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Fourth Semester
Mathematics — Core
ABSTRACT ALGEBRA
(For those who joined in July 2021 onwards)

Time : Three hours Maximum : 75 marks

PART A — (10 x 1 = 10 marks)
Answer ALL questions.

Choose the correct answer:.

1. In the group (z,,®), the order of 2 is

@ o ® 1
© 3 ) 4

o

In the group {l,w,w?®}, w®=1, under usual
multiplication, the identity element is

(@ o ® 1
© 2 @ 3

8. In the ring (Q+), identity eclement is

(a) O ® 1
(© 2 d 3
9. If f: R — R be an ring isomorphism then f(-a) =
VaeR.
@ -/f(a) ® -a
(© f(a) d a
10. If f:R— R is1-1, then Kref= .
@ R ® R
@© 0o @ {0}

PART B — (5 x 5 = 25 marks)
Answer ALL the questions, choosing either (a) or (b).
11. (@) In R*, a*b=a?b then prove that (R*,*) is
a groui).
Or

(b) Let G be a group and aeG. Let
H,={x|xeG and ax=xa}. Prove that H,
is a subgroup of G.
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o

12.

13.

14.

15.

e e e i ST |

The generator of the cyclic group (z4,9) 1s

(a)
(c)

0 b)) 2
3 d 6

If H is a subgroup of G, then ae H =aH =

(a)
()

H ®) a
P d G

In the quotient group G/N, N is

(a)
®)
(c)
@

The

(a)
(©

a subgroup of G
a cyclic sub group of G
a normal sub group of G

an abelian sub group of G

product of two even permutation is
permulation.

Cycle ®) 0dd

Even (d) Odd and even

In the ring (Z,+,"), units are

(a)
(©)

(a)

(b)
(a)

(b)

(a)

()

(a)

()

0 ® 1
-1 d 1,-1
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Prove that a subgroup of cyclic group is

cyclic.
Or
State and prove Euler’s theorem.

Show that if a group G has exactly one
subgroup H of given order, then prove that
H is a normal subgroup of G .

Or

Let f:G—>G' be an isomorphism. Let

ae€ G . Then prove that order of a is equal to
the order of f(a).

Show that every field is an integral domain.
Or

Prove that any finite integral domain is a
field.

Let R and R' be ringsand f:R—> R be a

homomorphism. Then S is an ideal of R,
prove that f(S) is an ideal of R'.

Or
Let f:R— R' be a homomorphism. Prove
that Kerf is an ideal of R'.
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PART C — (5 x 8 = 40 marks)

Answer ALL the questions, choosing cither (a) or (b).

16. (a)
®)
17. (a)
®)
18. (a)
(b)

ILet A and B be two subgroups of a group
G . Then prove that AB is a subgroup of G

iff AB=BA.
Or
If H, K are two finite subgroups of a group

G, then show that [HK|= [Jf%l—l- .
A

Let H be a subgroup of a group G. Then
prove that
() aH=bH=a'beH
(i) aebH=a"'ecHb"
(1) aebH =>aH =bH .
Or
State and prove Lagrange’s theorem.
State and prove Cayley's theorem.
Or

If a permutation pes, is a product of r
transposition and also a product of s
transpositions, then prove that either r and
s are both even or both odd.
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19.

20,

(a)

(b)

(a)

(®)

Let R be a commutative ring with 1dentity.
Prove that a, ideal M of R is maximal iff

% is a field.

Or
Prove that Z, is an integral domain < nis
prime.
State and prove fundamental theorem of

homomorphism.

Or
Prove that the only isomorphism [:Q —@&
is the identity map.
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