(8 pages) 10700 [ TR O——— 2. Which one of the following is not true?
(@) Outer measure is defined for all sets of real
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(b) the outer measure of an interval is its length
(¢) outer measure is translation invariant
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PART A — (10 x 1= 10 marks) © (reE/@>k
Answer ALL questions. ket .
Choose the correct answer : . @ ﬂ{x : E/f(x) . l}
1. The outer measure of A, m*(A) is defined by kel k ,
' » “ ‘4. For any C, we have {xeE/max{f,,fz,-w,f“}(x)>c}
(a) mf{Zl(Ik) / UL <e A} is
k=1

(b) sup{il(Ik A c O Ik} : N H{T ) E/fk(-x) B

“ ® (e B>
© inf{Zz(I,,) / Ag Urk} ' = ,

& P @ UleE/R +fi 4.+ fXx) >}
@ xnf{z(lkyA c U IA} ' @ ’Exl ¢ E/f,(x) > c} for some

k=1
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'The Dirichlet’s function f is 8. Define / on [0,1] by
(a) Both Riemann integrable and integrable Cfx)= {r cos(/ ).Lf Omesl Take
over [0,1] if =0
1 1
Pu ={O:_) "',l,l‘, 1}.Then V(f,})“) is
(b) Riemann integrable but not integrable over . . 2n 2n-1 32 '
[0,1]
(@ O () LR TN
(¢ Integrable but not Riemann integrable over 2 3 n
©[01] : 1
_ © ittt @ 1
(d) Neither Riemann integrable nor integrable 2 R
over [0,1] : 9. A decomposition of X into the union of two
disjoint sets A and B for which A is positive for
Let E =[0,1]. Define f, =n- z( y) Then l1mIf'. . y and B negative is called a for p.
is (@ Jordan decomposition
(@ O b 1 (b) Hahn decomposition
() o ' d n " (¢) Lebesgue decomposition
[-5 /T i (d) Royden decomposition
- is
10. The measure |y| is defined on W) by |7[(E) =
(@ 5f° ® -5/
' ‘ (@ " (E)-rIE) ®) 7y (E)+7r"(B)
¢ -5/ @ 5f°
(© rEnX) (d)
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PART B — (5 x 5 = 25 marks)

Answer ALL questions, choosing either (a) or o).

11. (a)
()
12. (a)
(®)
13. (a)

Define the outer measure m* and prove that -

a countable set has outer measure zero.

Or

Show that the union of two measurable sets
is measurable, '

Let the function f be defined on a
measurable set E. Prove that [ s
measurable if and only if f, each open set 0,

f710) is measurable.

Or

Let / be a measurable real-valued function
on E. Assume [ is founded on E. Prove
that for each £>0, there are simple
functions ¢, and ¥, defined on E which

have the following approximation properties
$.<f<¥, and 0S¥, -¢. < on E.

Let [ be a founded measurable function on a
set of finite measure E. Prove that [ is
integrable over E .

Or
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PART C —(5x8=40 marks)

Answer ALL questions, choosing either (a) or (b).

16. (a)
®) .
17. (a)
(®)

Show that every interval is measurable.

Or

Prove that Lebesgue measure possesses the
following continuity properties

@ If {Ak} is an ascending collection of
measurable sets then

m[UAkJ = LLT,m(Ak) .
1

i) If {B,,} is a descending collection of
measurable sets and m(B,)<®, then

n:(ﬁ]sk]= Li_ﬂm(B,,).

Let f and g be measurable functions on E
that are finite a.e on E . Prove that

() of +fg is measurable on E for any «
and f. ) ’

(i) fg is measurableon E.
Or
State and prove Egoroff's theorem.
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14

15.

18.

19.

20.

(b)

. (a)

(b)

(@

®)

O LSS

(@)

(b)
(a)

(b)

(a)

(b)

Let f be a nonnegative measurable function

on I, Prove that II':O if and only if f=0 |
E
a.e.on I,

Let [ be integrable over E . Assume A and
B are disjoint measurable subsets of E.
Prove that I f=J[+If.
Aull A B
Or
Let f be an increasing function on the
closed, bounded interval [a,b]. Prove that [’

b
is integrable over [a,b] and [/' < f(8) = f(a).

Prove that a function on [a,b] is absolutely
continuous on ‘[a,b] if and only if it is an
indefinite integral over [a,b].

Or

Define a positive set. Let y be a singed
measure on the measurable space (X, °m)).
Prove that every measurable subset of a
positive set is itself positive and the union of
a countable collection of positive sets is
positive.
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State and prove the bounded covergence

theorem.

Or
State and prove Fatou's lemma.
State and prove the Lebesgue dominated
convergence theorem.

Or

Let f be an increasing function on [a,b] for
each a >0, prove that

m*{c e (@,6)/Df(x) 2 a}s /B~ @]

Let the function f be continuous on [a,b]. If
the family of divided difference functions
{Diffyf}yus is uniformly integrable over

[a,b], Prove that f is absolutely continuous
on [a,b].

Or

State and prove the Hahn decomposition
theorem.
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