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The full question paper appears first — worked solutions follow.
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Question 1. Solve the system of equations: x+2y+2z=4, 3x-y+4z=25, 3x+2y-z=-4.

E1: x+2y+2z=4. E2: 3x-y+4z=25. E3: 3x+2y-z=-4.

E3-E1: 2x-3z=-8 ...(A).

2*E2+E1: 6x-2y+8z + x+2y+2z = 50+4 => 7x+10z=54 ...(B).

From A: x=(3z-8)/2. Into B: 7(3z-8)/2+10z=54 => 21z-56+20z=108 => 41z=164 => z=4.

x=(12-8)/2=2. From E1: 2+2y+8=4 => 2y=-6 => y=-3.

Check E2: 6-(-3)+16=25 ✓ E3: 6+(-6)-4=-4 ✓

 Answer: x = 2, y = -3, z = 4

Question 2. Range of values and completing the square.

(a) x(9-x) >= 18 => 9x-x^2 >= 18 => 0 >= x^2-9x+18 => x^2-9x+18 <= 0.

Factorise: (x-3)(x-6) <= 0. Roots 3 and 6; parabola opens up => <= 0 between roots.

 Answer: (a) 3 <= x <= 6

(b) Express 7-5x-2x^2 in the form a(x+b)^2+c. Factor -2 from x-terms:

= -2(x^2 + (5/2)x) + 7 = -2(x + 5/4)^2 + 2*(25/16) + 7 = -2(x+5/4)^2 + 25/8 + 7.

= -2(x+5/4)^2 + 81/8. So a=-2, b=5/4, c=81/8.

Coefficient of the square is negative, so the turning point is a MAXIMUM.

 Answer: (b) -2(x+5/4)^2 + 81/8; turning point = (-5/4, 81/8) [maximum]

Question 3. Solve the equations.

(a) 5^{x-1}=9. Take lg: (x-1) lg5 = lg9 => x-1 = lg9/lg5 = 0.9542/0.6990 = 1.365.

x = 2.365.

 Answer: (a) x ≈ 2.37

(b) log_4(x+2) = log_4(x^2+2) - 1. Move logs together: log_4(x+2)+1 = log_4(x^2+2).

Write 1 = log_4 4: log_4(4(x+2)) = log_4(x^2+2) => 4(x+2) = x^2+2.

4x+8 = x^2+2 => x^2-4x-6 = 0 => x = (4 ± sqrt(16+24))/2 = (4 ± sqrt(40))/2 = 2 ± sqrt(10).

Both satisfy x+2 > 0 (since 2-sqrt(10) ≈ -1.16 > -2), so both are valid.

 Answer: (b) x = 2 + sqrt(10) ≈ 5.16 or x = 2 - sqrt(10) ≈ -1.16

Question 4. Polynomial divisibility and a cubic equation.

(a) x^3 - kx^2 + 7x + 10 is divisible by (x+2), so f(-2)=0.

(-8) - k(4) + 7(-2) + 10 = 0 => -8 - 4k - 14 + 10 = 0 => -12 - 4k = 0 => k = -3.

 Answer: (a) k = -3

(b) Solve x^3 + x^2 - 4x - 4 = 0. Factor by grouping:
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x^2(x+1) - 4(x+1) = (x+1)(x^2-4) = (x+1)(x-2)(x+2).

 Answer: (b) x = -1, x = 2, x = -2

Question 5. Arrangements and combinations.

(a) Committee: a patron, a matron and 8 prefects = 10 members, arranged in a line.

(a)(i) No restrictions: 10! = 3 628 800.

 Answer: (a)(i) 3 628 800 ways

(a)(ii) No prefect at the beginning and at the end. Only 2 non-prefects (patron, matron).

So the two ends must be the patron and matron: arrange them in 2! ways.

The 8 prefects fill the 8 middle positions: 8! ways. Total = 2! * 8! = 2 * 40320 = 80640.

 Answer: (a)(ii) 80 640 ways

(b) 3 boys from 10 and 2 girls from 5: C(10,3) * C(5,2) = 120 * 10 = 1200.

 Answer: (b) 1200 ways

Question 6. Trigonometry.

(a) cos(theta+30) = sin theta, 0 <= theta <= 360. Expand the left side:

cos theta cos30 - sin theta sin30 = sin theta => (sqrt3/2)cos theta - (1/2)sin theta = sin theta.

(sqrt3/2)cos theta = (3/2)sin theta => tan theta = (sqrt3/2)/(3/2) = 1/sqrt3.

theta = 30° or theta = 30+180 = 210°.

 Answer: (a) theta = 30° and 210°

(b) cos A = 3/5 (A acute) => sin A = 4/5. cos B = -5/13 (B obtuse) => sin B = 12/13.

sin(A+B) = sinA cosB + cosA sinB = (4/5)(-5/13) + (3/5)(12/13) = -20/65 + 36/65 = 16/65.

 Answer: (b) sin(A+B) = 16/65

Question 7. Arithmetic and geometric progressions.

(a) AP: sum of first four terms is 62, and the second term is 17.

S4 = 4/2*(2a+3d) = 4a+6d = 62 => 2a+3d = 31 ...(1).

T2 = a+d = 17 ...(2). From (2): a=17-d. Into (1): 2(17-d)+3d=31 => 34+d=31 => d=-3.

a = 17-(-3) = 20.

 Answer: (a)(i) First term a = 20, common difference d = -3

S40 = 40/2*(2(20)+39(-3)) = 20*(40-117) = 20*(-77) = -1540.

 Answer: (a)(ii) Sum of first 40 terms = -1540

(b) GP: 81, 54, 36, ... r = 54/81 = 2/3, a = 81.

(b)(i) T20 = a r^19 = 81*(2/3)^19 = 2^19/3^15 = 524288/14348907 ≈ 0.0365.
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 Answer: (b)(i) 20th term = 2^19/3^15 ≈ 0.0365

S_inf = a/(1-r) = 81/(1-2/3) = 81/(1/3) = 243.

 Answer: (b)(ii) Sum to infinity = 243

Question 8. Science test results of 200 students — frequency table.

Marks: 1-20 | 21-40 | 41-60 | 61-80 | 81-100

Frequency: 13 | 56 | 60 | 48 | 23 (n=200)

Midpoints: 10.5, 30.5, 50.5, 70.5, 90.5.

(a) Median: n/2 = 100. Cumulative: 13, 69, 129, ... the 100th value is in class 41-60.

 Answer: (a) Median class = 41-60

(b)(i) Sigma(fx) = 13(10.5)+56(30.5)+60(50.5)+48(70.5)+23(90.5)

= 136.5+1708+3030+3384+2081.5 = 10340. Mean = 10340/200 = 51.7.

 Answer: (b)(i) Mean = 51.7

(b)(ii) Sigma(fx^2) = 13(110.25)+56(930.25)+60(2550.25)+48(4970.25)+23(8190.25)

= 1433.25+52094+153015+238572+188375.75 = 633490.

Variance = 633490/200 - (51.7)^2 = 3167.45 - 2672.89 = 494.56. SD = sqrt(494.56) ≈ 22.2.

 Answer: (b)(ii) Standard deviation ≈ 22.2

Question 9. Curve y^2 = 4x and line y = x meeting at O and A.

(a) Intersections: y=x into y^2=4x gives x^2=4x => x^2-4x=0 => x(x-4)=0.

x=0 gives O=(0,0); x=4 gives y=4, so A=(4,4).

 Answer: (a) A = (4, 4)

(b) Shaded region between the parabola y=2sqrt(x) (outer) and line y=x (inner), x from 0 to 4.

(At x=1: parabola y=2 is above line y=1, so parabola is the outer boundary.)

V = pi * integral from 0 to 4 of [(2sqrt(x))^2 - x^2] dx = pi * integral of (4x - x^2) dx.

= pi*[2x^2 - x^3/3]_0^4 = pi*(32 - 64/3) = pi*(96/3 - 64/3) = pi*(32/3).

 Answer: (b) Volume = 32*pi/3 cubic units

Question 10. Particle: acceleration a = 4t - 12, speed at O (t=0) is 16 m/s.

Velocity: V = integral a dt = 2t^2 - 12t + C. At t=0, V=16 => C=16.

So V = 2t^2 - 12t + 16.

(a) Instantaneous rest: V=0 => 2t^2-12t+16=0 => t^2-6t+8=0 => (t-2)(t-4)=0.

 Answer: (a) t = 2 s and t = 4 s

(b) Distance in the fifth second = displacement from t=4 to t=5.
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s = integral V dt = 2t^3/3 - 6t^2 + 16t (taking s=0 at t=0).

s(5) = 250/3 - 150 + 80 = 250/3 - 70 = 40/3. s(4) = 128/3 - 96 + 64 = 128/3 - 32 = 32/3.

V does not change sign on [4,5] (V(5)=6 > 0, V(4)=0), so distance = s(5)-s(4) = 40/3-32/3 = 8/3.

 Answer: (b) Distance in the fifth second = 8/3 m ≈ 2.67 m

Question 11. Stationary points and an exponential curve.

(a) y = 6x - x^2/2 - x^3/3. dy/dx = 6 - x - x^2 = -(x^2+x-6) = -(x+3)(x-2).

(a)(i) Stationary at x=-3 and x=2.

y(2) = 12 - 2 - 8/3 = 10 - 8/3 = 22/3.

y(-3) = -18 - 9/2 - (-27/3) = -18 - 4.5 + 9 = -27/2.

 Answer: (a)(i) Stationary points: (2, 22/3) and (-3, -27/2)

(a)(ii) d^2y/dx^2 = -1 - 2x. At x=2: -5 < 0 => MAXIMUM. At x=-3: 5 > 0 => MINIMUM.

 Answer: (a)(ii) (2, 22/3) is a maximum; (-3, -27/2) is a minimum

(b) Curve y = 3e^{2x-4} meets line y = 3: 3e^{2x-4}=3 => e^{2x-4}=1 => 2x-4=0 => x=2, y=3.

Gradient: dy/dx = 6e^{2x-4}. At x=2: 6e^0 = 6.

 Answer: (b) Point = (2, 3); gradient there = 6

Question 12. EITHER: Integration and an open-box optimisation.

(a) dy/dx = 4x + 1/x^2. Integrate: y = 2x^2 - 1/x + C.

Passes through (-1, 5): 2(1) - 1/(-1) + C = 2 + 1 + C = 5 => C = 2.

 Answer: (a) y = 2x^2 - 1/x + 2

(b) Open box (no lid): base 3x by 2x, height h. Surface area = base + 4 sides = 200.

SA = 6x^2 + 2(3x*h) + 2(2x*h) = 6x^2 + 10xh = 200.

(b)(i) 10xh = 200 - 6x^2 => h = (200-6x^2)/(10x) = 20/x - 6x/10 = 20/x - 3x/5. Q.E.D.

 Answer: (b)(i) h = 20/x - 3x/5 (proved)

(b)(ii) Volume V = 3x*2x*h = 6x^2*h = 6x^2(20/x - 3x/5) = 120x - 18x^3/5.

dV/dx = 120 - 54x^2/5 = 0 => 54x^2 = 600 => x^2 = 100/9 => x = 10/3.

d^2V/dx^2 = -108x/5 < 0, confirming maximum. h = 20/(10/3) - 3(10/3)/5 = 6 - 2 = 4.

Dimensions: length 3x = 10 cm, width 2x = 20/3 cm, height h = 4 cm. (V_max = 2400/9 ≈ 266.7 cm^3.)

 Answer: (b)(ii) Box: 10 cm by 20/3 cm by 4 cm (x = 10/3 cm, maximum volume ≈ 266.7 cm^3)

Question 12or. OR: Arithmetic and geometric progressions.

(a) Sponsorship is an AP: first year a=75000, increase d=10000, for n=12 years.

(a)(i) Amount in the 12th year: T12 = a + 11d = 75000 + 11(10000) = 75000 + 110000 = 185000.
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 Answer: (a)(i) Twelfth-year amount = K185 000

(a)(ii) Total: S12 = 12/2*(2(75000)+11(10000)) = 6*(150000+110000) = 6*260000 = 1 560 000.

 Answer: (a)(ii) Total received = K1 560 000

(b) GP: first term a=1, sum of first 3 terms = 7/9.

S3 = 1 + r + r^2 = 7/9 => r^2 + r + 2/9 = 0 => 9r^2 + 9r + 2 = 0.

(3r+1)(3r+2) = 0 => r = -1/3 or r = -2/3.

Check r=-1/3: 1-1/3+1/9 = 7/9 ✓. r=-2/3: 1-2/3+4/9 = 7/9 ✓.

 Answer: (b) The two possible common ratios: r = -1/3 or r = -2/3
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