Tal a.b,e bo positive integers, then there is no

(R priggeen) Ragte N § e 2,
solution of ax + by = ¢ in positive integers if
( v No, ;T4 S ) CZMAILL
odae No, 1 Ti41 Suh, Code t ZMAL &) arbec A5 cncelud
M. He. (CNCE) DIGRIE BXAMINATION, : o sk @ axd+e
OVEMBII 202, : ' : ;
NOVEEMRKIR 20 o Considor n vight. angle trinngle the area cannot be
Thivl Semoster n perfoct square then
Mathemntios - Bloctivo () I'he length of the sides are integers
) Thelengt "the sides are ration:
ALOEBRAIC NUMBER THEORY (1 ‘I'he Jength of the sides are rational
. (¢) '"The length of the sides are irrational
(P those who joined in duly 2021-2022 onwnrds) .
() The lenglh of the sides are in decimals
Tame ; Thros houra Maximum @ 76 marks ,
4, If x,y,2 nre integers such that x* 4yt 42t =2xyz
PART A — (10 % 1= 10 marks) N
then
Answer ALL quastions, (n) xz2y+z b) x=y#z
Chaose the correcl anawor () xry=z (d) x=y=2=0
I, If aveby=c is solvablo then it has n solution 5. 1f we define 7, =(a,,a,,..a,) for all integers n=0
'\'ul,yq W“h then )
X h
() 0=w,<lbl (h) 02y,21hl @) r,=k/h, ®) ro=2*
() lalzx, <! y >
) ' ’I 0 ) (‘l) I” I" Ya Ibi (c) = knh'n (d) 7 —ﬁ'_‘.ﬂ_
H k,
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6. Any finite simple continued fraction represents PART B — (5 x 5 = 25 marks)
alan ‘ g
() Ronl amber (h) Irrational numbor Answer ALL the questions, choosing either (a) or (b).
(¢) Rationsl number ~ (d) Decimnl 11. (@) If the system of linear equations
%, + ¥y o T8, X, =b
7. I « is any integor and € any unit in Q(‘/ﬁ) 1y %, + gy oo gy = By Ty BTy ot
than X, = O has a real solution and the system
(n) clo (h) ale of congruences
) Jmi2 W c/m 0%, + Xy £ B, S8y (mod q),
] Qg X, + gy + o+ A, X, =y (mod q)-..
%, Aquadratic fivld @ (Jm) is cnlled renl if Ay X F Qa¥y ta Xy =b, (mod q) Jora &
() mwl (h) m<0 solution for every modules q, then prove that
() m=») (d) m=0 the equations @& + ¥y *.+a, 3, = b
gy ¥y o+ Qg Xy b Ay X = byer @y Xy + Uy Xt
9 A:L(Q (x/m) have 0 unique factorizntion property if a,.x, =b, have an integral solution?
(2, m)a) then 2 is the ausocinte of o sguare of n
prime if Or ‘
() mwB(mod4) (h) me2(mod 1) (b) Prove that the positive primitive solutions of
z Co PR 2 : 22
. +y'=2" with y even are x=1" -5,
(¢) m=4 (mod ﬁt) )y me2 (mod 5) &g
. y=2s, z=r'+s’ where rand s are
10, A=) and o3 #1 are nsgocintos in arbitrary integers and opposite parity with
i r>s>0 and (r,5)=1?
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()

. (a)

(b)

(2)

()

Dotermine whother the Diophantine equation
A= By" 012" =0 haw a non-frivial integral
solution? ' '
Or

Lot A,y be positive ronl numbors with
|)l‘()(’ll(“|. A/f[) =peoan ill'(.‘l‘.’(}l' then provo that
any congracnco @ /{)’-0~)’.:F=()(I11L)(llll) has a
solution x,y,z not all zero such that |: <A,

e b

sv?

If o polynomial equation with integral co-
efficients

1 g ] -1 P | 2 o SR
Cx"+C, x" " Cx* o Cx Gy =0,

¢, # 0 has a non zero rational solution a/b
where the intepers ¢ and b are relatively

prime then prove that alc, and b/c¢,?

Or

Prove that two distinct infinite
continued fractions converge to
values?

simple
difforent

Lot £ denote any irrational number. IC there
is a rational number a/b with b =1 such that

‘): —-Iq e then prove that a/bequals one of
h

T 2b?
the convergents of the simple continued
fraction expansion of £7?

Or
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(i) U may be expressed as a pmducﬁ of
clementary row matrices
Us=R,R,,..R, I,

Giv) U may be expressed as a product of
clementary column matrices

U=CcC,.C,.C,.

Determine whether the I)iophantine.equation
2248y  +528 +Tay 4+ 9yz+112x=0  has a
nontrivial integral solution?

Or

let a,b and ¢ be any arbitrary integers then
prove that the congruence
ax® +by* +¢2* =0 (mod p) has a nontrivial
solution (mod p)?

Prove that ‘7 is irrational.
Or

Prove that the value of any infinite simple
continued fraction (g, @, a,...) is irrational?

8how that the set of all algebraic numborlﬂ
formula ficld and the set of all algebraic

. integers forms a ring?

Or
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165,

()

()

(b)

Prove thal the minimal equation of an
algebraic integer is monic with integral
co-efficients?

Let Q(M)h:wc the unique factorization
property then prove that any prime =z in

Q(\/H—L)tlml'(} corresponds one and only one
rational prime p such that x/p?

Or
If the norm of an integer a in Q(ﬁ) istP

where p is a rational prime then prove that
a is a prime?

PART C — (5 x 8 = 40 marks)

Answer ALL the questions, choosing either (a) or (b)

16.

" 20.

()

(b)

()

(@)

(b)

Prove that the equation 15x% —7y* =9 has no
solution in integers.

Or
Let U be an mxn matrix with integral
elements then prove the following are
equivalent?

(1) U is unimodular )
(i) The inverse matrix U™ exists and has

integral elements
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If the noru.l of a product equals the
product of the norms then prove that
N(ap)= N(eN(B).N(a)=0 if and only if @ =0

and if the norm of an integer in Q(\/;) is a

_ rational integer, then prove that if y is an

integer in Q(ﬁ) then N(y)=t1 if and only
if 7 is a unit?

Let Q(M) have the unique factorization
property then' prove that (i) Any rational
prime P is either a prime 7 of the field or a
product 7, of two primes, not necessarily

distinct of Q(M) (i) An odd rational prime
P satisfying (P,m):l is a product m,7m, of

two primes in Q (\/n_z) if and only if (%) =1°?

Or

Prove . that the fields Q(J; ) for
m=-1-2-3,-7, 2, 3 are Euclidean and so
have the Unique factorization property?
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