nx™!
02 1 o
X" Xn+1

03 Nr 1

04 c 0

SOLVED EXAMPLES

Ex. 1: Differentiate the following functions w.rz.x.

1) y=x4—2x3+\/}—%—8

i) y=2x+3)(x*-7x+4)
i) x logx

iv) y=logx (e*+x)




Solution :

1) y=x4—2x3+\/}—%—8

Ly=xt=2x3 +x"?-3x2-8

ng[§§@w+§éu{%«@+x>(§j

logx(e® +1)+(e" +x) l
X

Differentiate w.r.¢.x. 1
e (logx+—j+logx+l
dy _d 4 d s .d. n *
—=—x")-2—x)+—(x
dx dx( ) dx( ) dx( )
2) Differentiate the following functions w.r.z.x
—3i(x’2)—i(8) ....... (by rule 1)
dx dx ) x> +7x-9
! Vo
= 4x3 - 2(3x%) + (Ex‘”z) -3(-2x3)-0
.o x
1 1) =
= 4x3 - 6x2+ (Ex’”z) +6x73 x+3
1+log x
. i 1 6 1) y=
= 4x’ — 6x* + W'i‘ 7
Solution:
i) y=2x+3)(x*-Tx+4)
. . . X’ +7x-9 N
Differentiating w.r.t.x 1) = 5 =—, say.
x =1 D
d
% =(2x +3) = (*="Tx+4) Differentiating w.r.¢.x.
d d
d » D)=V (D)
+(*=Tx+4) — 2x+3) a __ dx dx
dx dx D’
= (X +3)B -7+ -Tx+4)(2) (by quotient rule)
= 6x*+9x?— 14x— 21 +2x* — 14x + 8 (P =D2x+T7) = (2 +7x-9)(2x)
= 8¢ +9x*— 28x — 13 (x* =1’
3 2 3 2
i) y=xlogx _ 2x" =2x+7x"=T7-2x" —14x" +18x
(x* 1)’
Differentiating w.r.£.x
~7x* +16x -7
D _ 2+ (logo) + logx (v " Ty
dx * dx o8y T Iogt dx * ¥ =D
1
=x—+logx.l =1+logx . X
x+3
iv) y=logx(e'+x) Differentiating w.7z.x.
Differentiating w.r.¢.x
8 p )LD (x+3)
dy | de“r e+ d1 ay _ dx dx
_ - - 2
o logx— (et tx) + (e +x) —-(logx) dx (x+3)
110N




(x+3) 1-x(1)
T (x+3)

3
C(x+3)

i) y= 1+log x

X

Differentiating w.r.£.x., we get

[ xi(l+logx)—(l+logx)i(x)
dx dx

dx
x2
1
x(O + ) —(1+logx)(1)

X
— =
~ I-1-logx

x2
~ —logx
x2

Derivatives of Logarithmic and Exponential

functions
y dyldx
Sr.No.
fx) S'(x)
01 log x 1/x
02 e e
03 a*(a>0) a‘log a
EXERCISE 9.1

(I) Find the derivatives of the following functions

w. I L X.
(1) X12 (2) x79 (3) x3/2
@) Txx (53

(II) Differentiate the following w. 7. ¢. x.
(1) x°+ 3x*

(2) x Jx +logx—e

2
(3) x5+ 5x75 4) ; X2+ % 25

(5) Vx (2 1y

(ITI) Differentiate the following w. 7. ¢. x
5

(1) x’logx () x2 ¢
(3) elogx 4) x¥*.3
(IV)Find the derivatives of the following w. . . x.
x’+a 3x°+5
1 2
())cz—a2 ()2x2—4
log x 3" -2
3 4
() 5o @ s
5) xe"
x+e

(V) Find the derivatives of the following functions

by the first principle.
i) 3x*+4 i) x /x
iii) iv) X1
2x+3 2x+7

SOMEAPPLICATIONSOFDERIVATIVES:

Supply and demand are perhaps one of the
most fundamental concepts of economics and it
is the backbone of a market economy. Supply
represents how much the market can offer. The
quantity supplied refers to the amount of a certain
goods producers are willing to supply when
receiving a certain price. Demand is the quantity
of goods or commodity demanded. Similarly
Cost, Revenue and Profit etc are most commonly
used terminologies in business and economics.
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DEMAND FUNCTION :

As Demand (D) is a function of Price (P), we can
express it as D = f(P).

Marginal Demand (MD):

The rate of change of demand with respect to
price is called the Marginal Demand (MD).

So, MD = ap _ 7'(p)
dp
SUPPLY FUNCTION (S):

Supply (S) is also a function of Price (P), we can
express it as S = g(p).

Marginal Supply (MS):

The rate of change of supply with respect to price
is called the Marginal Supply (MS).

ds
Thus, MS = — =g'(p)
dp

TOTAL COST FUNCTION (C):

A Cost (C) function is a mathematical formula
used to express the production expenses of
number of goods produced. It can be express as
C = f(x) where x is the number of goods produced.

Marginal Cost (MC):

The rate of change of Cost with respect to number

of goods i.e. x is called Marginal Cost (MC).

dac
Therefore, MC = o f'(x)

Average Cost (AC) is the cost of production of

C
each goods. So, AC= —
X

Revenue and Profit Functions:

If R(x) is the revenue received from the sale of
x units of some goods (or commodity), then the
derivative, R'(x) is called the Marginal Revenue.

Total Revenue (R):

The Total Revenue is given by R = P.D where P is
price and D is quantity of goods demanded.

P.D

Average Revenue = D =D - P ie. price it

self.

Total Profit (P) = Revenue — Cost
P =R-C

SOLVED EXAMPLES

Ex. (1) The demand D of a goods at price p is

, 32
givenby D= P>+ —.
P
Find the marginal demand when price is Rs.2.

32
Solution : Demand is given by D = P>+ )

Diff. w. r. t. p.
dD 32
ap TP

(d—Dj =2(4) 2—8 2=6
ar),., 16
Ex. (2) The cost C of an output is given as

C=2x* + 20x* — 30x +45. What is the rate of
change of cost when the the output is 2 ?

Solution :
C=2x*+20x*-30x +45
Diff. w. r. t. x.

dC
— =6x*+40x- 30
dx

&)
T =622 +40(2)- 30 = 74
dx x=2

C
Average Cost=AC = .




2x° +20x* —=30x+45

X

45
= 2x2+ 20x— 30 + —
X

Ex. (3) The demand D for a chocolate is inversely
proportional to square of it’s price P. It is
observed that the demand is 4 when price is
4 per chocolate. Find the marginal demand
when the price is 4.

Solution : Given that Demand is inversely

proportional to square of the price
e Da %
_ k
D= — where k>0

p: Where k>0 ......

Also, D=4, whenP=4 | from (1)
k

4 = Yo = k=064

Equation (1) becomes

64
D = ﬁ
Diff. w.r. t. P.
D _ 128
P P3

dD) _ 128 _

&)

Ex (4) The relation between supply S and price

.. when P=4,

P of a commodity is given as S=2P>+ P — 1.
Find the marginal supply at price 4.
Solution :

Given, S=2P*+P -1

Diff. w. . t. P.
ds

S.—=4P +1
iz +

<122,

.. Marginal Supply, when P=4.

<dS

= —4(4)+1=17
o)

EXERCISE 9.2

)

(1)

4)

(7)

1))

(1)

2)

)

(4)

(5)

Differentiate the following functions w.r.z.x

2

X ) x +1 3 1
il () , 3) o1
e’ i
I (5) log x (6) log x
(2e" 1) (x+D(x=1

(2e* +1) ®) (e"+1)

Solve the following examples:

The demand D for a price P is given as

D= 2—P7, find the rate of change of demand

when price is 3.

If for a commodity; the price-demand

P+5 .
R Find the

marginal demand when price is 2.

relation is given as D

The demand function of a commodity is
given as P = 20 + D-D” Find the rate at
which price is changing when demand is 3.

If the total cost function is given by;
C = 5x* + 2x*+ 7; find the average cost and
the marginal cost when x = 4.

The total cost function of producing n
notebooks is given by C= 1500 — 75n + 2n?

3
+ n? Find the marginal cost at n = 10.
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(6)

(7)

(8)

)

(10)

(11)

The total cost of ‘t’ toy cars is given by
C=5(2")+17. Find the marginal cost and
average cost at t=3.

If for a commodity; the demand function is

given by, D = /75 _3p . find the marginal
demand function when P =5

The total cost of producing x units is given
by C=10e*, find its marginal cost and
average cost when x = 2

The demand function is given as P = 175
+ 9D + 25D Find the revenue, average
revenue and marginal
demand is 10.

revenue when

The supply S for a commodity at price P is
given by S=P?+ 9P — 2. Find the marginal
supply when price is 7.

The cost of producing x articles is given by
C=x*+ 15x + 81. Find the average cost and
marginal cost functions. Find marginal cost
when x = 10. Find x for which the marginal
cost equals the average cost.

Let’s remember!

e Standard Derivatives
J(x) f'®)
x" nx"! for all ne N
X 1
1/x —1/x?
1
N 2x
k (constant) 0
e e
a* a‘loga
log x 1/x
MISCELLANEOUS EXERCISE -9
I. Differentiate the following functions.w.r.z.x.
(1 x° (2) x 3) Jx
1
4) x 5) — 6) 7*
@ x+/x 6)) N (6)
II. Find & if
dx

(1) y=x"+ 12
X

3)

@ y=(Vx+1)

)

e If u and v are differentiable functions , ,
of x and if 4) y=x"-2x ++fx +1
2 x
)y = dy _du  dv (5) y=x"+2"-1
1)y uivthendx dxidx
p J J 6) y=(1-x)(2-x)
i = ay _ av au
(1) y u.vthendx u v s I
du dv
i) y= dv_Cde Tde o 9) =it
(iii) y—T,v;tOthen 0= ~ g
(10) y = xlogx(x* +1)
1T\
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I11.

(1)

2)

€)

(4)

)

(6)

Solve the following.

The relation between price (P) and demand

12
(D) of a cup of Tea is given by D = IR Find

the rate at which the demand changes when
the price is Rs. 2/- Interpret the result.

The demand (D) of biscuits at price P is given

64
by D = F’

price is Rs. 4/-.

find the marginal demand when

The supply S of electric bulbs at price P
is given by S = 2P + 5. Find the marginal
supply when the price is Rs. 5/- Interpret the
result.

The marginal cost of producing x items is
given by C =x? +4x + 4. Find the average cost
and the marginal cost. What is the marginal
cost when x = 7.

The Demand D for a price P is given as
D= 2—;, Find the rate of change of demand

when the price is Rs. 3/-.

If for a commodity; the price demand relation
. P+5 : :

is given be D = 1) Find the marginal

demand when price is Rs. 2/-.

(10) The cost of producing x articles is given by
C = x*+ 15x +81. Find the average cost and
marginal cost functions. Find the marginal
cost when x = 10. Find x for which the
marginal cost equals the average cost.

Gottfried Wilhelm Leibnitz (1646 — 1716)

Gottfried Wilhelm
Leibniz was a prominent
German polymath and

philosopher in the history of
mathematics and the history
of philosophy. His most
notable  accomplishment
was conceiving the ideas of
differential and integral calculus, independently of
Isaac Newton’s contemporaneous developments.
Calculus was discovered and developed
independently by Sir Isaac Newton (1642 - 1727)
in England and Gottfried Wilhelm Leibnitz (1646
- 1716) in Germany, towards the end of 17"
century.

ACTIVITIES

Activity 9.1:
1
Find the derivative of — by first principle.
X

1 1
f(x) = ? ’ f(X+h):(x+h)2

(7) The price function P of a commodity is given J'x) = %15} h j
as P=20 + D — D? where D is demand. Find
the rate at which price (P) is changing when 11
demand D = 3. = Iml x+p)? ¥
h
(8) If the total cost function is given by C =
5x* + 2x* + 1; Find the average cost and the - lim|:|_ ]
marginal cost when x = 4. T 0 (x4 h) X
(9) The supply S for a commodity at price P is x*— (x> +2xh+h*)
given by S= P? + 9P — 2 . Find the marginal = h(x+h)’. [ ]
supply when price Rs. 7/-.
104N
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L]

h(x+h)* x*

-]
[ ]

Activity 9.2:

lim
h—0

The supply S of pens at price P is given by

Activity 9.3:
The relation between price (P) and demand (D) at
a cup of Tea is given as D = ; Find the rate of

which the demand changes when the price is Rs.
4/-. Interpret the result.

32
S'=2P%+ 7. Find the marginal supply when price ~ Given: D= —
. P
is Rs.5/-. Interpret the result.
dD
3 . — 3 _— =
Given: S=2p° +7 P e T e,
ds _ _
dp T eeeeccscccces T eeccccccccces _ d_D _
R ) C e —
. Marginal supply when P = 5/- p=4
B ( ds j e[ Interpretation :
dp s
Interpretation :
DR R
<125>




Q)|

ANSWERS

1. SETS AND RELATIONS

Exercise 1.2

Exercise 1.1 D x=2y=-2
1) i) A={M,A, R, I,G,E} 2) x=0,y=175
W24 3) ) AXB = (@), (@) (b, (b @0,
i) C=1{2,4,6,8, ..ccoc...... } ()
2) 1) {x/xeW,x ¢ N} i1) BxA = {(x,a) , (x,b), (x,c), (v,a), (¥,D),
i) {x/-3<x<3,xeZ} (.c)}
n iii) AxA = {(a,a) , (a,b), (a,c), (b,a), (b,b),
i) {x/x = pEE neN,n<7} (b.0), (), (e.b), (¢,0)}
- iv) BxB =
3 i) AUBUC - { ?5’_ 1’_%’ % 3 iv) {(ex) 5 (ey), (%), (v:Y)
3 4) 1) PxQ = {(1,6), (2,6), (3,6) (1,4), (2,4),
11) ANBNC = { } (3’4)}
6) i) 45 )10  iii) 10 iv) 25 i) QxP = {(6,1), (6,2), (6,3) (4,1), (4.2),
N 3 (4.3)}
) 1) 132 1) 63
8) i) 1750 ii)250 iii) 1100 3) 1) AX(BNC) = {(1,5), (1.6). (2.3). (2.6),
(3.,5), (3,6), (4,5), (4,6)}
) 4 i) {(1,5), (1,6), (2.5, (2.6), (3.5), (3.6),
10) i) 114 ii)38  iii) 188 (4,5), (4,6)}
i) {(1,4), (1,5), (1,6), (2.4), (2,5), (2,6),
11) P(A)= {{1}, {2}, {3}, {1.2}, {2,3}, {13},
3,4), (3,5), (3,6), (4,4), (4,5), (4,6
(123}, (01 | (3.4), (3.5), (3,6), (4,4), (4.5), (4,0)}
iv) {(1,4), (1,5), (1,6), (2,4), (2,5), (2,6),
12) i) {x/xeR , -3<x<0} (3,4), (3,5), (3,6), (4,4), (4,5), (4,6)}
i) {x/xeR , 6<x<12}
iii) {x/xeR , 6<x<12} 6 {(0.10),(6.8), (8,6), (10.0);
iv) {x/xeR , -23<x<5} 7) 1) Domain= {1,2,3,4,5}; Range = {4}
i1) Domain = {1,2,3.,4,5,6,7,8,9,10,11};
Range = {11,10,9,8,7,6,5,4,3,2,1)}
i) Domain = {2}; Range = {4,5,6,7}
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9)

D) R=1{(2:4),(3,9),(525),(7,49),(11,121),
(13,169)}

(AXB) N (BxA) = {(2.,2)}

. 11) AXAXA = {(_13_13_1)9 (_19_1:1)9
Domain = {2,3,5,7,11,13}
(_1717_1)9 (12_19_1)9
Ral’lge: {4,9,25,49,121,169} (1’_1’1)’ (1’1’_1)’ (1’1’1)’
) 1 1 1 1 (=LLDj}
i) R,={(L1),(2,5),3.3), (4.3). (5:3)}
Domain = {1,2,3,4,5} 6) 1) R, isarelation
1111 i) R, is arelation
Range = {1.5.3:4°5) iii) R, is a relation
10) Range = {2,3,4,5} iv) R, is not a relation
1) i) {(1.3), (2,6), 3.9} 7 Domain={1.2,34;
i) {(14). (1.6), (2.4), (2.6)} Range = 14}
i) {(0,3), (1,2), (2,1), (3,0)}
2. FUNCTION
MISCELLANEOUS EXERCISE - 1
1) i) A= {x/x=10n, neN, n<5) Exercise 2.1
i1) B = {x/x is vowel of alphabets} 1) a) Itisa function
iii) C = {x/x represents day of a week} b) Itis not a function
2) i) AUB={1,2,4,6,7,10,11} c) Itisnot a function
i) BNC={}=¢ 2) a) Itisnota function
iii) A-B =11,10} b) Itis a function
iv) B-C={2,4,6,7,11} . :
c) Itisnot a function
v) AUBUC = {1,2,3,4,5,6,7,8,9,10,11,12} . .
vi) An (BUC) = {4.7} d) Itis a function
1 2
3) 230 3) a1 Db)19 C)_Z d)x*—x-1
4 12 e) x*+3x+1
D AB = {12, (04, 2D @H 4 @ 7 b) x = 43
(3,2), 3.4)} 1 5
BxA = {2,1), (22), (23), (41), ¢) x=7 orx=—-
(4.2), (4.3)}
AxA = (LD, (12, (13), @1, 3 x=0 or x=:3
(252)> (233)a (391)9 (3’2)a (3’3)} 6) a) f(3) = 22 b) f(z) = 7 C)f(()) = 3
BxB = {(2,2),(2,4), (4,2), (4,4)
TN
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7) a) f(-4)=-18 b) (-3)=-14 -7 1
) » A4 ) A53) 2) i) a=-4, b=-3 i) a="75 ,b=7%
c) AA1)=5 d) f(5)=25
3 -1 -8
8) a) 9x+4 b) 0 i) a=75.b="10 iv) a=759,b=0
3x+5 ) 1
c) 238 d) P domain =R —{7¢’} 17 PNE
v) a=——,b=——
19 19
9) a) 50x?—40x+11 b) 10x*+ 13
¢) 8x* + 24x + 21 d  25x-12 vi) a=13, b=0
.. 23 15
vil) g =22 , b=—
MISCELLANEOUS EXERCISE -2 13
1) 1) Yes, Domain = {2,4,6,8,10,12,14} 4) i) —i i) 1 i) i
Range = {1,2,3,4,5,6,7} iv) 1 V) —i vi) -1
i1) Not a function vii) 0
iii) Yes, Domain = {3,5,12}, 6) i) 2i i) 0
Range = {1,2}
5 7 1
2) £10)= 3 -2) |
8 1) x=1,y=2
3) A-DH=1 i) x=-2, y=2
A=2)=-3 9 i) 7
A(0) = does not exist i) 2
4) 2
5) 32— 1lx+ 15 Exercise 3.2
6) a=4, fi4)=16 ) i) +(1-3i) i) = (4+30)
) 4 iii) i(2+\/§i) iv) i(\/§ +2 i)
3. COMPLEX NUMBERS v) (W3 -i)
N 1T EENEIESNER
Exercise 3.1 2) 8 i) 4
71T . .
Do) 3-i i) 34 = ) 2:+31
i) —5 + 71 iv) 5 i 3) i) x=2iorx=-5i
v) o VD Vs fi) x==% i or x=-2i
i) V2 - 3 i) x=—2i V) x=2i
RS
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4)

1) x=3-iorx=—-1+2i

i) x=3v2 or x=2i

i) x=3-4i or x=2+3i

4. SEQUENCES AND SERIES

Exercise 4.1

iv) x=1-1i or ng—% i ) i) =203 i) 1 =(-5)"
iii) ¢ = (5)*" iv) itis not a G.P.
Exercise 3.3 v) itisnota G.P.
i) 7 i) 65 iii) w2 1 7
2) 1) t=97 1) .= H57e7
2) i) -1 i) 0 i) — 1 ) D LR ) L=72187
iv) 0 v 1 iii) 7, =—1701 iv) r=3
3) t,=5"
| MISCELLANEOUS EXERCISE-3 | 4
4) x=79
DA L4 s
5) G.Pwitha=57z,r="7>
2) 32 ) 25 2
3) 1) 3+ 8i 11) —4 +0f 6) 3,6,12 and 12,6,3
15 11 11
iii) 14 - 5i iv) > — 10i 7 27.3,3,27 or 27,3,737,55
17 8) 1,2,4,8,16 orl,-2,4,-8,16
v) -30+10i Vi) 5t
.35 45 Lo 15 Exercise 4.2
vii) 26 ~ 26 ! viii) 7+ e
. 8 56 b §=3@-D
1X) —i X) g‘i‘gl 2n( n_ n)
i =2 \9 7P
4) i) x=2,y=1 i) 3,2 A
6 2 n
28 3 _
i) 17,19 iv) =, 2 2) ) S=73 13
1i1) v) o1’ 6l 6 5 3]J
V) 42 i) a=3
5) i) 1 i) -2 iii) -3 3) i) n=5
3
6) 1) =(3+50) i) £(4-1iQ) ii) r=7
iii) £ (3 +1) iv) + (3 +3i) 4) i) 635
v) £(2-1) vi) £ V2 @2+9) ii) S,,=2046
. 1 10
i Sl n_l_
5 1) 3 {9 (10" =1)-n}
TN
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i) % {%0 (10" —1)-n}

6 i % {n—% [1- 0.1y}

i) % i —% (1= (0.1)}

Exercise 4.4

1) 1) Given seriesis a H.P..
i1) Given series is a H.P.
7 0 1= % [1-(0.1Y] ii1) Given series is a H.P.
; ) L1
i) ¢ = ) {1—-(0.1)"} 3n—1 23
4 ii) 11
8) t,==5 (3 2n+2 18
i) 1,1
S5n 40
Exercise 4.3 3) A=5
. e 24
1) 1) Sum to infinity =1 4 H=7%
i1) Sum to infinity = 6 5) G =60
. 9 1 1
iii) 4 6) 9 and 77
1v) Sum to infinity does not exists. 7) —3and 9
. — 32
2) 1) 032= 5 8) 4and9
9) 14 and 56
i) 35= 32
9 Exercise 4.5
2
i) 475 46 1 n(4n” +9n-1)
1 6
o n(2n*+n+1)
1v) 0.345= 342 2) o
990
o n(n+3)
v) 3.456= 3422 3) 4
990
3) a=4 4) l’l(l’l+1)(l’l+2)
) 6 12
) T n(16n2 + 48n + 41)
5)
3
120N




2n(n+1)(2n +1) 17) r==15
3 18) k=2
7) 2485 19) 1

8) n(2n®+8n*+7Tn-2)

) n-as s STRAIGHTLNE
[ wiscELLANEOUS EXERCISE-4 |

6)

. 2x—4y+5=0
1) ¢, =3072. 2. %-y+6=0
5 i 3. 3x*+ 3y’ +t4x+24y+32=0
) 4 4. P+y—1lx—11y+53=0
3 _% _3 5. 3x+dy—41=0
/ 6. X+ —dr—1ly+33=0
4) 5,10,20 or 20, 10, 5 7. (a) (-1,0) (b) (0,2)
11 1 8. (a)(6,7) (b) (4,6)
) 27-73,3270r27,3,73%, 57 9. (-3, 11)
1 1 _ —
6) 5.1,3.9.27.0r 27,93, 1,5 10. (@) 3X-Y+6=0
(b)y X*+YV+X+4Y-5=0
7) The sequence is a G.P.r—7 (c) XY =0
8) 9 [ 9 (10" 1) -n] Exercise 5.2
9) = % [1—(0.1)"] 1. a) Slope of the line AB =2
: 4
n(10n*+27n—1) b) Slope of the line CD = 7
10) 6 c) Its slope is not defined.
i n(n+1)(3n> —17n+26) d) Slope of the line is 0.
12 3
n(n+1)(n+2) 2. =3
12) = 15 |
3 R
13y MDD J3
24 4.1
14) 2n(n+1)(n+2) 5. 1.
15) 2364 7.
16) 1275 8. k=1
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9. 8&x+13y-24=0

10. 2x+y+13=0,x-9y+73=0,
A)y=5 b)y=-5 ¢)y=—1 andy="7 11x—4y—52=0,(__1’__10]
a)y=3 b)x=4 1919

Exercise 5.3

a)x=2 b)y=-3
MISCELLANEOUS EXERCISE - 5

1
2
3
4, 4x-y-8=0
5
6

m=1,c=-1 7 1
1. ayj—— b)—-— ¢)-1 d) 4
a) 2x+ty—4=0 2 4
¢) 2x+4y-13=0. B 3 2
7. a) X-intercept 3, Y-intercept 2 3. a)22 b)i )1
’ 3

2
b) X- intercept 3 Y-intercept B

4, y=-2x- ﬁ, slope = -2.
c) X-intercept —6, Y-intercept 4 3

6. 1
8. x+y—-T7=0;4x-3y=0
7. 1
9. a) Sx+y-15=0 8. No, point does not satisfy the equation.
b) 3x+4y-14=0 9. (d)2x—y=0.
2x=3y—-1=0
) -3 10. a) y+3=0 b) x+2=0
c) y=5 d) x=3
Exercise 5.4
11. a) py=3 b) y=4
1. a) slope —%,X-intercept 3, Y-intercept 2 c) x=2
1 12. a) 5x-y+7=0 b) 13x -y =25
b) slope —5> both the intercepts 0 c) x=7 d) x=0
e) 3x—-2y=0
2. a) 2x-y—-4=0, b) Ox+1y—-4=0
13. 4x—-3y+12=0
c) 2x+y—-4=0 d) 2x-3y+0=0
14. a) S5x-y-25=0 b) \/gx_y+4:0
15. a) BC:3x+y=9, CA:x=1,
4, P=424
AB:x+y=5
1,-1
(1, =1) b) MedianAD: x—y+3 =0,
6. x+3y=3 Median BE : 2x + y =7,
7. 4 Median CF: 5x +y =11
25 c) x—3y+12=0,y=5x—-y+2=0,
8. 117 d) x-3y+11=0, y=3,x—-py+5=0
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6. DETERMINANTS

Exercise 6.3

Exercise 6.1 1) 1) x=i, y=1, Z=__4
3 3
1) 1) 49 i) -358 . 1499 520 332
. . ll) X = V= s Z
i) —27+9i v) —20 447 447 447
v) 10 vi) 46 i) x=4,y=7,2=6
vii) abc + 2fgh—af*—bg*—ch?
) 3 3 -1
viii) 0 V) ¥EHYESETY
. _ .14
2) 1) x =2 i1) x—? v) x=1,y=-2,2z=2
i) x=lorx=2orx=3
. . 2) Rs. 1750, Rs. 1500, Rs. 1750
3) 1) x=2orx =—-4 i) x =-lorx =2 3) Consistent
4 x=-2 4) i) k=16 ii)k=5
5) x=1landy=52 35
5) 1) 13 sq.unit i1) TSq. unit
Exercise 6.2 iii) 25 sq. unit
—7
i) 0 i)o iii) 0 6) k=3:k=~
35 .
2) 4abc 7) - 54 unit
3) x=- % 8) A(APQR)=0
4) x=0,orx=12 9) 3,5,7 are the three required numbers
o | MISCELLANEOUS EXERCISE -6 _|
5 103 1 7
3 2 6 1) 1) -113 1) =76
6 1 0 if) 0 2) i) x=orx=2 ijx=<
q a b
7 (1) ¢, a, b, 3) 0
¢ ay b 4 i) 0 ii) LHS = RHS
1 x x° ii1) LHS = RHS iv) 0
y oy N
| 2 2 5) 1) x=lLy=2,z=1
b x—z —__ Z—__l
1) 5’ y 5, >
122N\
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i) x=—, y=— =, z=L 2
2 2 2 oL L35 28
6) i) k=5 ii)k=2ork=2 ;
S m. 1.~ 2.1 3.24 4.-24
7) 1) 4sq.unit 2
. 25 . .13 .
1) —E—sq.unn 111) 7§—sq.unn V. 1.2 2.%;_
8) i) k=0;k=8 i) k=34;k=1
Exercise 7.4
15
7. LIMITS L 1. ! log(gj 2.bg(——] 3.1
log4 5 2
Exercise 7.1
2 -2
II. 1. (log3)? 2.¢3 3. =
-3 3 2 3
L 1.1 2.0 3.2 4+
16 125 3 i
2 1L 1. 110g("—z) 2. %
Im 1. 2.4 3.4 0
3(y7) 4 b g
1
_ 3. (log3) (log5) 4. —
n 1.0 224 3.3 @y 6
6 2
4 13 IV. 1.(og5) 2. (log7Y— (log5)
MISCELLANEOUS EXERCISE - 7
Exercise 7.2
I. I)yn=>5
PR VRt St N Yol SRS .
4 2 2 2 L D@+ 2)n 3) 1
moo1 4 2.0 3.0 3 {
3 4) = 5)1 6)—— 7)log5
7 3
ML 1.44 2.3 3.3 4.8 1 5
8) o5 9)9 10) -
Exercise 7.3 11) log(abc) 12) 1 13) 1
5 2loga
1 14) 2 (loga) 15) (log5)* 16) oz h
L. 1.—— 2.-1 3. og
276 2 -1
17)100  18) == 19)3
T4\
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8. CONTINUITY

9. DIFFERENTIATION

Exercise 8.1

Exercise 9.1

1) 1) Continuous atx=-2 D 1) 12x" 2) 9"
i1) Continuous on R except at x =3 3
3) EJ} 4) %\/}
2) 1) Discontinuous atx =2 5) 0
i1) Discontinuous at x = 1
3Wx 1
4 3 o
3) i) Discontinuous atx =2 ) 1) Sx'+12x 2) x
i1) Continuous 5
ii1) Continuous 3) +7x%"° 4) (5243
iv) Continuous at x =3
9 7/2 3/2 1
5) —x"T+XT +—F=
3
4 i) k=>5 2 2x
.. _ 5
ll) k (log5) III) 1) X2+ 3x210gx 2) (XS/Z +§x3/2Jex
i) a=2, b=-4
. 1 1 1
iv) a=7 b= 3) e"(—+long 4) 3"x’(xlog3+3)
X
MISCELLANEOUS EXERCISE - 8 —4a*x
v) 1)) ————
(xz s )2
I) 1) Continuous on its domain except at
x=3 5, —6x'+30x° ~24x
2) Continuous ) (2x* —4)
3) Continuous \ 1 )
4) Discontinuous 3) (" =5) x log x.3x
3 2
5) Discontinuous (x*=3)
3 12¢*
I 1) k=e?, 2) k=125 k=7 4 ——
(e +2)
I 1) a=1 , b=-1
e {(x+ex)(x+l)—x(1+e")}
5 x\2
2) a=-1 b=-22 ) (x+e)
1 3 V) 1) 6x 5 x
3 a=73 . b= ) D ) —
3y —— )
(2x+3)* (2x+7)
125N\
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Exercise 9.2

1

nHn 1) ——= 2) 1-—
—e" e*
3 4) ——
) (e +1)° ) (e +1)
. 1
. log x—1 6 2*(logxlog 2)—;
(log x)* (log x)°
4 X 2\,
7 xe : 8) 2x+1-x )e2 +2x
(2e" +1) (e"+1)
m 1) -3 2) —6 3) -5
4) de =256, AC= 359
dx 4
5) 25
6) MC =40log2; AC=29
3
7y ———
RN T
8) de _ 20.e*; AC =5¢*
dx

9) R=127650, 2765, 7855

10) 23

81
11) AC=x+15+ ;,MC=2x+15.

atx=10, MC=35ForAC=MCx=9

MISCELLANEOUS EXERCISE -9

L 1) 5¢

2 _
)=
3
4 - x1/2
) 2

6) 7*log7

>

L (4

L)

I1.

I11.

3)
5)

7)

2 1
2x —— 2) | 1+—
xx3 )[+\/;j

l—i 4) 3x2—4x+L
x’ 2x
2x +2*log2 6) -3+ 2x
1 —logx
(2+x) 8) X’

e’ (xlogx—1)
x(log x)°

10) 2x%ogx + (x2 + 1) + (x2 + 1) logx

1)

2)

3)

4)
5)
7)
8)

9)

—3. The rate of change of demand is
negative it means, the demand will fall
when the price becomes Rs. 3/-.

R The rate of change of demand is

negative means, the demand falls when
the price becomes Rs. 4/-.

150, The rate of change of supply w.r.t.
price is positive means, supply will
increase if the price increase.

AC= x+4+i ; MC=18
X

-3 6) —6

81

10) AC=x+ 15+ ==,

x
MC=2x+15atx=10

MC=35 forAC=MC,x=9
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Complex Numbers
a + bi

Real Numbers

Rational Numbers
Irrational
Intergers B crc

Whole Numbers

Natural Numbers

Pure Imaginary
Numbers
bi,a=o0

go to thls value

f_,vvhat to sum

=2+3+4+5=14

n=2
\——-Pstart at this value

Pune - 411 004

Maharashtra State Bureau of Textbook
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