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Question 1. Solve the system of equations: 2x+y-z=-1, x+3y-2z=-6, 5x+2y+z=5.

Add E1+E3 to eliminate z: (2x+y-z)+(5x+2y+z)=(-1+5) => 7x+3y=4 ...(A).

From E1: z=2x+y+1. Substitute into E2: x+3y-2(2x+y+1)=-6 => -3x+y=-4 ...(B).

From B: y=3x-4. Into A: 7x+3(3x-4)=4 => 16x=16 => x=1.

y=3-4=-1. z=2+(-1)+1=2.

Check E3: 5-2+2=5 ✓ Check E2: 1-3+4=-6? 1-3-4=-6 ✓

 Answer: x = 1, y = -1, z = 2

Question 2. Quadratic inequality and completing the square.

(a) Solve 2x^2 < 3x+14 => 2x^2-3x-14 < 0. Factorise: (2x-7)(x+2) = 0 => x=7/2 or x=-2.

Parabola opens up: 2x^2-3x-14 < 0 between the roots.

 Answer: (a) -2 < x < 7/2

(b) Express 6+4x-x^2 in the form a-(x+b)^2. Complete the square on x:

6+4x-x^2 = -(x^2-4x)+6 = -(x-2)^2+4+6 = 10-(x-2)^2.

Written as a-(x+b)^2: a=10, b=-2 (i.e. 10-(x+(-2))^2 = 10-(x-2)^2).

Since coefficient of (x-2)^2 is negative, the turning point is a MAXIMUM.

 Answer: (b) y = 10 - (x-2)^2; maximum turning point = (2, 10)

Question 3. Solve the equations.

(a) 3^{x-5} = 5. Take lg of both sides: (x-5) lg3 = lg5.

x-5 = lg5/lg3 = 0.6990/0.4771 = 1.465. x = 1.465+5 = 6.465.

 Answer: (a) x ≈ 6.47

(b) lg(2x-3)+2=lg(13x+15). Write 2=lg100: lg(100(2x-3))=lg(13x+15).

100(2x-3)=13x+15. 200x-300=13x+15. 187x=315. x=315/187.

Check: 2(315/187)-3=315/93.5>0 ✓ (domain valid).

 Answer: (b) x = 315/187 ≈ 1.68

Question 4. Polynomial divisibility and factorisation.

(a) x^3+2x^2+kx+12 is divisible by (x-3). So f(3)=0:

27+18+3k+12=0 => 57+3k=0 => k=-19.

 Answer: (a) k = -19

(b) Factorise 2x^3+x^2-13x+6. Test x=2: 16+4-26+6=0 ✓ So (x-2) is a factor.

Divide: 2x^3+x^2-13x+6 = (x-2)(2x^2+5x-3) = (x-2)(2x-1)(x+3).

Check: (2x-1)(x+3)=2x^2+6x-x-3=2x^2+5x-3 ✓
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 Answer: (b) 2x^3+x^2-13x+6 = (x-2)(2x-1)(x+3)

Question 5. Arrangements and combinations.

(a) 5 girls and 4 boys arranged in a straight line.

(a)(i) Girls together: treat 5 girls as 1 block. Arrange 1 block+4 boys = 5 units: 5! ways.

Girls within block: 5! ways. Total = 5!*5! = 120*120 = 14400.

 Answer: (a)(i) 14400 arrangements

(a)(ii) No two boys adjacent: place 5 girls first (5! ways). Gaps created: _G_G_G_G_G_ = 6 gaps.

Choose 4 gaps for 4 boys and arrange them: P(6,4)=6*5*4*3=360.

Total = 5! * P(6,4) = 120*360 = 43200.

 Answer: (a)(ii) 43200 arrangements

(b) Choose 3 girls from 5 and 2 boys from 4: C(5,3)*C(4,2) = 10*6 = 60.

 Answer: (b) 60 ways

Question 6. Trigonometry — equation and R-form.

(a) sqrt(2) cos(x-45) = 4 sin x. Expand: sqrt(2)(cosx cos45+sinx sin45)=4sinx.

sqrt(2)(cosx/sqrt(2)+sinx/sqrt(2))=4sinx => cosx+sinx=4sinx => cosx=3sinx.

tan x = 1/3. x = arctan(1/3) ≈ 18.4°. Also x = 180+18.4 = 198.4°.

 Answer: (a) x ≈ 18.4° and 198.4°

(b) Express 5 sin theta - 12 cos theta in the form R sin(theta-alpha).

R sin(theta-alpha)=R(sinθ cosα-cosθ sinα). Matching: R cosα=5, R sinα=12.

R = sqrt(25+144) = sqrt(169) = 13. alpha = arctan(12/5) ≈ 67.4°.

Maximum value = R = 13 (when sin(theta-67.4°)=1).

 Answer: (b) 5 sin theta - 12 cos theta = 13 sin(theta - 67.4°); maximum value = 13

Question 7. Arithmetic and geometric progressions.

(a) S6=57 and sum of next 7 terms is 203 (i.e. S13-S6=203, so S13=260).

S6 = 3(2a+5d) = 57 => 2a+5d = 19 ...(A).

S13 = 13/2*(2a+12d) = 13(a+6d) = 260 => a+6d = 20 ...(B).

From A: a=(19-5d)/2. Into B: (19-5d)/2+6d=20 => 19+7d=40 => d=3. a=2.

 Answer: (a)(i) First term a = 2, common difference d = 3

S12 = 12/2*(2(2)+11(3)) = 6*(4+33) = 6*37 = 222.

 Answer: (a)(ii) Sum of first 12 terms = 222

(b) GP: T3 = 4/9 and T9 = 1/2.
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T9/T3 = r^6 = (1/2)/(4/9) = 9/8. r = (9/8)^{1/6} ≈ 1.020.

Since |r| = (9/8)^{1/6} > 1, the GP is divergent.

First term: a = T3/r^2 = (4/9)/(9/8)^{1/3} ≈ 0.431.

 Answer: (b)(i) r = (9/8)^{1/6} ≈ 1.020 (r > 1)

 Answer: (b)(ii) Sum to infinity does NOT exist (|r| > 1, series diverges)

Question 8. Points scored by 35 students — frequency table.

Marks: 0-9 | 10-19 | 20-29 | 30-39 | 40-49 | 50-59 | 60-69

Frequency: 3 | 4 | 10 | 5 | 7 | 4 | 2 (n=35)

Midpoints: 4.5, 14.5, 24.5, 34.5, 44.5, 54.5, 64.5.

(a) Modal class: highest frequency = 10 (class 20-29).

 Answer: (a) Modal class = 20-29

(b)(i) Sigma(fx) = 3(4.5)+4(14.5)+10(24.5)+5(34.5)+7(44.5)+4(54.5)+2(64.5)

= 13.5+58+245+172.5+311.5+218+129 = 1147.5. Mean = 1147.5/35 ≈ 32.8.

 Answer: (b)(i) Mean ≈ 32.8

(b)(ii) Sigma(fx^2)=3(20.25)+4(210.25)+10(600.25)+5(1190.25)+7(1980.25)+4(2970.25)+2(4160.25)

= 60.75+841+6002.5+5951.25+13861.75+11881+8320.5 = 46918.75.

Var = 46918.75/35-(32.8)^2 = 1340.5-1075.8 = 264.7. SD = sqrt(264.7) ≈ 16.3.

 Answer: (b)(ii) Standard deviation ≈ 16.3

Question 9. Curves y = 2x^2+2 and y = 2x+2 intersecting at A and B.

Find intersections: 2x^2+2 = 2x+2 => 2x^2-2x=0 => 2x(x-1)=0.

x=0: y=2. A=(0,2). x=1: y=4. B=(1,4).

 Answer: (a) A = (0, 2) and B = (1, 4)

(b) Volume rotating shaded region (line y=2x+2 above, curve y=2x^2+2 below, 0 to 1) about x-axis:

V = pi * integral from 0 to 1 of [(2x+2)^2-(2x^2+2)^2] dx.

(2x+2)^2=4x^2+8x+4. (2x^2+2)^2=4x^4+8x^2+4. Integrand=-4x^4-4x^2+8x.

= pi*[-4x^5/5-4x^3/3+4x^2]_0^1 = pi(-4/5-4/3+4).

= pi(-12/15-20/15+60/15) = pi*(28/15).

 Answer: (b) Volume = 28*pi/15 cubic units

Question 10. Particle: V = qt + t^2 - 3t, returns to O at t = 3.

Position from O: s = integral V dt = qt^2/2+t^3/3-3t^2/2.

Particle returns to O at t=3: s(3)=0.
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9q/2+9-27/2=0 => 9q/2-9/2=0 => 9(q-1)/2=0 => q=1.

 Answer: (a) q = 1

V = t+t^2-3t = t^2-2t = t(t-2). At rest: t=0 or t=2 s.

 Answer: (b) Particle at instantaneous rest at t = 2 s

(c) V=t(t-2) < 0 for 0 < t < 2 (particle moves backward).

Distance = |integral from 0 to 2 of t(t-2) dt| = |[t^3/3-t^2]_0^2|.

= |8/3-4| = |8/3-12/3| = |-4/3| = 4/3.

 Answer: (c) Distance travelled = 4/3 m

Question 11. Stationary points and graphical solution of equation.

(a) y = -2x^3+9x^2-12x+27. dy/dx = -6x^2+18x-12 = -6(x^2-3x+2) = -6(x-1)(x-2).

(a)(i) Stationary at x=1 and x=2. y(1)=-2+9-12+27=22. y(2)=-16+36-24+27=23.

 Answer: (a)(i) Stationary points: (1, 22) and (2, 23)

(a)(ii) d^2y/dx^2=-12x+18. At x=1: 6>0 => MINIMUM. At x=2: -6<0 => MAXIMUM.

 Answer: (a)(ii) (1, 22) is a local minimum; (2, 23) is a local maximum

(b) Equation: 2x^3-9x^2+10x-3=0. Rearrange to use curve y=-2x^3+9x^2-12x+27:

Multiply by -1: -2x^3+9x^2-10x+3=0.

Add 2x-24 to both sides: -2x^3+9x^2-12x+27 = 24-2x.

So the solutions are where the curve y=-2x^3+9x^2-12x+27 meets the line y=24-2x.

 Answer: (b) The straight line is y = 24 - 2x (i.e. y = -2x+24)

Question 12. EITHER: Integration and metal-plate optimisation.

(a) dy/dx = 4x - 4/x^2. Integrate: y = 2x^2 + 4x^{-1} + C = 2x^2+4/x+C.

Passes through (2,10): 10 = 8+2+C = 10+C => C=0.

 Answer: (a) Equation of curve: y = 2x^2 + 4/x

(b) Rectangle y*x and quarter-circle radius x, perimeter=60 cm.

Perimeter: 2y+2x+(pi*x)/2=60 => y=30-x-pi*x/4.

(b)(i) A = x*y = x(30-x-pi*x/4) = 30x-x^2-pi*x^2/4. Q.E.D.

 Answer: (b)(i) A = 30x - x^2 - pi*x^2/4 (proved)

(b)(ii) dA/dx = 30-2x-pi*x/2=0 => x=60/(4+pi).

 Answer: (b)(ii) x = 60/(4+pi) ≈ 8.40 cm

(b)(iii) d^2A/dx^2=-2-pi/2<0 => MAXIMUM. A_max=900/(4+pi)≈126 cm^2.

 Answer: (b)(iii) Maximum area = 900/(4+pi) ≈ 126 cm^2
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Question 12or. OR: Arithmetic and geometric progressions.

(a) AP: T5 = 3*T2 and S10 = 50.

a+4d = 3(a+d) = 3a+3d => d = 2a ...(A).

S10 = 5(2a+9d) = 5(2a+18a) = 100a = 50 => a = 1/2.

d = 2*(1/2) = 1.

 Answer: (a) First term a = 1/2, common difference d = 1

S30 = 30/2*(2*(1/2)+29*1) = 15*(1+29) = 15*30 = 450.

 Answer: Sum of first 30 terms = 450

(b) GP: T5=8, T3=4, r>0.

T5/T3 = r^2 = 8/4 = 2 => r = sqrt(2) (positive root).

T3 = ar^2 = 2a = 4 => a = 2.

 Answer: (b) First term a = 2, common ratio r = sqrt(2)

S12 = a*(r^12-1)/(r-1) = 2*((sqrt(2))^12-1)/(sqrt(2)-1) = 2*(64-1)/(sqrt(2)-1).

= 126/(sqrt(2)-1). Rationalize: *((sqrt(2)+1)/(sqrt(2)+1)) = 126(sqrt(2)+1).

 Answer: (b) Sum of first 12 terms = 126(1+sqrt(2)) ≈ 304.2
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