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M.'sc. (CBC,S)DEGREE'EXAMINATION,
ars - NOVEMBER 2023.
Third Semester
- Mathematics — Core
MEASURE AND INTEGRATION

(For those who joined in July 2021 - 2022)

Time : Three hours Maximum : 75 marks

PART A — (10 X 1 =10 marks)

Answer ALL questions.
Choose the correct answer -

1. The outer measure of A, m”(A) is defined by
(a) inf{Zl(Ik) JI,cAl
=1 k=1 ,
(b) Supﬁzl(Ik)/Ag I, ¢
k=1 =] )
(©) inf{Zl(Ik) / Acl 1,
k=1 . k=1
(d) inf{l(]k)/A c| ] Ik.}
| _ k=1

The Dirichlet’s function f is

(a) Both Rlemann mtegrable and integrable
over (0,1}

(b) Riemann integrab_'le but not integrable over
[0,1]

(c) Integreble but not Riemann integrable e*.(er
[0,1] |

(d) Neither Riemann 1ntegrable nor integrable

over [0,1]

IL—D

Let E =[0,1]. Define f, =n-z(0,y) Then lim f,,
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SR Whlch one of the followmg is not true‘?

(a) 1 Outer measure is deﬁned for all eete ef r-eal. By

number

(b_) the outer measure of an mterval 18 1te length | .
()  outer measure is translauon invariant
(d) outer measure is countably additive

3. {reE/f(x)>c} is the same as
@) Dix, < E[f(2)> e~ _
b) Q{er/f(x)zH-};}
(c) G{er/f(xﬁk}
() D{er f(x)zc-’r%}

4. FOI' any C, we have {xe E[ma}{{f‘[:fzs'”:f;;}(x))c}

18

(a)‘ O{x c E/f,(x)>c]

k=1

‘_' JL

(b) {x e E/f,(x)> c}
k=1

(c) U er/fl-i—f2+ +fk)(x):>c}
k=1

@ {x E/fk(x) > ¢ for some
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8. Define f on [0,1] by
_ A _
F(x) = xcos( 2:1:)_ of 0<x£1. Talke
0 of =10
1 1 15.1
P =:0,—, ,—,—,1¢. Then V
{ on’ 2n-1 3’2 } o VLB s
| 1 1 1
a) 0 1+—+ A+ —
@) (®) 2 3+ +2n
@ les++l @ 1
. .2 n

9. A decomposition of X into the union of two

disjoint sets A and B for which A is positive for
y and B negative is called a __ for ¥.

(a) Jordan decomposition
(b) Hahn decomposition
(c) Lebesgue decomposition

(d). Royden decomposition

- 10. . -The measure I;vl is defined on ®yv) by M(E) :-_

@ FE-7IB 6 7 (Ew ®)
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Or

(hy Rhow that t'he union of two measurable gets

18 meeeurehh

() Let the function / be defined on a
measurable set K. Prove that [ i8
measurable if and only if f, each open set 0,

Y .
/7 {Q) 15 measurable.

Or

(b} Let / be a measurable real-valued function

on L. Assume [ is founded on E. Prove

that for each £>0, there are simple
tunctions ¢, and ¥, defined on E which

have the following approximation properties
¢, <f<¥, and 0<Y¥Y -4 <£on E.

(a) Let / be a founded measurable function on a

set of finite measure E . Prove that f
integrable over E .

Or
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PART C — (5 x 8 = 40 marks)
Answer ALL questions, choosing either (a) or (b).

(a) Show that every interval i1s measurable.

Or

(b) Prove that lLebesgue measure possesses the
following continuity properties

1) If {Ak} 15 an ascending collection of
measurable sets

z UA =limm(A,).

then

-|"-l'!'

(i) If {B,} is a descending collection of
measurable sets and m(B)) <,

m ﬁ B, {=lim m(Bﬁ)
1

k-

then

(a) let f and g be measurable functions on ¥
~ thatare finite a.e on E . Prove that

0 o +—ﬁg 18 meaeureble on E for any @
| and ;3 :

(11) fg 18 measurable on E.

e O e

g ,; (b) State and preve Egoreff’e theorem
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i ﬁt)

{n)

(a)

(b)

(a)

(b)
(a)

(b)

(a)

(b)

!’U{ f hf‘-* n nmmegnﬁ}vﬂ menwmhf* fmwtw .
m I . I"rme Hmt jf i ) il’-fmd oiﬂv lf f“’ 0
A f*'- 01 'I"" | |

:‘”‘t f hf” lnft'gl‘ﬂhll{‘ OV [-_! ) "iquugnﬂ A ﬂﬁd |
B are disjoint measurably subsets of E.

Prove that I f~-J‘ jf

Aull
Or
Let f be an increasing function on the
closed, bounded interval [a.b]. Prove that /7

is integrable over [a,b] and J-f[ < [{h) < f{a).

Prove that a function on [a.b] 1s absclutely
continuous on [a,b] if and only if it is an
indefinite integral over [a,b].

Or

Define a positive set. Let y be a singed

measure on the measurable space (X,"W)).

Prove that every measurable subset of a
positive set 1s itself positive and the union of
a countable collection of positive sets is
positive.
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State and prove the bounded covergence
theorem.

Or

State and prove Fatou's lemma,

State and prove the Lebesgue dominated
convergence theorem.

Ovr

Let / be an increasing function on [a,b] for
each a >0, prove that

“fre @b/ Di) 2 afs 1) - fea)]

Let the function f be continuous on [a,b]. If

the family of divided difference functions
ID;/‘[}Lf}U, o 18 uniformly integrable over

la,b], Prove that / is absolutely continuous

on {a,b].

Or

State and prove the Hahn deeomp051t10n
theorem. '
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