
eskulu

G12 ECZ
ADDITIONAL MATHEMATICS

2015
PAPER 2

SOLUTIONS

Grade 12 ECZ Additional Mathematics 2015 Paper 2 (4030/2)
12 questions, 100 marks — full worked solutions

The full question paper appears first — worked solutions follow.
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Question 1. Solve the simultaneous equations: 4u-v+z=10, u+2v-3z=-3,
2u+v+2z=5.

From E1+E3: 6u+3z=15 => 2u+z=5 ...(A)

From E1+E3 with v: E1+E3 => 6u+3z=15. Also E1-E3: 2u-2v-z=5 => (A) and (B) as below.

E3: 2u+v+2z=5. E1: 4u-v+z=10. Add: 6u+3z=15 => 2u+z=5 ...(A)

E3-E1: -2u+2v+z=-5. Also E2: u+2v-3z=-3. Subtract: E3-E1-E2: -3u+4z=-2 ...(B)

From (A): z=5-2u. Into (B): -3u+4(5-2u)=-2 => -3u+20-8u=-2 => -11u=-22 => u=2.

z=5-4=1.

From E3: 4+v+2=5 => v=-1.

Check E1: 8+1+1=10 ✓ E2: 2-2-3=-3 ✓ E3: 4-1+2=5 ✓

 Answer: u = 2, v = -1, z = 1

Question 2. Inequality and completing the square.

(a) Solve 2x^2 + x <= 3 - 4x => 2x^2 + 5x - 3 <= 0.

Discriminant = 25+24 = 49. Roots: x=(-5+7)/4=1/2 or x=(-5-7)/4=-3.

(2x-1)(x+3) <= 0. Since leading coeff > 0: solution between roots.

 Answer: (a) -3 <= x <= 1/2

(b) h(x) = -2x^2+16x-24. Express as a(x+b)^2 + k.

h(x) = -2(x^2-8x)-24 = -2(x-4)^2 + 2*16 - 24 = -2(x-4)^2 + 8.

a=-2, b=-4, k=8. This is a downward parabola so k=8 is the MAXIMUM.

 Answer: (b) h(x) = -2(x-4)^2 + 8; maximum value of h(x) = 8

Question 3. Solve the equations.

(a) 7^{x+5} = 0.432. Take logarithm of both sides:

(x+5) log 7 = log 0.432 => x+5 = log(0.432)/log(7) = -0.3645/0.8451 = -0.4313.

x = -0.4313 - 5 = -5.4313.

 Answer: (a) x ≈ -5.43

(b) lg(x+5) - lg(x-1) = 1. Combine: lg((x+5)/(x-1)) = 1.

(x+5)/(x-1) = 10 => x+5 = 10x-10 => 9x = 15 => x = 5/3.

Check: x-1 = 2/3 > 0 and x+5 = 20/3 > 0. lg(20/3) - lg(2/3) = lg(10) = 1. ✓

 Answer: (b) x = 5/3

Question 4. Polynomial division and remainder.

(a) 2x^3 + px^2 - 8x + q is exactly divisible by 2x^2-7x+6=(2x-3)(x-2).
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Roots of divisor: x=2 and x=3/2. So these are roots of the cubic.

At x=2: 16+4p-16+q=0 => 4p+q=0 ...(A)

At x=3/2: 2(27/8)+p(9/4)-8(3/2)+q=0 => 27/4+9p/4-12+q=0.

Multiply by 4: 27+9p-48+4q=0 => 9p+4q=21 ...(B)

From A: q=-4p. Into B: 9p-16p=21 => -7p=21 => p=-3. q=12.

Third factor: (2x^3-3x^2-8x+12)/(2x^2-7x+6) = x+2 (by long division).

 Answer: (a) p = -3, q = 12; third factor is (x+2)

(b) 3x^3 - 13x^2 + 18x - 2 = (x-1)(x-2)(Ax+C) + B.

Expand (x-1)(x-2)(Ax+C): first (x-1)(x-2)=x^2-3x+2.

(x^2-3x+2)(Ax+C)=Ax^3+(C-3A)x^2+(2A-3C)x+2C. Add B.

Match with 3x^3-13x^2+18x-2: A=3, C-9=-13=>C=-4, 2A-3C=6+12=18 ✓, 2(-4)+B=-2=>B=6.

 Answer: (b) A = 3, B = 6, C = -4

Question 5. Arrangements and selections.

5 Additional Mathematics books and 2 English books: 7 books total on a shelf.

(a)(i) No restrictions: 7! = 5040 arrangements.

 Answer: (a)(i) 5040 ways

(a)(ii) One English book at each end of the shelf:

Choose which English book goes at each end: 2! = 2 ways. Arrange 5 remaining books in middle:
5!=120 ways.

Total = 2 * 120 = 240.

 Answer: (a)(ii) 240 ways

(b) Appoint a president, VP, secretary, treasurer (4 distinct roles) and 2 committee members from 10
candidates:

Choose and order 4 for the offices: P(10,4)=10*9*8*7=5040.

Choose 2 committee from remaining 6: C(6,2)=15.

Total = 5040 * 15 = 75600.

 Answer: (b) 75 600 ways

Question 6. Find all angles between 0 and 360 degrees satisfying:

(a) cos x = -0.6713. Basic angle = arccos(0.6713) ≈ 47.8°. cos is negative in Q2 and Q3.

x = 180-47.8 = 132.2° or x = 180+47.8 = 227.8°.

 Answer: (a) x ≈ 132.2° and 227.8°

(b) 5 sin theta - 13 cos theta = 0 => tan theta = 13/5 = 2.6.

theta = arctan(2.6) ≈ 69.0° or 69.0°+180° = 249.0°.
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 Answer: (b) theta ≈ 69.0° and 249.0°

(c) 4 tan^2(x) + 4 sec(x) - 1 = 0. Use tan^2 x = sec^2 x - 1:

4(sec^2 x-1) + 4 sec x - 1 = 0 => 4 sec^2 x + 4 sec x - 5 = 0.

Discriminant = 16+80 = 96. sec x = (-4 ± sqrt(96))/8 = (-1 ± sqrt(6))/2.

sec x = (-1+sqrt(6))/2 ≈ 0.72 => cos x ≈ 1.38 > 1. No solution.

sec x = (-1-sqrt(6))/2 ≈ -1.72 => cos x ≈ -0.580. arccos(0.580) ≈ 54.6°.

cos negative: Q2: 180-54.6=125.4° or Q3: 180+54.6=234.6°.

 Answer: (c) x ≈ 125.4° and 234.6°

Question 7. AP and GP linked by shared terms.

AP first term = 4, common difference = d (d!=0). GP has ratio r.

AP T1=4, T2=4+d, T8=4+7d are the GP T1, T2, T3 respectively.

(a)(i) Two equations: r = (4+d)/4 ....(i) and r = (4+7d)/(4+d) ....(ii)

 Answer: (a)(i) r = (4+d)/4 and r = (4+7d)/(4+d)

(a)(ii) Set equations equal: (4+d)/4 = (4+7d)/(4+d) => (4+d)^2 = 4(4+7d).

16+8d+d^2 = 16+28d => d^2-20d=0 => d(d-20)=0 => d=20 (d!=0).

r = (4+20)/4 = 6.

 Answer: (a)(ii) d = 20, r = 6

(b) GP: first term=4, common ratio=6. Since |r|=6>1, the series diverges.

 Answer: (b) The sum to infinity does not exist because |r| = 6 > 1 (series diverges)

(c) AP: a=4, d=20, n=8. S8=8/2*(2*4+7*20)=4*(8+140)=4*148=592.

 Answer: (c) Sum of first 8 terms = 592

Question 8. Grouped frequency table — masses of tea packets.

Mass (grams): 140-144 | 145-149 | 150-154 | 155-159 | 160-164

Frequency: 5 | 10 | 3 | 8 | 4

Total n = 30. Midpoints: 142, 147, 152, 157, 162.

(a) Modal class (highest frequency): 145-149. Median: n/2=15th value.

Cumulative freq: 5, 15, 18, 26, 30. 15th value falls in the 145-149 class.

 Answer: (a) Median class = 145-149

(b)(i) Mean: Sigma(fx) = 5(142)+10(147)+3(152)+8(157)+4(162)

= 710+1470+456+1256+648 = 4540.

Mean = 4540/30 = 151.3 grams (to 4 sig. fig.).

 Answer: (b)(i) Estimated mean ≈ 151.3 grams
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(b)(ii) SD: Sigma(fx^2) = 5(142^2)+10(147^2)+3(152^2)+8(157^2)+4(162^2)

= 100820+216090+69312+197192+104976 = 688390.

Variance = 688390/30 - (151.33)^2 = 22946.3 - 22901.8 = 44.6.

SD = sqrt(44.6) ≈ 6.67 grams.

 Answer: (b)(ii) Standard deviation ≈ 6.67 grams

Question 9. Particle motion: V = 4t - t^2/2.

(a)(i) Acceleration a = dV/dt = 4 - t.

 Answer: (a)(i) a = 4 - t m/s^2

(a)(ii) Acceleration when t=2: a(2) = 4-2 = 2 m/s^2.

 Answer: (a)(ii) Acceleration = 2 m/s^2

(a)(iii) Maximum velocity when a=0: 4-t=0 => t=4. V_max=4(4)-(16)/2=16-8=8 m/s.

 Answer: (a)(iii) Maximum velocity = 8 m/s (at t = 4 s)

(b) Distance from O after 8 s: s = integral from 0 to 8 of V dt.

Note: V=4t-t^2/2=0 at t=0 and t=8. V is positive for 0 < t < 8, so distance=displacement.

s = [2t^2 - t^3/6] from 0 to 8 = 2(64)-512/6 = 128-256/3 = (384-256)/3 = 128/3 m.

 Answer: (b) Distance from O = 128/3 m ≈ 42.7 m

Question 10. Gradient and stationary points.

(a) y = 4/(5-2x) = 4(5-2x)^{-1}. Differentiate using chain rule:

dy/dx = 4*(-1)*(5-2x)^{-2}*(-2) = 8/(5-2x)^2.

At x=1/2: 5-2(1/2)=4. dy/dx = 8/16 = 1/2.

 Answer: (a) Gradient at x = 1/2 is 1/2

(b) Curve p = 2t^3 - 3t^2 - 12t + 18.

(b)(i) Stationary points: dp/dt = 6t^2-6t-12 = 6(t^2-t-2) = 6(t-2)(t+1) = 0.

t=2: p=16-12-24+18=-2. Point (2,-2).

t=-1: p=-2-3+12+18=25. Point (-1,25).

 Answer: (b)(i) Stationary points: (2, -2) and (-1, 25)

(b)(ii) d^2p/dt^2 = 12t-6. At t=2: 18>0 => MINIMUM. At t=-1: -18<0 => MAXIMUM.

 Answer: (b)(ii) (-1, 25) is a maximum; (2, -2) is a minimum

Question 11. Curve y = x + 4/x with minimum M, intersected by line y=5.

y = x + 4/x. Minimum M: dy/dx = 1 - 4/x^2 = 0 => x^2=4 => x=2.

y(2) = 2+2 = 4. M=(2,4). (d^2y/dx^2 = 8/x^3 > 0 at x=2 => minimum confirmed.)
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Line y=5 meets curve: x+4/x=5 => x^2-5x+4=0 => (x-1)(x-4)=0.

x=1: y=5. A=(1,5). x=4: y=5. B=(4,5).

 Answer: (a) A = (1, 5), B = (4, 5), M = (2, 4)

(b) Rotate shaded region (between y=5 and y=x+4/x, from x=1 to x=4) about x-axis.

V = pi * integral from 1 to 4 of [5^2 - (x+4/x)^2] dx.

(x+4/x)^2 = x^2+8+16/x^2.

V = pi * integral of [25 - x^2 - 8 - 16/x^2] dx = pi * integral of [17 - x^2 - 16x^{-2}] dx.

= pi * [17x - x^3/3 + 16/x] from 1 to 4.

At x=4: 68-64/3+4 = 72-64/3 = 152/3.

At x=1: 17-1/3+16 = 33-1/3 = 98/3.

V = pi*(152/3 - 98/3) = pi*54/3 = 18*pi.

 Answer: (b) Volume = 18*pi cubic units

Question 12. EITHER: Cylinder surface area optimisation.

Closed cylinder: radius r cm, height h cm. Volume=pi*r^2*h=600cm^3 => h=600/(pi*r^2).

(a) Surface area A = 2*pi*r^2 + 2*pi*r*h = 2*pi*r^2 + 2*pi*r*(600/(pi*r^2))

= 2*pi*r^2 + 1200/r. Q.E.D.

 Answer: (a) A = 2*pi*r^2 + 1200/r (proved)

(b) dA/dr = 4*pi*r - 1200/r^2 = 0 => 4*pi*r^3 = 1200 => r^3 = 300/pi.

r = (300/pi)^{1/3} ≈ (95.49)^{1/3} ≈ 4.57 ≈ 4.6 cm (to 2 sig. figs.).

h = 600/(pi*r^2). Note: from r^3=300/pi, 300=pi*r^3, so h=2*pi*r^3/(pi*r^2)=2r.

h = 2*4.57 ≈ 9.1 cm (to 2 sig. figs.).

 Answer: (b) r ≈ 4.6 cm, h ≈ 9.1 cm

(c) A_stationary = 2*pi*r^2+1200/r = 2*pi*r^2+4*pi*r^2 = 6*pi*r^2.

= 6*pi*(4.57)^2 ≈ 6*pi*20.88 ≈ 393.9 cm^2.

d^2A/dr^2 = 4*pi + 2400/r^3 > 0. => MINIMUM surface area.

 Answer: (c) Minimum surface area ≈ 394 cm^2 (minimum confirmed since d^2A/dr^2 > 0)

Question 12or. OR: Geometric and arithmetic progressions.

(a) GP: T3 = 2*(2/3) = 8/3, T6 = 8/81.

T6/T3 = r^3 = (8/81)/(8/3) = (8/81)*(3/8) = 1/27 => r = 1/3.

T3 = a*r^2 = a/9 = 8/3 => a = 24.

S_inf = a/(1-r) = 24/(1-1/3) = 24/(2/3) = 36.

 Answer: (a) Sum to infinity = 36

(b) AP: T3=90, T5=80.
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T3=a+2d=90 ...(1). T5=a+4d=80 ...(2). Subtract: 2d=-10 => d=-5.

a = 90-2(-5) = 100.

 Answer: (b)(i) First term a = 100, common difference d = -5

(b)(ii) S_p = S_{p+1}: adding the (p+1)th term leaves sum unchanged => T_{p+1}=0.

T_{p+1} = 100+(p+1-1)(-5) = 100-5p = 0 => p=20.

Verify: S_20=20/2*(2*100+19*(-5))=10*(200-95)=10*105=1050. S_21=S_20+T_21=1050+0=1050. ✓

 Answer: (b)(ii) p = 20
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