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Mathematical Formulae
| ALGEBRA
Quadratic Equation
For the equation ax” + by + ¢ =0,
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Solve the following systems of equations

21+ 3y—-z=12,
x—2y—4z=28§,
3x+5y+22=~ [6]
2 (a)  Find the range of values of x for which 3x* — 10x - 8 <0, [3]
(b) Express 12x" - 6x + § in the form a(x + b)* + ¢, where a, b and ¢ are constants.
Hence, find the minimum value of 12x* - 6x + 5. . [4)
_&3N
3 Solve the cquations = J
@ 4" =19, . 3]
(b)  log.(2¢ +3x+5)=13+log: (x+ ., ‘ » (4]
4 (a)  Find the value of k, given that ﬂm&mﬁmn 37 = 145" - Thx + 10 is exactly
divisible by (x + 1). ~ ﬂ" [3]
(b)  Selve the equation Zx’--,.hk 30x + 56=0 [4]
G
5 (a) In how man}" w@m. can tha letters of the word *UNGROUPED” be arranged?  [2]
(b)  Ateam nIS ople is to be selected from 7 women and 6 men. Find the number
of djffnﬁm mams that could be selected if there must be more women than men
méhﬁ@. [5]
6 (a) 'E‘ruh-c the equation cos(x + 60°) = 2sinx for values of x in the range
0° % x < 360°, [4]
(b) (i)  Express Ssinv+ 12cosx in the form Rsin(x + a), where
R >0 and 0° < a < 90°, [3]
(i)  Hence, find the maximum value of Rsin(x + a). [
7 (a)  The sum of the first 6 terms of an arithmetic progression is 555 and the sum of the
next 6 terms is 1 455, Find the first term and the common difference. [4]
(b)  Ina geomelric progression, the third term is 45 and the fifth term is 405. Find the
(i) first term and the common ratio (r > 0), [3]
(i)  sum of the first § terms, [2]
Additionat Mathematics/4030/2/2020 [Turn over
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8 The table below shows the points scored by 95 students in an examination,
Points scored 1-3 -0 7-9 10~ 12 13-15 16— 18 19—21 A2 =34
Frequency |2 4 ] 1l 7 20 i3 15
(a)  Find the median class. [1]
(h)  Caleulate
(i) anestimate of the mean, [2]
(i)  the standard deviation, |6]
S
G ) A curve hes quaiony 2 EEZ, Given that &2 = — NI 9. e )
a curve has equation v = . Given that == = — &= ‘when x=13, find the
x+2 dy .1 ,;,3@.,
value of a. . %ﬂ? [3]
(b)  The diagram below shows part of the mr‘,g&’a}fﬁ 37xand ¥ = ¥* intersecting at O
and A (A 2

4¥
Fi
(i) the coordinates of A, [3]
(il}  the volume obtained by rotating the shaded region through 360°
about the x-axis. [4]

10 The velocity, Vms ' of a particle moving in a straight line, ¢ seconds after passing through
a fixed point O, is given by V = 36— 3¢,

Find the zedpastpapers.com
(a)  walue of r when the velocity 1s constant, [3]
(b)  walue of r when the velocity is at instantaneous rest, [3]
{c) distance of the particle from O when the particle is at instantancous rest. [4]
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11 (1)  Thecurves y=¢" and y = ¢ ¥ intersect at the point B.

Find the
(i) coordinates of B. [3]
(i)  gradient of each curve in terms of e, at B, [3]

(b)  When log,, v 1s plotted against x, a straight line is obtained passing through the
points (0.6, 0.3) and (1.1, 0.2). Find log,, ¥ in terms of x. [4]

12 (a) A curve has equation y = 2x — 3sin x. find the smallest positive value of x for

which the curve has gradient % . i [3]

(b)  The diagram shows a cuboid with a rectangular base ofides x em and 2x em.
The height of the cuboid is y cm and its total surface is 120em’.

- 1-.? i
2xc Tl

e
~ﬂ!‘l

@  Show thiiethiVolumie Vem’, of the cuboid is given by V = 40x = “f . 3]

(il) G‘ivmthﬂ x can vary, find the dimensions of the cuboid when V is a
}'Eﬁimum. [4]
._;'
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Question 1. Solve the system of equations: 2x+3y-z=2, x-2y-4z=8, 3x+5y+2z=-7.

El: 2x+3y-z=2. E2: X-2y-4z=8. E3: 3x+by+2z=-7.

From E1: z=2x+3y-2 ...(A).

Into E2: x-2y-4(2x+3y-2)=8 => X-2y-8x-12y+8=8 => -7x-14y=0 => x=-2y ...(B).
Into E3: 3x+5y+2(2x+3y-2)=-7 => 7x+11y-4=-7 => 7x+11y=-3 ...(C).

Sub x=-2y into C: -14y+11y=-3 => -3y=-3 => y=1. x=-2. z=2(-2)+3(1)-2=-3.
Check E2: -2-2-4(-3)=8 ] E3: -6+5-6=-7 [J

Answer: x=-2,y=1,z=-3

Question 2. Range of values and completing the square.

(a) 3x"2-10x-8 < 0. Factorise: (3x+2)(x-4) < 0. Roots x=-2/3 and x=4.
Parabola opens up => negative between the roots.

Answer: (a) -2/3<x <4

(b) Express 12x72-6x+5 in the form a(x+b)"2+c. Factor 12 from x-terms:
= 12(x"2 - x/2) + 5 = 12(x-1/4)"2 - 12(1/16) + 5 = 12(x-1/4)"2 - 3/4 + 5.
=12(x-1/4)"2 + 17/4. So a=12, b=-1/4, c=17/4. Minimum value = c = 17/4.
Answer: (b) 12(x-1/4)"2 + 17/4; minimum value of 12x"2-6x+5 = 17/4

Question 3. Solve the equations.

(a) 4M3x-2}=19. Take lg: (3x-2) lg4 = Ig19 => 3x-2 = Ig19/ig4 = 1.2788/0.6021 = 2.124.
3x =4.124 => x = 1.375.

Answer: (a) x =1.37

(b) log_2(2x"2+3x+5) = 3 + log_2(x+1). Rearrange: log_2((2x"2+3x+5)/(x+1)) = 3.
(2x"2+3x+5)/(x+1) = 8 => 2x"2+3x+5 = 8x+8 => 2x"2-5x-3 = 0 => (2x+1)(x-3) = 0.

x =-1/2 or x = 3. (Both satisfy x+1>0 since -1/2 > -1, so both valid.)

Answer: (b) x =-1/20orx =3

Question 4. Polynomial divisibility and a cubic equation.

(a) 3x"3-14x"2-7Tkx+10 is exactly divisible by (x+1), so f(-1)=0.
3(-1)-14(1)-7k(-1)+10 = -3-14+7k+10 = -7+7k =0 =>k = 1.

Answer: (a) k=1

(b) Solve 2x"3-3x"2-30x+56=0. Test x=2: 16-12-60+56=0 [1 so (x-2) is a factor.
2x"3-3x"2-30x+56 = (X-2)(2x"2+x-28) = (X-2)(2x-7)(x+4).

Answer: (b)x=2,x=7/2,x=-4
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Question 5. Arrangements and combinations.

(a) Arrange the letters of 'UNGROUPED' (9 letters, with U appearing twice).

Number of arrangements = 9!/2! = 362880/2 = 181440.

Answer: (a) 181 440 arrangements

(b) Team of 5 from 7 women and 6 men with MORE women than men. Possible splits (w,m):
(5,0): C(7,5)*C(6,0) = 21*1 = 21.

(4,1): C(7,4)*C(6,1) = 35*6 = 210.

(3,2): C(7,3)*C(6,2) = 35*15 = 525.

Total = 21+210+525 = 756.

Answer: (b) 756 teams

Question 6. Trigonometry.

(a) cos(x+60) = 2 sin x, 0 <= x <= 360. Expand the left side:

cosx €0s60 - sinx sin60 = 2 sinx => (1/2)cosx - (sqrt3/2)sinx = 2 sinx.

(1/2)cosx = (2 + sqrt3/2)sinx = ((4+sqrt3)/2)sinx => tan x = 1/(4+sqrt3) = 0.1745.
X = arctan(0.1745) = 9.9° or x = 9.9+180 = 189.9°.

Answer: (a) x = 9.9° and 189.9°

(b)(i) Express 5 sinx + 12 cosx as R sin(x+alpha) = R(sinx cosa + cosx sina).

R cosa =5, R sina = 12. R = sqrt(25+144) = 13. alpha = arctan(12/5) = 67.4°.
Answer: (b)(i) 5 sinx + 12 cosx = 13 sin(x + 67.4°)

(b)(ii)) Maximum of R sin(x+alpha) is R, when sin(x+alpha)=1.

Answer: (b)(ii) Maximum value =13

Question 7. Arithmetic and geometric progressions.

(a) AP: S6 =555 and the sum of the NEXT 6 terms is 1455 (so S12 - S6 = 1455 => S12 = 2010).
S6 = 6/2*(2a+5d) = 3(2a+5d) = 555 => 2a+5d = 185 ...(1).

S12 = 12/2*(2a+11d) = 6(2a+11d) = 2010 => 2a+11d = 335 ...(2).

(2)-(1): 6d = 150 => d = 25. 2a = 185-125 = 60 => a = 30.

Answer: (a) First term a = 30, common difference d = 25

(b) GP: T3 =45, T5 =405, r > 0.
T5/T3=r"2=405/45=9=>r=3.T3=ar"2=9a=45=>a=5.

Answer: (b)(i) First term a =5, common ratior =3

S8 = a(r8-1)/(r-1) = 5(3"8-1)/(3-1) = 5(6561-1)/2 = 5*6560/2 = 16400.
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Answer: (b)(ii) Sum of first 8 terms = 16 400

Question 8. Points scored by 95 students — frequency table.

Points: 1-3 | 4-6 | 7-9 | 10-12 | 13-15 | 16-18 | 19-21 | 22-24

Frequency: 12|68 |11|7]20| 13|18 (n=95)

Midpoints: 2, 5, 8, 11, 14, 17, 20, 23.

(a) Median: n/2 = 47.5. Cumulative: 12,18,26,37,44,64,77,95. The 48th value is in class 16-18.
Answer: (a) Median class = 16-18

(b)(i) Sigma(fx) = 12(2)+6(5)+8(8)+11(11)+7(14)+20(17)+13(20)+18(23)

= 24+30+64+121+98+340+260+414 = 1351. Mean = 1351/95 = 14.2.

Answer: (b)(i) Mean = 14.2

(b)(ii) Sigma(fx2) = 12(4)+6(25)+8(64)+11(121)+7(196)+20(289)+13(400)+18(529)

= 48+150+512+1331+1372+5780+5200+9522 = 23915.

Variance = 23915/95 - (14.2211)"2 = 251.74 - 202.24 = 49.50. SD = sqrt(49.50) = 7.04.
Answer: (b)(ii) Standard deviation = 7.04

Question 9. Differentiation of a quotient; area between curves.

() y = (x+a)/(x+2). Quotient rule: dy/dx = [(x+2) - (x+a)]/(x+2)"2 = (2-a)/(x+2)"2.

At x=3: (2-a)/25 =-1/25=>2-a=-1=>a=3.

Answer: (@) a=3

(b) Curves y"2 = 27x and y = x"2 intersect at O and A.

Find A: substitute y=x"2 into y"2=27x: (x"2)"2 = 27x => x4 - 27x = 0 => x(x"3-27)=0.
x=0 gives O; x=3 gives y=9. So A = (3, 9).

Answer: (b)(i)) A =(3,9)

(b)(ii) Shaded region between y=sqrt(27x) (outer) and y=x"2 (inner), x from 0 to 3.
(At x=1: sqrt(27) = 5.2 is above x*2 = 1, so y"2=27x is the outer boundary.)

V = pi * integral from 0 to 3 of [27x - (x*2)"2] dx = pi * integral of (27x - x*4) dx.

= pi*[27x"2/2 - x"\5/5]_0"3 = pi*(243/2 - 243/5) = pi*(1215/10 - 486/10) = pi*(729/10).
Answer: (b)(ii) Volume = 729*pi/10 cubic units

Question 10. Particle velocity V = 36t - 3t"2.

(a) Velocity is constant (maximum) when acceleration = 0. a=dV/dt=36-6t=0=>t=6.

Answer: (a)t=6s

(b) Instantaneous rest: V = 0 => 36t - 3t"2 = 0 => 3t(12-t) = 0 => t=0 or t=12.
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Taking the non-zero value, the particle is at instantaneous rest att = 12 s.

Answer: (b)t=12s

(c) Distance from O at t=12: s = integral from 0 to 12 of (36t-3t"2) dt = [18t"2 - t"3]_0"12.
=18(144) - 1728 = 2592 - 1728 = 864.

Answer: (c) Distance from O =864 m

Question 11. Exponential curves and a log-linear graph.

(a) Curves y = eN3x} and y = eM2-x} intersect at B.

(@)(i) en3x} = eMN2-x} =>3x = 2-x =>4x =2 =>x = 1/2. y = e3(1/2)} = e{3/2}.
Answer: (a)(i) B = (1/2, e"{3/2})

(a)(ii) For y=e™3x}: dy/dx = 3e™{3x}; at x=1/2 this is 3e™{3/2}.

For y=e™2-x}: dy/dx = -e™2-x}; at x=1/2 this is -e™{3/2}.

Answer: (a)(ii) Gradients at B: 3e”{3/2} and -e"{3/2}

(b) Ig y plotted against x gives a straight line through (0.6, 0.3) and (1.1, 0.2).
Gradient = (0.2-0.3)/(1.1-0.6) = -0.1/0.5 = -0.2.

lgy =-0.2x + c. Using (0.6, 0.3): 0.3 =-0.2(0.6) + ¢ =-0.12 + ¢ => ¢ = 0.42.
Answer: (b) Igy =-0.2x + 0.42

Question 12. Curve gradient and cuboid optimisation.

(@) y =2x - 3 sin x. dy/dx = 2 - 3 cos x. Set equal to 1/2:
2-3cosx=1/2=>3cos x=3/2=>cos x =1/2 =>x = pi/3 (smallest positive value).
Answer: (a) x = pi/3 (= 60°)
(b) Cuboid: rectangular base x by 2x, height y, total surface area 120 cm”2.
SA = 2(x*2x) + perimeter*y = 4x"2 + 2(x+2x)y = 4x"2 + 6xy = 120.
(b)(i) 6xy = 120 - 4x"2 =>y = 20/x - 2x/3. Volume V = (2x"2)y = 2x"2(20/x - 2x/3).
V = 40x - 4x"3/3. Q.E.D.
Answer: (b)(i) V = 40x - 4x"3/3 (proved)
(b)(ii) dV/dx = 40 - 4x"2 = 0 => x"2 = 10 => x = sqrt(10).
dr2V/dx"2 = -8x < 0, confirming a maximum. y = 20/sqrt(10) - 2sqrt(10)/3 = 2sqrt(10) - 2sqrt(10)/3 =
4sqrt(10)/3.
Dimensions: base sqrt(10) cm by 2sqrt(10) cm, height 4sqrt(10)/3 cm.
Answer: (b)(ii) x = sqrt(10) = 3.16 cm; base sqrt(10) by 2sqrt(10) cm (=3.16 by 6.32 cm), height
4sqrt(10)/3 =4.22 cm
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Disclaimer

Created by eskulu Past Papers Tutor
These solutions were created using artificial intelligence and checked against ECZ marking

guidelines. If you find an error, report it at eskulu.com/feedback.
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