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Abstract

Activation functions (AFs) are fundamental components
of neural networks (NNs), introducing nonlinearity that
enables models to learn complex representations and de-
cision boundaries. With the growing adoption of NNs
in real-time and embedded systems, there is an increas-
ing demand for efficient hardware implementations. Im-
plementing AFs on hardware poses significant challenges
due to the presence of nonlinear operations and transcen-
dental functions, especially exponential computations re-
quired by commonly used AF's such as sigmoid, hyperbolic
tangent, and softmax. Efficient approximation and com-
putation techniques for exponential functions (EFs) are
essential to enable practical and high-performance hard-
ware realizations of AFs.

This paper presents a comprehensive survey of tech-
niques for implementing AFs on digital hardware. The
contributions include a concise review of widely used
and emerging AFs, a survey of major EF computation
methods such as lookup tables, polynomial and piecewise
approximations, COordinate Rotation DIgital Compute
(CORDIC) based approaches, and iterative algorithms,
and a detailed examination of hardware-oriented imple-
mentation strategies for AFs. The surveyed techniques
are analyzed in terms of accuracy, resource utilization, la-
tency, and power efficiency. This survey aims to provide
valuable insights and design guidelines for researchers and
practitioners developing efficient NN accelerators on field
gate programmable array (FPGA) and other digital hard-
ware platforms.

Keywords: Field Programmable Gate Array (FPGA),
Activation Function Architectures, Exponential Function
Architectures, Sigmoid Functions, Hyperbolic Tangent.

1 Introduction

Activation functions (AFs) are fundamental components
of artificial NNs (ANNs) that introduce nonlinearity into
the model. Mathematically, an AF maps the weighted
sum of inputs and bias of a neuron to an output signal,
thereby determining the activation state of the neuron.
Without AFs, a NN would effectively behave as a linear
model irrespective of the number of layers, significantly
limiting its ability to learn complex patterns.

The output of a neuron in a feedforward ANN is given
by

al+D — ¢(W(Ua(l) n b(l)) ’ (1)

where a and a1 are input and output activations at
layer [ and ! + 1 respectively, ¢(-) is the AF, W is the
weight matrix, and b is the bias vector.

AFs are employed to enable neural networks (NNs)
to model complex and nonlinear relationships inherent
in real-world data. By introducing nonlinearity, they
allow deep networks to approximate arbitrary functions
and learn hierarchical feature representations across mul-
tiple layers. Furthermore, AF's strongly influence train-
ing behavior, including gradient propagation, convergence
speed, numerical stability, and susceptibility to issues such
as vanishing or exploding gradients. Consequently, the se-
lection of an appropriate AF plays a crucial role in de-
termining network performance, training efficiency, and
implementation feasibility.

AFs are used across a wide range of NN architectures
and in many machine learning algorithms. They are in-
tegral to feedforward NNs, convolutional NNs (CNNs),
recurrent NNs (RNNs), transformers, and spiking NNs
(SNN). Real-time applications demand for efficient im-
plementation of these networks on digital hardware like
field programmable gate array (FPGA). Thus numerous
research works have been carried to find efficient tech-
niques to implement the AF's.

Major contributions of this manuscript are

1. All kinds of AF's are briefly discussed.

2. A detailed survey on different techniques to imple-
ment exponential function (EF) is presented.

3. Different techniques to implement AFs are discussed
in details.

The manuscript is organized in seven sections. Section
IT discusses about different AF's used in NN architectures.
A brief study on techniques to implement EF is discussed
in Section III. Section IV discusses about different tech-
niques to implement different AFs. Section V discusses
about different estimation metrics and performance analy-
sis of different architectures. Conclusive remarks are made
in Section VL

2 Different Activation Functions
2.1 Binary Activation Functions

Binary AFs limits the output of a node to one of two
values. They also called as threshold AFs or Heaviside
function. These kind of functions are used in single layer
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NNs. One such function is represented as

17
-,

Bipolar version is also possible which is expressed as

x>0
<0

(2)

x>0

f(x){l—,l <0

All these kind of step functions are shown in Figure 1(a).

3)

2.2 Linear Activation Functions

Linear AFs are also used in NNs. Linear AF's are mostly
suitable in regression analysis and they are used to in-
crease the range of values. Linear functions can be easily
computed in hardware as they do not provide any non-
linearity in the system.

In a linear case output f(z) varies proportionately with
input variable x as f(x) = cx where the constant ¢ may
take any value. Similarly we may have positive or negative
linear AFs. Linear AF is defined as

z, x>0
-1

z <0
Similarly saturated linear AF took the expression as

(4)

1, =z>1
fx)=<0 x<0 (5)
r 0<z<l1

Symmetric saturated linear AF is defined as

1, x>1
f@)={-1 z<-1 (6)
x -1l<x<l1

Above mentioned linear functions are shown in Figure
1(b). These functions can be used in situations where
neurons are linearly activated or produces linear output
within a range. Linear AFs are unbounded and differen-
tiable.

Rectified linear unit (ReLU) AF is one of the variant of
linear AFs which is very popular in NNs. It is defined as

f(2) = maz(0, ) (7)

ReLU function actually clips the negative part of input
z. If samples of x are negative then this function simply
passes zero to the output. A leaky ReLU version is also
possible which is defined as

f(x) = maz(ax, x)

(8)
where « is a constant. Typically o = 0.01 is chosen to pro-
vide small gradient for negative values. Another variation
is parametric ReLU (PReLU) where parameter « is cal-
culated by back-propagation. In some scenarios, dynamic
version of ReLU function also may be used. Dynamic
ReLU functions take the form as
f(x) = max(c, ) 9)
where the constant ¢ may be positive or negative. The
ReLU function and its variants are shown in Figure 2(a).

2.3 Non-linear Activation Functions

Binary or linear AFs are not enough to analyse complex
signals using NNs with two or more than two layers. Thus
different kinds of non-linear AF's are reported in literature.
Few popular functions are discussed here.

2.3.1 Sigmoid Function:- Sigmoid function is governed
by the following equation

1

f(ff):m

= o(x) (10)
Sigmoid function maps any variable within the range
{0,1} and mainly used in the output layer. The char-
acteristic of this AF is shown in Figure 1(b). Sigmoid
function is differentiable, smooth, and suitable for repre-
senting probabilities. Sigmoid is not centred around 0 and
thus problem may be encountered in weight update. Sig-
moid function suffers from vanishing gradient problem as
for higher values sigmoid function saturates.

2.3.2 Hard Sigmoid Function:- Hard sigmoid function is
simplified sigmoid function for range {0, 1}. This function
is preferred where speed is more important compared to
accuracy. The equation hard sigmoid function is

f(z) = max(0,min(1,0.5 + 0.2z) (11)

In many applications, hard-sigmoid function (shown in
Figure 2(b)) is used in place of sigmoid function.

2.8.8 Hyperbolic Tangent Function:- Hyperbolic tangent
function is an improved AF. The equation for tanh func-
tion is shown below

et —e " 1—e 22

= tanh = =
f(@) = tanh(z) et 4e T  14e 2@

(12)

This AF generally used in the hidden layer of the deep NNs
and maps the input samples within the range {—1,1}. The
characteristic of this AF is shown in Figure 2(b). Com-
pared to sigmoid, tanh has steeper gradient which helps
faster convergence. Tangent function is zero value centred
which helps smooth gradient update. Tangent function
also have problem of vanishing gradient.

2.3.4 Bent’s Identity:- Bent’s identity is another AF
which has the feature of ReLU function in positive half.
But it does not have sharp transition which good for op-
timization. This function is gradient friendly and offers
small non-linearity. The equation is as follows

Va2 +1-1

fa) =+ YL (13)
Figure 4(a) shows the characteristic for Bent’s identity

function.

2.3.5 ARiA-2 Activation Functions Adaptive Richard’s
curve weighted activation (ARiA) [1] AF is a generalized
AF. It is a non-monotonous but allows a precise control
over its non-monotonous convexity by varying the hyper-
parameters. ARiA-2 is specialized version having two pa-
rameters o and 3.

fla) =a(1+e )" (14)
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Figure 1: Different type of step and linear AFs.

ReLU
—-—-— Leaky ReLU
Dynamic ReLU

08
|

06

y values

x values

(a) Different kind of ReLLU functions.

Figure 2: Different kind of ReLLU functions,

Varying « and f different kind of functions can be gen-
erated. Figure 3 shows ARiA-2 functions generated for
different parameter values. Different kind of functions gen-
erated based on different values of 3 is shown in Figure
3(a).

2.8.6  Softmaz Function:- Softmax AF is very popular in
case of multiple object classification problem in machine
learning and mostly used in the output node of a NN. The
equation for softmax function is

(15)

where z; is the output from the NN for the i** class for
classification of k number of classes. Softmax function
finds the probability of different classes.

2.8.7 Softplus Activation Function:- Softplus is smooth
version of ReLU AF. Like ReLLU function, softplus func-
tion also takes account of only positive values. The equa-

tion of softplus is

f(z) =In(1+e%) (16)

A comparison of ReLU and softplus function is shown in
Figure 4(a). The slope of both the functions can be varied

accordingly.
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(b) Sigmoid vs hard sigmoid vs tanh.

sigmoid, hard-sigmoid and tanh function.

2.3.8 Softsign Activation Function:- Softsign function is
an alternative to the tanh function. Tanh function con-
verges exponentially whereas softsign function converges
polynomially. The equation for softsign is as follows

x

11 (17)

f(z)

A comparison of softsign and tanh function is shown in
Figure 3(b).

2.8.9 Mish Function:- Mish, shown in Figure 4(b), is a
novel smooth and non-monotonic neural AF which can be

defined as
f(z) =z - tanh(In(1 + %)) (18)

In the positive side this function behaves like ReLLU. In the
negative side, this function provides slightly more weights
to the values which are nearer to 0.
2.8.10 Swish Function:- The swish function is developed
to address the disadvantages of ReLU and Sigmoid func-
tion. It dose not have sharp cut-off like ReLU and it also
does not have problem of vanishing gradient. The equa-
tion for Swish function is
x
fa) =

(19)

Swish function is very similar to Mish function and com-
pared with Mish function in Figure 4(b).
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Figure 3: Different kind of functions based on ARiA-2 and comparison of tanh vs softsign function.
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Figure 4: Mish, Swish, ReLLU, Bent’s identity, and Softplus function.
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2.3.11 FEzxponential Linear Unit:- Exponential linear unit Another variation of ELU function is scaled ELU
(ELU) is an updated version of ReLU function where small (SELU) function and it is defined as

exponential slope is provided for negative samples. The
equation as follows

Fla) = {a(em -1), z<0 (20)

T x>0

f(z) = A {Wc —1, =0

x x>0

(21)

here o and A are predefined constants. Typical values are
ELU functions saves neurons from dying. Generally the « &~ 1.6733 and A ~ 1.0507. In deep NNs (DNN) this
parameter « is chosen as 1. Complexity of ELU increases activation helps in faster convergence. A comparison of

compared to ReLU function but helps to converge faster. ELU and SELU function is shown in Figure 5 (a).



Journal of Embedded & Digital System Design

2.8.12  Gaussian Error Linear Unit:- Gaussian error lin-
ear unit (GELU) function designed to improve perfor-
mance in DNN models by approximating Gaussian like
functions. In many cases GELU function performed bet-
ter compared to ReLLU function in DNNs. The equation
for GELU is

j@»:&ma+umm¢2@+amwmﬁ») (22)

GELU provides smooth gradient flow as it is smooth and
differentiable. Compared to ReLU it doesn’t have sharp
cut-offs. GELU function is compared with ELU and SELU
function in Figure 5(a).

3 Implementation of Exponential Function
Efficient implementation of EF, shown in Figure 5(b), is
very crucial to implement different AF's as EF itself many
times used as AF. All efficient techniques used for EF im-
plementation are summarized in this section.

3.1 CORDIC Based Computation of Exponential
Function

COordinate Rotation DIgital Compute (CORDIC) algo-
rithm [2] based exponential architecture [3] uses rotation
mode in hyperbolic path to compute hyperbolic sine and
cosine. The CORDIC equations in hyperbolic path are

Tip1 =i + 0y 27" (23)
Yir1 = yi + 022" (24)
Ziy1 = 2 — ogtanh 127" (25)

The hyperbolic functions sinhf and coshf can be com-
puted by setting initial values as x¢ = k%, Yo = 1, and
zo = 0. The constant kj, ~ 1.64676 is for hyperbolic mode
of CORDIC. The controlled bit ¢; can be computed as

L,
0; =
_17

CORDIC iteratively computes the hyperbolic sine and co-
sine. The EF is computed as

ifZiZO

. (26)
otherwise

e = sinh + coshd (27)

Accuracy of CORDIC depends on data width used for rep-
resenting 6. CORDIC based technique is expensive but
useful in some specialized ML applications. In [4] authors
used fast convergence CORDIC (FC-CORDIC) to imple-
ment the AFs.

Many hardware implementations including CORDIC
calculate EF for the range {0,1}. But input samples may
exceed this range and thus we need to extend the range.
One obvious solution to extend the range is to express
input sample as

r=pxlog’+q (28)
Exponential function then can be computed as
e’ = 2P x ¢4 (29)

It is easy to compute power of 2 in hardware but difficulty
is faced to express input z in terms of p and gq.

ctrl

wig

R

[Ep—

Figure 6: Taylor series based exponential.

3.2 Taylor Series Based Implementation

Many research works used Taylor series expansion method
for approximating EF. Taylor series expansion of EF can
be written as

2 3

emzlix+£i£+...

2l = 3l (30)

The alternate minus (*-’) symbol is used for negative value
of . The accuracy increases if number of terms in Tay-
lor series increases. First three terms gives an acceptable
accuracy for many applications and are given as

e =11+ Z(1+3)

. (31)

Figure 6 presents an architecture of EF based on the above
equation. Authors in [5] tried to increase the accuracy
by dynamically increasing the number of terms of Taylor
series.

3.3 [Iterative Technique for Exponential

Iterative technique [6, 7] is governed by the following two
equations

Tit1 = X3 — O - ln(l +o-8;- 271) (32)

Yitr1l = Yi X (1 + o - S; - 271‘) (33)

where 4 varies from 0 to n denoting total number of it-
erations. Initially, xg is the initial value and yq is set
equal to 1. The parameter o is included to make the
equations general. ¢ = 1 and ¢ = —1 for positive and
negative value of x respectively. The parameter d is used
to find the values of s; in each iterations. It is computed
asd;=x; —o-In(l1+0-27%. If 0 = 1, s is computed as

1, ifd; >0
S; = ’ ! - . (34)
0, otherwise
If o = —1, s is calculated as
1, ifd; <0
si=q 0 LH= (35)
0, otherwise

After n iterations final value of x, becomes 0 or almost
equal to 0 and y, nearly converges to e’®. A parallel
and pipelined architecture for EF for both positive and
negative numbers is reported in [7]. This architecture is
accurate and has less latency compared to CORDIC based
architecture.
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Figure 7: Partition of binary representation of input sam-
ples x.

3.4 Combination of LUT and Taylor Series Ap-
proximation

Few implementations are based on combination of look-
up table (LUT) and Taylor series approximation. Taylor
series is very good for approximating EF within range of
0 <z < 1. But computation beyond this range is difficult.
Thus few implementations have used LUTs to approxima-
tion EF.

Authors in [8] divided input z into three parts, ny de-
notes the integer part, no denotes the upper fractional part
(> 279), and n3 denotes the lower fractional part (< 27°).
Then exponential of x can be computed as

e (36)

The components e and e™ can be computed using
LUTs. The component " is computed using 4th order
Taylor series approximation based on the following equa-
tion

1
fpoly(q) =1+ q+ §q2 + e3¢ + cag®

where the constants taken as ¢3 = 2734254274294
2711 4 2713 and ¢4 = 27° + 277 + 278 for simplification
in hardware implementation. Saturation is used if output
goes beyond 2'6 and less than 2712,

Authors in [9] followed the same procedure by dividing
the input x in four parts as shown in Figure 7. Lets say
input sample x is represented using fixed point binary rep-
resentation with word length of n bits and precision of p
bits. Range of x can be divided into two parts, saturated
and unsaturated region. For, x > 16 output is saturated
to exponential of (2? — 16). Unsaturated region is divided
into 3 parts where part 2 is corresponding to the input
values in range 1 < = < 16, part 3 corresponding to the
range 0.125 < = < 1, and part 4 is corresponding to the
range = < 0.125. Output of exponential corresponding
to part 2 and 3 is computed based on LUT and expo-
nential output corresponding to part 4 is computed using
3rd order Taylor series approximation using the following
expression.

(37)

X

2

e —1—a(1— (1 %)) (38)
The architecture for LUT based approximation [9] is
shown in Figure 8. Four bits are used for LUT1 and 3-bits
are used for LUT2. Thus depth of LUT1 and LUT?2 is 16
and 8 respectively. Authors here implemented the Taylor
series approximation using one’s complement number sys-
tem to reduce adder/subtracter blocks.

Authors in [10] reported a template scaling method

which is similar to the LUT method discussed previously.

T13:10

LUT1

LUT2

Taylor
Approx

Figure 8: LUT + Taylor series based approximation of
exponential.

bin_2

0.007 0.001

5 7.5 I

Figure 9: Exponential curve is divided into several bins.

Table 1: Template scaling approximation of exponential.

i | Scaling (e=%-%%) | Template (e=0%)
0 1 1
1 0.082 0.606
2 0.007 0.368
3 0.001 0.223
4 0.000. .. 0.135
- exp(-x) RE Concgf(;a;lkation . Reciprocal ﬂm(z)

Figure 10: Exponential based sigmoid implementation [7].

Here authors have divided the entire range of exponential
into several bins as shown Figure 9. For example, range
of (0 - 12.5) is divided in to five bins where each bin has
width of 2.5. Exponential values from the first bin are
taken as templates (reference bin) and starting values of
each bin are considered as scaling factors. Scaling factors
and templates for the above example is shown in Table 1.
Exponential values in other bins are computed by multi-
plying corresponding scaling factor and reference template
value. Computation of e~ is shown below

e3 =e 2% .70 =0.0498 (39)

Similarly e=3 is computed as e=2%.e~1. Both templates

and scaling factors are required to store in LUTs.
4 Activation Function Implementation Strategies
4.1

4.1.1  Exponential Based Sigmoid Function Implementa-
tion:- The first approach that comes in mind to compute

Implementation of Sigmoid Function
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Sigmoid function is to compute EF first. Authors in [7],
show how efficiently Sigmoid function can be computed
using efficient computation of exponential. Here, compu-
tation of sigmoid is performed in three steps: Computa-
tion of exponential (e~*), computation of (1 4+ e~*) and
computation of reciprocal. Computation of all these steps
are shown in Figure 10. The input samples should be nor-
malized to take values between 0 to 1.

The output of the exponential block is within the range
{0,1} and thus computation of this operation can be op-
timized. This function can take maximum integer value
of 3. This simple addition operation (1 4+ e~%) can be re-
placed with concatenation operation. This concatenation
operation is shown below

z13 =0

212 = y10\y11 (40)
211 = Y10

29:0 = Y9:0

where z is the output of the concatenation block and y is
the output of the exponential block. Minimum 13-bits are
required for correct computation of y and z for precision
of 10-bits. The indices at subscripts denote bit positions
like zg9.9 denotes 10-bits from least significant bit (LSB) of
z.

One reciprocal operation is required at last stage to
compute the sigmoid function. Authors in [7] used par-
tial radix-2 reciprocal unit [11] where number of stages
is proportional to the precision. Thus only 11 stages are
required for precision of 10-bits. The latency for this re-
ciprocal unit is of 10 clock cycles only.

4.1.2  Look-Up Table Method:-LUT based implementa-
tions are popular for simplicity in computation. Authors
in [12, 13] took help of LUTSs to implement the sigmoid
function. Authors in [12] exploited the symmetry property
of sigmoid function. Either positive half or negative half
can be stored in the LUT. LUT based designs are easy to
implement but they need more memory locations.

4.1.3 Direct Approximation:- A very simple approxima-
tion of sigmoid function is reported in [14]. The approxi-
mation is shown below
1 x
v= 5( 1+ ||

This approximation is useful in many applications where
error within range can be tolerated. With this direct ap-
proximation technique, average error of 0.0577 and maxi-
mum error of 0.0823 is achieved. Comparison of this tech-
nique with ideal sigmoid function is shown in Figure 11(a).

+1) (41)

4.1.4  Approxzimation of Exponential:- Authors in [15]
presented a low-complexity architecture for EF. If expo-
nential is converted to base 2, then it can be approximated
as

e~ — 271.44w

(42)
This approximation is used by authors in [16] to reduce
the hardware resources in implementing sigmoid function.
Authors here approximated the sigmoid function as
T 14 92-l4dr T 1015w

Yy (43)

Table 2: Breakpoints for A-law based approximation of
sigmoid function.

z | -0.8
Y 0

-0.4
0.0625

-0.2
0.125

4.0
0.9375 | 1

0.25 | 0.75 | 0.875

This technique proved quite effective in many applications
because of its simplicity and less error in computation. An
average error of 0.0026 and maximum error of 0.0087 is
achieved with this technique. A comparison of this tech-
nique with the actual sigmoid function is shown in Figure
11(b).

4.1.5  Logarithmic Approzimation:- Sigmoid function is
approximated by logarithm function in [17]. Authors
have approximated the sigmoid function within the range
{=10,10}. If the input sample = > 0, the output is ap-
proximated as

l 2 0.486
::Aggggifét44444)r4-o.63 (44)
For, x < 0 output is approximated as
—l —0.5 0.008458
y = toga(=05e + ) voor  (45)

16

Average error of 0.0678 and maximum error of 0.1899 is
estimated with this method. Authors in [17] suggested an
approximation technique of logarithm computation based
on floating point number system. Logarithm with base 2
of a floating point number (z = S- M -2¥ ) can be written
as

logox =5 (logo M + E) (46)
The logarithm of mantissa can be approximated as
M—-092 1<M<184
log, M = - (47)
0.5« M 1.84 <M <2

This approximation does not need any multiplication op-
eration which makes logarithmic approximation technique
hardware friendly.

4.1.6  A-law Based Approximation:- A very simple ap-
proximation of sigmoid function is presented in [18]. This
technique considers many breakpoints and values corre-
sponding to these breakpoints can be stored in LUTs. All
these breakpoints are shown in Table 2. The breakpoints
have difference of 0.0625. This helps easy binary encoding.

4.1.7 Approximation of Alippi and Storti-Gajani:- An-
other piecewise linear approximation technique for approx-
imation of sigmoid function is reported in [19]. In this ap-
proximation technique, sigmoid function is computed for
negative values only. The formula the authors used to
approximate sigmoid function is

~ 0.540.253

Y= "o (48)

where & is the decimal part and (x) is the integral part of
x. The computation of £ can be done for negative value
of x as

T=x+|(z) (49)
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Figure 11: Comparison of different approximation technique with the original sigmoid function.

This technique involves addition and shifting operations
and this suitable for hardware implementation. This ap-
proximation method achieves average error of 0.0071 and
maximum error of 0.0189.

4.1.8 PLA Approzimation Technique:- Sigmoid function
can also be computed by piece wise linear approximation
(PLA) technique [20, 21, 22, 23]. In this method, sigmoid
function is divided into many pieces of linear sections. The
approximation of sigmoid function is carried way based on
the following equation.

1, 5 < |z|

0.03125 - |z| + 0.84375, 2.375 < |z| < 5.0
0.125 - || + 0.625, 1.0 < |z| < 2.375
0.25 - |2] + 0.5, 0<z<1.0

(50)

The mentioned PLA technique approximates sigmoid
function for positive value of z. Function y can be ap-
proximated for negative value of x by subtracting the re-
sult from 1. Average error of 0.0047 and max error of
0.0189 is found in this method. Approximation of sigmoid
function using PLA technique is shown in Figure 12(a).
4.1.9  Center Recursive Method:- Authors in [24], demon-
strated a centred recursive interpolation (CRI) technique
to approximate the sigmoid function. Initially this tech-
nique divides the sigmoid curve into three linear segments
and then recursively it approximates more linear segments.
Initial approximation for CRI technique is

yi(x) =0 (51)
ya2(z) = 0.5 4 0.25z (52)
ys(z) =1 (53)

The actual CRI technique is shown in Algorithm 1.Here
q is the interpolation level, A is the depth parameter de-
pendent on g, h(z) is the linear interpolation function, and
g(z) is the resulting approximation. Number of segments

increased based on the value of ¢ as
Number of Segments = 27" + 1 (54)

Initially ¢ = 0 so there are 3 segments and for ¢ = 1, 5
segments were created. For different values of ¢ different

Table 3: Optimum values of A in CRI technique.

A [ 0.30895 | 0.28094 | 0.26588 | 0.26380
q 1 2 3 1

Algorithm 1 Centred recursive interpolation of sigmoid
function.

Input: Initially, g(z) = y2(z) and h(z) = ys3(z).
Output: Approximation of function g(z).
1: fort=0:qdo
g (x) = min{h(z), g(z)}
h(w) = 5 (h(@) + g(x) = A)

)

~—
8

=

optimum values of A are taken. These values are shown in
Table 3. This technique is efficient in terms of hardware as
neither multiplications nor divisions are needed, since they
are reduced to shiftings. CRI technique achieves average
error of 0.0067 and max error of 0.0196. Approximation of
sigmoid function using CRI technique is shown in Figure
12(a). A low cost implementation of sigmoid function is
reported in [25]. Here, authors have used optimized equa-
tions for piece wise linear approximation technique. The
equation they used is given below.

1, r< -2
y=43+05 -2<2<2 (55)
1, x> 2

Similar to this technique, authors in [26] used different
linear polynomials in different range of sigmoid function.
One of the problem of using different polynomials is that
constants vary for different ranges. Thus dedicated multi-
pliers are required.

4.1.10  Non-linear Approximation of Sigmoid Function:-
Sigmoid function can also be approximated by non-linear
functions. Few literatures [27] have reported implementa-
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Figure 12: Comparison of different approximation technique with the original sigmoid function.
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Figure 13: Region wise approximation of sigmoid function.

Table 4: Non-linear approximation of Sigmoid function.

’ Range Function ‘
—-1l<zx<l1 Y = C1T + Ca
S<a<—1 | csz2+cax+os

—T7T6<xr< -5 Cg

—o<xr<-7.6 0
1<z<5b 7z + cgx + co

5 <z< 7.55 C10

755 <z < oo 1

tion of sigmoid function using non-linear functions. The
sigmoid function is divided into some regions and each
region is approximated by one function. Figure 13 shows
the segmentation of sigmoid function into different regions.
Overall output curve of sigmoid function can be divided
into three type of regions. In region I, a linear function
can be applied. Similarly in region II a quadratic function
can be used for approximation. Table 4 shows different
non-linear functions and the ranges of sigmoid function
where these functions are applied.

A general second order approximation technique for
sigmoid function approximation is reported in [28]. The

equations are as follows

1 x> Ly,
B 1—ﬂﬁ?@h—@? 0<z<Ly (56)
V= ﬁ(Lh—x)z, L <z<0
0 z <0

where Lj, and L; are the defined upper and lower limits of
sigmoid function respectively.

Another non-linear technique to approximate sigmoid
function is reported in [29]. Binary version of sigmoid
function can be realized as

1 1
where G(z) defined as
1, L<
Gx)=< H(z), —L<z<L (58)
-1 < -—L
and H(zx) function is defined as
r(i - L), 0<z<L
H) =T (59)
r(f + gzx), —L<2<0

Here, L is the range within which the sigmoid function is
approximated. Authors in [30] provided a special case of
the above rule for approximation of sigmoid function by
second order equation within range {—4,4}. The equa-
tions for this approximation is shown below

~ f0.5(1 —10.252])?, —4<x<0 (60)
1-0.5(1—10.252)% 0<z<4

This technique is very simple and needs only one multi-
plier. Absolute error of 0.0111 and max error of 0.0216 are
reported for this technique. Similar approximation tech-
nique is used in [31].

4.1.11  Combinational Approximation Method:- Authors
in [32] suggested a novel bit level mapping method for ap-
proximation of sigmoid function. Authors have demon-
strated that positive range of sigmoid function can be
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Table 5: Notation for sig_347p method.

Algorithm 2 Estimation of Sigmoid function using prob-
abilistic method.

Notation Significance
s Sign bit
T Number of input integer bits
Yy Number of input fractional bits
z Number of output fractional bits

a: When all bits of input (+ve and -ve) are mapped.
o n: When negative bits are only mapped.
p: When positive bits are only mapped.

Table 6: Bit level mapping.

’ T \ Binary of x \ Y \ Binary of y ‘
0 000000000 0.5 1000000
0.0625 | 000000001 | 0.5156 1000001
0.1250 | 000000010 | 0.5312 1000011
7.9475 | 011111111 | 0.9996 1111111

mapped using mapping of binary bits. Fixed point num-
ber system is used for this approximation. This technique
is famously named as sig_xyzo technique. Nomenclature
for this technique is shown in Table 5. Table 6 shows ap-
proximation of sigmoid function for positive inputs using
sig_347p format. Here, 3-bits are considered for input in-
teger, 4-bits are used for input fraction, and 7 bits are
used for output.

Table 6 shows binary values of different input sam-
ples and binary corresponding output values. K-map or
any other optimization technique can be used to find the
boolean expression for output bits. Valuation of two bits
is shown below in case of bit-level mapping technique.

ye = 1
Y5 = T4X1 + T4X2 + T4X3 + X5 + Tg

Similarly other bits are also can be calculated. Bit-level
mapping is an interesting technique where boolean expres-
sion for output is directly found.

4.1.12  Probabilistic Model for Sigmoid Function:- Au-
thors used fully probabilistic method to compute sigmoid
function in [33]. Let = be the input and 7 be the indepen-
dent and identically distributed (IID) Gaussian noise with
mean of zero and variance of 02, where ¢ = 1.702. The
output of a sigmoid function can be approximated by the
probability of a noisy input (x + 1) greater than or equal
to zero, i.e.,

1

(63)

The above equation is valid of positive value of z. If =
is negative then sigmoid value is estimate by computing
1—P(zp+n > 0). If 2 is positive then following relations

Input: The absolute n vector is stored in another vector
A having k samples and & = 2°. Also take initially
idr = g

Output: Estimation of sigmoid function (g).

1: fori=1:(s—1)do

2: if |l‘j| > \;q then
3: idr = idx + ﬁﬂ)
4: else

5: if ‘$J| < Aidz then
6: idr = idx — 3G
7 else

8: idx = idx

9: end if

10: end if

11: end for

12:

13: if T > (0 then

14:  §=14r 405

15: else

16: g=1— (4= 40.5)
17: end if

can be written
Pz, +1n>0)=Pz,+n>—xp)

1
=P0<n<z)+05= §P(|n\ <z)+0.5

(64)
The following equation can be written using the basic def-
inition of probability.

k
1
P(lnl <z) = > g(m) (65)
i=1
1, if x> |n
i) = 66
90m) {0, otherwise (66)

where 7; is the i*" sample of vector 7. Authors used binary
search [34] algorithm to compute the equation (66). First
the Gaussian noise vector 1 having k samples is computed
in software tool and their absolute values are calculated.
The absolute values are sorted in ascending order and kept
in another vector A. The value k is large and is power of
2. The method is shown in Algorithm 2. Probabilistic
method closely approximates the sigmoid function with
average error of 0.0038 and max error of 0.0098. Compar-
ison of probabilistic method and original sigmoid function
is shown in Figure 12(b).

4.2 Implementation of Hyperbolic Tangent

Implementation of hyperbolic tangent function can
achieved in three ways. First method is based on compu-
tation of EF, second method is based on computation of
sigmoid function, and in the third method, hyperbolic tan-
gent function is directly approximated. Following equa-
tion shows how tanh function can be realized using sig-
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Figure 14: Schematic for tanh function evaluator [7].

moid function

1— 672@

=2-0(2z) -1 (67)
Exponential based computation of tanh function faces
range issues as computation of EF is preferable only in
{0,1} range. Instead sigmoid function can be computed
by any approximation technique to compute tanh func-

tion.

4.2.1 Exponential Based Implementation:- The architec-
ture for tanh AF using exponential architecture is shown
in Figure 14. Here, same exponential architecture (shown
in Figure 8.7) is used to compute tanh function. The
registered output of the exponential block is input to a
multiplier to compute square. Architecture for tanh func-
tion involves variable data-width as one square operation
is involved. Compared to the architecture of the sigmoid
function, 1 extra bit is required to accommodate the max-
imum value (e?) after square operation.

Output of the multiplier is then supplied to one adder
and one subtracter. Finally, outputs of the adder and
subtracter are sent to the divider. Divider works in simi-
lar fashion as the reciprocal used for sigmoid function but
with latency of 11 clock cycles. Divider works for unsigned
number and thus inverters are placed at input and output
stage. The control s is high when 1 — e~ 2% is negative.

4.2.2  Direct Approzimation:- Few research works have
directly computed the hyperbolic tangent function. For
example hyperbolic tangent function is directly approxi-
mated by using polynomials of 1st and 2nd order in [35].
Authors in [35] shows that more accuracy is achieved by
2nd order polynomials but with the cost of increased hard-
ware. Authors in [36] used curve-fitting technique and
used a 4th order polynomial technique to approximate the
tanh function by the following polynomial

f(z) = —0.0092*+0.1182% —0.57522+1.2462—0.024 (68)

This function can easily implemented by serial step-by-
step multiplication as

f(z) = (((—0.009z — 0.118)x — 0.575)x + 1246)x — 0.024)

(69)
The above equation reduces number of multiplication com-
pared to previous equation.

t
—exp(-x) Dividerﬁf mal‘(:ﬂ)

Figure 15: Schematic for softmax function evaluator [7].

Authors in [3] implemented tanh function using
CORDIC. Few implementations [22] used sigmoid func-
tion to compute tanh function. Few implementations [37]
used LUT for tanh function by exploiting the symmetry
property. In [38], authors implemented tanh function us-
ing DCT interpolation technique. DCT interpolation tech-
nique is good for achieving a smooth curve with high ac-
curacy but consumes resources as filter co-efficients are to
be stored in memory. Authors in [39] used Chebyshev ap-
proximation technique for approximating tanh function.
Authors in [40] implemented tanH function using differ-
ent models including continued fraction and polynomial
approximations.

4.3 Implementation of Softmax Function

Many research papers have implemented softmax AF us-
ing EF [41]. A direct implementation for softmax function
is shown in Figure 15. In majority architectures, output
of a NN is serial. Thus output of the exponential block
is serially loaded to a random access memory (RAM). So,
output for k£ classifiers will be stored in RAM. Simulta-
neously, exponential values are also accumulated with the
help of an adder and a register. The clr signal clears the
register at the start of accumulation.

Accumulated value is then loaded to another register
(fdc) by another control signal en. Once the accumula-
tion is completed, the exponential values are read from the
memory and fed to the divider. The architecture for soft-
max function also requires variable data-width because of
accumulation operation. The width of the divider varies
with the width of the accumulator. Width of the accumu-
lator depends on number of classifiers.

Direct implementation needs dedicated divider which
consumes more hardware. Authors in [42] computed in-
verse of softmax function and then used reciprocal block
at the end. The inverse of the softmax function can be
written as

Zf:l e
evi
. eII +e$2+...+e$i+...+ewk

k
=14 e
j=1

Here, CORDIC block is used to compute EF and then
these exponential values are accumulated and added with
1. The use of reciprocal unit instead of divided reduces
hardware.

fom (i) =
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4.4 TImplementation of Other Activation Func-
tions

Authors in [43] presents an AF core that supports various
functions including Gaussian, Sigmoid linear unit (SiLU),
ELU, Softplus in addition to classic ones. The core uses
piecewise polynomial approximation for efficient hardware
execution, demonstrating flexible support for hardware
implementations of non-standard AF. The manuscript
[44] specifically targets the Swish AF, which is smoother
and often performs better than ReLU. Because Swish is
computationally complex (it involves multiplication and
a logistic component), the authors propose a hardware-
efficient approximation and demonstrate its implementa-
tion with improved delay, area, and power characteristics
compared to earlier approximations. The manuscript [45],
implements and evaluates Gaussian AFs on FPGA as part
of RBF networks, providing logic utilization and timing
results that highlight hardware design considerations for
non-standard activations.

5 Estimation of Function Approximation

This section discusses some metrics estimation the approx-
imation accuracy. Error between the actual function and
the approximated function is calculated as

ej = lyi — 4l (71)
where y; is i'" sample of actual function, y; is the i‘"
sample of approximated function, and e; is the error for
it" sample. The average error is then calculated as

n
1
Cavg = ﬁ E €4
Jj=1

where n denotes the total number of samples. Maximum
error can be computed as

(72)

(73)

Emaz = AT €;

1--n
Accuracy of an architecture is also measured in terms of
relative signal to noise ratio (RSNR). The equation of cal-
culating RSNR is shown below

RSN = 20log (1712 ) (74)

[l — &l

Authors in [7], implemented sigmoid, tanh, and soft-
max function based parallel exponential block on Artix-7
FPGA board (9xc7al00tftg256-2). A comparison of three
architectures is shown in Table 7. Here authors achieved
RSNR of 51 dB, 45.86 dB, and 46 dB in computation of
Sigmoid function, tanH function, and softmax function re-
spectively.

6 Conclusion

This paper presented a brief survey of AFs used in mod-
ern NNs, including classical functions such as sigmoid and
hyperbolic tangent, widely used ReLU variants, and re-
cently proposed nonlinear functions with their mathemat-
ical properties. In addition, this paper reviewed major
techniques for computing EFs, which constitute the core

Table 7: FPGA performance comparison [7].

‘ Parameters ‘ sigmoid ‘ tanh ‘ softmax ‘
Slice LUTs 644 712 716
Slice Registers 559 651 670
Occupied Slice 224 258 245
DSP48E1 - 1 -
Maximum Frequency | 181.81 MHz | 181.81 MHz | 181.81 MHz
Dynamic Power 0.052 W 0.057 W 0.052 W

computational component of several nonlinear AFs. Ap-
proaches such as lookup tables, polynomial and piecewise
approximations, CORDIC based methods, and iterative
algorithms were analyzed in terms of accuracy, latency,
memory overhead, and hardware complexity. This survey
focused on a comprehensive review of different techniques
for implementing AFs on hardware platforms. AFs can be
implemented directly using EF's, by approximation of EF
or by using other linear or non-linear approximation tech-
niques. Different design metrics are also discussed which
estimates the accuracy in approximation of an AF.
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