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PART A — (10 x 1 = 10 marks)

-~ Answer ALL questions.

Choose the correct answer :

1. If @ is the set of rational numbers then the outer .

measure of @ is

@ = ® o

@ 1 @ -

5. If =223 +5%75 then I¢ is

[0.3]A7.91
(a) 16 ® 7
¢ 5 @ O
6. If E, is a subset of E of measure zero, then If is
E

@ [f ® ff-

£y E~Ey
{c) If (d) zero

Ey~E

7. For an extended real valued function f on £,

f+|)1 is

(@ ["+f (b 2f*
(© -2f d@ o
8.  The function Au, ! is defined for all x € [a,b] and
O<hz<l by
e f(x +h) = f(x)
@ + j f ) o
1 x+h 1 b
© ﬁ;.({ @ [ f
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A set of real numbers is said to be a G, set
provided it is the

(n) intersection of a finite collection of open sets
(b)  union of a countable collection of closed sets

(¢) intersection of a countable collection of open
seta

(d) union of a countable collection of open sets

3. |flx) is defined by
(@) max{f(x),0} (b) max|-f(x),0}

© max{f(x),-f(0)} @ [ O-f(x)
4. Consider the statements

(A) Pointwise limit of continuous functions is
continuous

(B) Pointwise limit of Riemann integrable
functions is Riemann integrable

(a) Both (A) and (B) are true
(b) Neither (A) nor (B) is not true
{¢) (A)is true but (B) is not true

(d) (A)is not trL-le but (B) is true
Page 2 Code No. : 5379

9.  Which one of the following is not true?

(a) Linear combinations of absolutely continuous
functions are absolutely continuous

(b) Composition of absolutely continuous
functions is absolutely continuous

@ If f is Lipschitz on [a,b] then f is absolutely
‘continuous

(d) Absclutely continuous functions are
continuous

10. If {A,B} is a Hahn decomposition for y, then y* is
defined by

(a r(E)Y=¢E) ®) r(E)y=r(EvA)
© 7 (EY=HEnA) @ r(E)=-r(EnA)
PART B — (5 X 5 = 25 marks)
Answer ALL questions, choosing either (a) or (b).

11. (a) Prove that outer measure is countably
sub additive.

Or

(b) Define a measurable set and show that the
translate of a measurable set is measurable.
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12.

13.

14.

18.

19.

20.

(a)

(b)

()

(a)

(®)

(a)

®

®

(a)

(b)

Let the function f be defined on 2
measurable set E. Prove that [ 18

measurable if and only if for each open sell,
the inverse image of the open set under f 18

measurable,
Or

let {f,} be a sequence of measurable

functions on £ that converges pointwise a.e.
on E to the function- f. Prove that [ is

measurable.
Construct a sequence {f,} of Riemann
integrable functions whose limit function f
is not Riemann integrable.

Or
Let ¢ and ¥ be simple functions defined on
a set of finite measure E . For any zand S,

prove that I(a¢+ﬂ‘}’):aj¢+ﬂ_[‘¥’. Also
E EE
show that if ¢ <¥ on E then I¢SI‘P.
E E

State and prove the monotone convergence
theorem.

Or
Let C be a countable subset of (a,b). Prove

that there is an increasing function on (a,b)
that is continuous only at points in (a,b) ~C.
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State and prove the bounded convergence
theorem. ‘

Or

Let {f.} be a sequence of nonnegative

measurable functions on E. If {f}>f
pointwise a.e. on E, the prove that
[ fsliminfjf,,_ Also show that the
E E

inequality may be strict.
State and prove the Lebesgue dominated
convergence theorem.

Or :
If the function f is monotone on the open
interval (a,b), then prove that it is
differentiable almost everywhere on (a,b).
Let the function f be continuous on [a,b]. If
the family of divided difference functions
{Diffyfhoara is uniformly integrable over

fa,b], prove that f is absolutely continuous
on [a,b].

Or
Let 7y be a singed measure on the
measurable space (X, 9%(). Prove that there

is a positive set A for y and a negative set
B for y for which X=AUB and AnB=¢
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(b)

Define an absolutely continuous function.
Give an example of a continuous function
which is not absolutely continuous.

Or

For an outer measure u*:2* —[0, &}, define

a measurable set (w.r.t 4*) and show that

the union of two measurable sets is
measurable.

PART C — (5 x 8 = 40 marks)

Answer ALL questions, choosing either (a) or (b).

16. (a)
(b)
17. (a)
(b)

Show that the outer measure of an interval
is its length.

Or

Let E be g measurable set of finite outer
measure. For each £>0, prove that there is
a finite disjoint collection of open intervals.

{Ihh, for which it O=OI,,. then
h=l
m*(E~0)+m*(0O~E)<¢

State and prove Egoroff's theorem.

Or
State and prove Lusin’s theorem.
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