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12 questions, 100 marks — full worked solutions

The full question paper appears first — worked solutions follow.
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Question 1. Solve the system of equations: 2x+3y-z=2, x-2y-4z=8, 3x+5y+2z=-7.

E1: 2x+3y-z=2. E2: x-2y-4z=8. E3: 3x+5y+2z=-7.

From E1: z=2x+3y-2 ...(A).

Into E2: x-2y-4(2x+3y-2)=8 => x-2y-8x-12y+8=8 => -7x-14y=0 => x=-2y ...(B).

Into E3: 3x+5y+2(2x+3y-2)=-7 => 7x+11y-4=-7 => 7x+11y=-3 ...(C).

Sub x=-2y into C: -14y+11y=-3 => -3y=-3 => y=1. x=-2. z=2(-2)+3(1)-2=-3.

Check E2: -2-2-4(-3)=8 ✓ E3: -6+5-6=-7 ✓

 Answer: x = -2, y = 1, z = -3

Question 2. Range of values and completing the square.

(a) 3x^2-10x-8 < 0. Factorise: (3x+2)(x-4) < 0. Roots x=-2/3 and x=4.

Parabola opens up => negative between the roots.

 Answer: (a) -2/3 < x < 4

(b) Express 12x^2-6x+5 in the form a(x+b)^2+c. Factor 12 from x-terms:

= 12(x^2 - x/2) + 5 = 12(x-1/4)^2 - 12(1/16) + 5 = 12(x-1/4)^2 - 3/4 + 5.

= 12(x-1/4)^2 + 17/4. So a=12, b=-1/4, c=17/4. Minimum value = c = 17/4.

 Answer: (b) 12(x-1/4)^2 + 17/4; minimum value of 12x^2-6x+5 = 17/4

Question 3. Solve the equations.

(a) 4^{3x-2}=19. Take lg: (3x-2) lg4 = lg19 => 3x-2 = lg19/lg4 = 1.2788/0.6021 = 2.124.

3x = 4.124 => x = 1.375.

 Answer: (a) x ≈ 1.37

(b) log_2(2x^2+3x+5) = 3 + log_2(x+1). Rearrange: log_2((2x^2+3x+5)/(x+1)) = 3.

(2x^2+3x+5)/(x+1) = 8 => 2x^2+3x+5 = 8x+8 => 2x^2-5x-3 = 0 => (2x+1)(x-3) = 0.

x = -1/2 or x = 3. (Both satisfy x+1>0 since -1/2 > -1, so both valid.)

 Answer: (b) x = -1/2 or x = 3

Question 4. Polynomial divisibility and a cubic equation.

(a) 3x^3-14x^2-7kx+10 is exactly divisible by (x+1), so f(-1)=0.

3(-1)-14(1)-7k(-1)+10 = -3-14+7k+10 = -7+7k = 0 => k = 1.

 Answer: (a) k = 1

(b) Solve 2x^3-3x^2-30x+56=0. Test x=2: 16-12-60+56=0 ✓ so (x-2) is a factor.

2x^3-3x^2-30x+56 = (x-2)(2x^2+x-28) = (x-2)(2x-7)(x+4).

 Answer: (b) x = 2, x = 7/2, x = -4
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Question 5. Arrangements and combinations.

(a) Arrange the letters of 'UNGROUPED' (9 letters, with U appearing twice).

Number of arrangements = 9!/2! = 362880/2 = 181440.

 Answer: (a) 181 440 arrangements

(b) Team of 5 from 7 women and 6 men with MORE women than men. Possible splits (w,m):

(5,0): C(7,5)*C(6,0) = 21*1 = 21.

(4,1): C(7,4)*C(6,1) = 35*6 = 210.

(3,2): C(7,3)*C(6,2) = 35*15 = 525.

Total = 21+210+525 = 756.

 Answer: (b) 756 teams

Question 6. Trigonometry.

(a) cos(x+60) = 2 sin x, 0 <= x <= 360. Expand the left side:

cosx cos60 - sinx sin60 = 2 sinx => (1/2)cosx - (sqrt3/2)sinx = 2 sinx.

(1/2)cosx = (2 + sqrt3/2)sinx = ((4+sqrt3)/2)sinx => tan x = 1/(4+sqrt3) ≈ 0.1745.

x = arctan(0.1745) = 9.9° or x = 9.9+180 = 189.9°.

 Answer: (a) x ≈ 9.9° and 189.9°

(b)(i) Express 5 sinx + 12 cosx as R sin(x+alpha) = R(sinx cosα + cosx sinα).

R cosα = 5, R sinα = 12. R = sqrt(25+144) = 13. alpha = arctan(12/5) ≈ 67.4°.

 Answer: (b)(i) 5 sinx + 12 cosx = 13 sin(x + 67.4°)

(b)(ii) Maximum of R sin(x+alpha) is R, when sin(x+alpha)=1.

 Answer: (b)(ii) Maximum value = 13

Question 7. Arithmetic and geometric progressions.

(a) AP: S6 = 555 and the sum of the NEXT 6 terms is 1455 (so S12 - S6 = 1455 => S12 = 2010).

S6 = 6/2*(2a+5d) = 3(2a+5d) = 555 => 2a+5d = 185 ...(1).

S12 = 12/2*(2a+11d) = 6(2a+11d) = 2010 => 2a+11d = 335 ...(2).

(2)-(1): 6d = 150 => d = 25. 2a = 185-125 = 60 => a = 30.

 Answer: (a) First term a = 30, common difference d = 25

(b) GP: T3 = 45, T5 = 405, r > 0.

T5/T3 = r^2 = 405/45 = 9 => r = 3. T3 = ar^2 = 9a = 45 => a = 5.

 Answer: (b)(i) First term a = 5, common ratio r = 3

S8 = a(r^8-1)/(r-1) = 5(3^8-1)/(3-1) = 5(6561-1)/2 = 5*6560/2 = 16400.
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 Answer: (b)(ii) Sum of first 8 terms = 16 400

Question 8. Points scored by 95 students — frequency table.

Points: 1-3 | 4-6 | 7-9 | 10-12 | 13-15 | 16-18 | 19-21 | 22-24

Frequency: 12 | 6 | 8 | 11 | 7 | 20 | 13 | 18 (n=95)

Midpoints: 2, 5, 8, 11, 14, 17, 20, 23.

(a) Median: n/2 = 47.5. Cumulative: 12,18,26,37,44,64,77,95. The 48th value is in class 16-18.

 Answer: (a) Median class = 16-18

(b)(i) Sigma(fx) = 12(2)+6(5)+8(8)+11(11)+7(14)+20(17)+13(20)+18(23)

= 24+30+64+121+98+340+260+414 = 1351. Mean = 1351/95 ≈ 14.2.

 Answer: (b)(i) Mean ≈ 14.2

(b)(ii) Sigma(fx^2) = 12(4)+6(25)+8(64)+11(121)+7(196)+20(289)+13(400)+18(529)

= 48+150+512+1331+1372+5780+5200+9522 = 23915.

Variance = 23915/95 - (14.2211)^2 = 251.74 - 202.24 = 49.50. SD = sqrt(49.50) ≈ 7.04.

 Answer: (b)(ii) Standard deviation ≈ 7.04

Question 9. Differentiation of a quotient; area between curves.

(a) y = (x+a)/(x+2). Quotient rule: dy/dx = [(x+2) - (x+a)]/(x+2)^2 = (2-a)/(x+2)^2.

At x=3: (2-a)/25 = -1/25 => 2-a = -1 => a = 3.

 Answer: (a) a = 3

(b) Curves y^2 = 27x and y = x^2 intersect at O and A.

Find A: substitute y=x^2 into y^2=27x: (x^2)^2 = 27x => x^4 - 27x = 0 => x(x^3-27)=0.

x=0 gives O; x=3 gives y=9. So A = (3, 9).

 Answer: (b)(i) A = (3, 9)

(b)(ii) Shaded region between y=sqrt(27x) (outer) and y=x^2 (inner), x from 0 to 3.

(At x=1: sqrt(27) ≈ 5.2 is above x^2 = 1, so y^2=27x is the outer boundary.)

V = pi * integral from 0 to 3 of [27x - (x^2)^2] dx = pi * integral of (27x - x^4) dx.

= pi*[27x^2/2 - x^5/5]_0^3 = pi*(243/2 - 243/5) = pi*(1215/10 - 486/10) = pi*(729/10).

 Answer: (b)(ii) Volume = 729*pi/10 cubic units

Question 10. Particle velocity V = 36t - 3t^2.

(a) Velocity is constant (maximum) when acceleration = 0. a = dV/dt = 36 - 6t = 0 => t = 6.

 Answer: (a) t = 6 s

(b) Instantaneous rest: V = 0 => 36t - 3t^2 = 0 => 3t(12-t) = 0 => t=0 or t=12.
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Taking the non-zero value, the particle is at instantaneous rest at t = 12 s.

 Answer: (b) t = 12 s

(c) Distance from O at t=12: s = integral from 0 to 12 of (36t-3t^2) dt = [18t^2 - t^3]_0^12.

= 18(144) - 1728 = 2592 - 1728 = 864.

 Answer: (c) Distance from O = 864 m

Question 11. Exponential curves and a log-linear graph.

(a) Curves y = e^{3x} and y = e^{2-x} intersect at B.

(a)(i) e^{3x} = e^{2-x} => 3x = 2-x => 4x = 2 => x = 1/2. y = e^{3(1/2)} = e^{3/2}.

 Answer: (a)(i) B = (1/2, e^{3/2})

(a)(ii) For y=e^{3x}: dy/dx = 3e^{3x}; at x=1/2 this is 3e^{3/2}.

For y=e^{2-x}: dy/dx = -e^{2-x}; at x=1/2 this is -e^{3/2}.

 Answer: (a)(ii) Gradients at B: 3e^{3/2} and -e^{3/2}

(b) lg y plotted against x gives a straight line through (0.6, 0.3) and (1.1, 0.2).

Gradient = (0.2-0.3)/(1.1-0.6) = -0.1/0.5 = -0.2.

lg y = -0.2x + c. Using (0.6, 0.3): 0.3 = -0.2(0.6) + c = -0.12 + c => c = 0.42.

 Answer: (b) lg y = -0.2x + 0.42

Question 12. Curve gradient and cuboid optimisation.

(a) y = 2x - 3 sin x. dy/dx = 2 - 3 cos x. Set equal to 1/2:

2 - 3 cos x = 1/2 => 3 cos x = 3/2 => cos x = 1/2 => x = pi/3 (smallest positive value).

 Answer: (a) x = pi/3 (= 60°)

(b) Cuboid: rectangular base x by 2x, height y, total surface area 120 cm^2.

SA = 2(x*2x) + perimeter*y = 4x^2 + 2(x+2x)y = 4x^2 + 6xy = 120.

(b)(i) 6xy = 120 - 4x^2 => y = 20/x - 2x/3. Volume V = (2x^2)y = 2x^2(20/x - 2x/3).

V = 40x - 4x^3/3. Q.E.D.

 Answer: (b)(i) V = 40x - 4x^3/3 (proved)

(b)(ii) dV/dx = 40 - 4x^2 = 0 => x^2 = 10 => x = sqrt(10).

d^2V/dx^2 = -8x < 0, confirming a maximum. y = 20/sqrt(10) - 2sqrt(10)/3 = 2sqrt(10) - 2sqrt(10)/3 =
4sqrt(10)/3.

Dimensions: base sqrt(10) cm by 2sqrt(10) cm, height 4sqrt(10)/3 cm.

 Answer: (b)(ii) x = sqrt(10) ≈ 3.16 cm; base sqrt(10) by 2sqrt(10) cm (≈3.16 by 6.32 cm), height
4sqrt(10)/3 ≈ 4.22 cm
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