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The full question paper appears first — worked solutions follow.
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Question 1. Solve the simultaneous equations: p-3q+2r=2, 2p-q+r=5,
2p+q+4r=-3.

E2-E1: p+2q-r=3 ...(A)

From 2*E1-E2: -5q+3r=-1 ...(B) [2(p-3q+2r)-(2p-q+r): -5q+3r=2*2-5=-1]

From E3-E2: 2q+3r=-8 ...(C)

B-C: -7q=7 => q=-1.

From C: -2+3r=-8 => r=-2.

From E2: 2p+1-2=5 => 2p=6 => p=3.

Verify E1: 3+3-4=2 ✓ E3: 6-1-8=-3 ✓

 Answer: p = 3, q = -1, r = -2

Question 2. Inequalities and completing the square.

(a) Find range of values of a for which 4x^2 - 8x + a > 0 for all real x.

For quadratic > 0 for ALL x: discriminant < 0.

Discriminant = (-8)^2 - 4(4)(a) = 64 - 16a < 0 => 16a > 64 => a > 4.

 Answer: (a) a > 4

(b) Express 7 - 5x - 2x^2 in the form a(x+b)^2 + c. Find maximum turning point.

7-5x-2x^2 = -2(x^2+5x/2)+7 = -2(x+5/4)^2 + 2(25/16) + 7

= -2(x+5/4)^2 + 25/8 + 56/8 = -2(x+5/4)^2 + 81/8.

a=-2, b=5/4, c=81/8. Maximum at x=-5/4, f(-5/4)=81/8.

 Answer: (b) -2(x + 5/4)^2 + 81/8; maximum turning point = (-5/4, 81/8)

Question 3. Polynomial divisibility and factorisation.

(a) 2x^2 + px - 2 is exactly divisible by (x+3). So f(-3)=0.

f(-3) = 2(9) + p(-3) - 2 = 18 - 3p - 2 = 16 - 3p = 0.

3p = 16 => p = 16/3.

 Answer: (a) p = 16/3

(b) Factorise 2x^3 - 11x^2 + 17x - 6.

Try x=2: 2(8)-11(4)+17(2)-6 = 16-44+34-6 = 0. So (x-2) is a factor.

Divide: 2x^3-11x^2+17x-6 = (x-2)(2x^2-7x+3).

Factorise 2x^2-7x+3: find two numbers multiplying to 6 and adding to -7: -6 and -1.

2x^2-7x+3 = (2x-1)(x-3).

 Answer: (b) 2x^3 - 11x^2 + 17x - 6 = (x-2)(2x-1)(x-3)
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Question 4. Solve the equations.

(a) 3^{x+1} - 3^x = 6.

Factor: 3*3^x - 3^x = (3-1)*3^x = 2*3^x = 6 => 3^x = 3 => x = 1.

 Answer: (a) x = 1

(b) lg(x+7) - lg(x-2) = 1.

lg((x+7)/(x-2)) = 1 => (x+7)/(x-2) = 10 => x+7 = 10x-20 => 9x = 27 => x = 3.

Check: x-2=1 > 0 and x+7=10 > 0. ✓

 Answer: (b) x = 3

Question 5. Arrangements and team selection.

(a) Father, mother and six children — 8 people arranged in a straight line.

(a)(i) No restrictions: 8! = 40320 ways.

 Answer: (a)(i) 40 320 ways

(a)(ii) Arrangements start and end with a parent:

2 parents fill the 2 end positions: 2! = 2 ways. 6 children fill the middle: 6! = 720 ways.

Total = 2 * 720 = 1440.

 Answer: (a)(ii) 1440 ways

(b) Chess team of 8 boys and 5 girls from 10 boys and 7 girls:

C(10,8) * C(7,5) = 45 * 21 = 945.

 Answer: (b) 945 ways

Question 6. Find all angles between 0 and 360 degrees satisfying:

(a) sin(2x) = -0.645.

Basic angle: arcsin(0.645) ≈ 40.2°. sin negative in 3rd and 4th quadrants.

2x = 180°+40.2° = 220.2°, or 360°-40.2° = 319.8°, or +360° for each:

2x = 220.2°, 319.8°, 580.2°, 679.8°.

x = 110.1°, 159.9°, 290.1°, 339.9°.

 Answer: (a) x ≈ 110.1°, 160.0°, 290.1°, 339.9°

(b) 5sin(theta) - 3cos(theta) = 0 => 5sin(theta) = 3cos(theta) => tan(theta) = 3/5.

theta = arctan(3/5) ≈ 31.0° or 180°+31.0° = 211.0°.

 Answer: (b) theta ≈ 31.0° and 211.0°

(c) 3tan^2(x) + 2tan(x) - 1 = 0. Factorise: (3tan(x)-1)(tan(x)+1) = 0.

tan(x) = 1/3: x = arctan(1/3) ≈ 18.4° or 180°+18.4° = 198.4°.

tan(x) = -1: x = 135° or 315°.
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 Answer: (c) x ≈ 18.4°, 135°, 198.4°, 315°

Question 7. Performance records of pupils at School A and School B.

School A data: 1, 2, 3, 3, 4, 6, 6 (n=7).

School B data: 1, 2, 2, 4, 5, 5, 5 (n=7).

(a) Mean A = (1+2+3+3+4+6+6)/7 = 25/7 ≈ 3.57.

Mean B = (1+2+2+4+5+5+5)/7 = 24/7 ≈ 3.43.

 Answer: (a) Mean of School A ≈ 3.57; Mean of School B ≈ 3.43

(b) Variance A: Sigma(x^2)=1+4+9+9+16+36+36=111. Var_A=111/7-(25/7)^2=15.857-12.755=3.10.
SD_A=sqrt(3.10)≈1.76.

Variance B: Sigma(x^2)=1+4+4+16+25+25+25=100. Var_B=100/7-(24/7)^2=14.286-11.755=2.53.
SD_B=sqrt(2.53)≈1.59.

 Answer: (b) Standard deviation of A ≈ 1.76; Standard deviation of B ≈ 1.59

(c) School A has a higher mean performance (3.57 > 3.43).

 Answer: (c) School A has better performance — it has a higher mean score.

Question 8. Integration and box optimisation.

(a) Find the integral of (x + 4/x^2) dx = integral of (x + 4x^{-2}) dx.

= x^2/2 + 4*(-1)*x^{-1} + C = x^2/2 - 4/x + C.

 Answer: (a) integral = x^2/2 - 4/x + C

(b) Box: length 2x cm, breadth x cm, height y cm.

(b)(i) Volume = 2x * x * y = 2x^2 * y = 72 => y = 36/x^2.

Surface area A = 2(2x)(x) + 2(2x)(y) + 2(x)(y) = 4x^2 + 4xy + 2xy = 4x^2 + 6xy.

A = 4x^2 + 6x*(36/x^2) = 4x^2 + 216/x. Q.E.D.

 Answer: (b)(i) A = 4x^2 + 216/x (proved)

(b)(ii) dA/dx = 8x - 216/x^2 = 0 => 8x^3 = 216 => x^3 = 27 => x = 3.

d^2A/dx^2 = 8 + 432/x^3. At x=3: 8+432/27=8+16=24 > 0. Minimum. ✓

A_min = 4(9) + 216/3 = 36 + 72 = 108 cm^2.

 Answer: (b)(ii) Minimum surface area = 108 cm^2 at x = 3 cm

Question 9. Geometric and arithmetic progressions.

(a) GP: T_8=32, T_4=2. T_8/T_4 = r^4 = 32/2 = 16 => r = 2 (positive terms given).

T_4 = ar^3 = 8a = 2 => a = 1/4.

 Answer: (a) First term a = 1/4, common ratio r = 2

T_n = (1/4)*2^{n-1} = 2^{n-1}/4 = 2^{n-3}.
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 Answer: (a) T_n = 2^{n-3}

(b) GP: a=5, T_2=-5/3. r = (-5/3)/5 = -1/3. |r|<1 so S_inf exists.

S_inf = 5/(1-(-1/3)) = 5/(4/3) = 15/4.

 Answer: (b) Sum to infinity = 15/4

(c) T_n = 3n+7. a=T_1=10, d=3, T_40=127.

S_40 = 40/2*(T_1+T_40) = 20*(10+127) = 20*137 = 2740.

 Answer: (c) Sum of first 40 terms = 2740

Question 10. Particle motion with velocity V = 10 + kt - 3t^2.

a(t) = dV/dt = k - 6t. At t=0: a(0) = k = 5 m/s^2.

 Answer: (a) k = 5

V = 10 + 5t - 3t^2 = 0 => 3t^2 - 5t - 10 = 0.

t = (5 + sqrt(25+120))/6 = (5 + sqrt(145))/6 ≈ (5+12.04)/6 ≈ 2.84 s. (Reject negative root.)

 Answer: (b) Particle at instantaneous rest at t ≈ 2.84 s

(c) Maximum displacement from O: s(T) where T=(5+sqrt(145))/6.

s(T) = 10T + 5T^2/2 - T^3. Using 3T^2=5T+10: T^3=T*(5T+10)/3=(5T^2+10T)/3.

Algebraic simplification gives s(T) = (1025+145*sqrt(145))/108 ≈ 25.7 m.

Particle returns to O (s=0) after reversing. Total distance travelled = 2 * 25.7 ≈ 51.3 m.

 Answer: (c) Total distance when particle is again at O ≈ 51.3 m

Question 11. Curve y = sqrt(x+4) and straight line through O with gradient 1.

(a)(i) Line through origin O(0,0) with gradient 1: y = x.

 Answer: (a)(i) Equation of line: y = x

(a)(ii) Find P: line y=x meets curve y=sqrt(x+4).

x = sqrt(x+4) => x^2 = x+4 => x^2 - x - 4 = 0.

x = (1 + sqrt(17))/2 (taking positive root since x>0).

y = x = (1+sqrt(17))/2 ≈ 2.56.

 Answer: (a)(ii) P = ((1+sqrt(17))/2, (1+sqrt(17))/2) ≈ (2.56, 2.56)

(b) Volume of shaded region (between line y=x and curve y=sqrt(x+4) from x=0 to x=a

where a=(1+sqrt(17))/2) rotated 360 degrees about x-axis:

V = pi * integral from 0 to a of [(sqrt(x+4))^2 - x^2] dx

= pi * integral from 0 to a of [(x+4) - x^2] dx

= pi * [x^2/2 + 4x - x^3/3] from 0 to a.

Using a^2=a+4 and a^3=5a+4 (from a^2-a-4=0):
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= pi * [(a+4)/2 + 4a - (5a+4)/3] = pi * (17a+4)/6.

Substituting a=(1+sqrt(17))/2: 17a+4 = (25+17*sqrt(17))/2.

 Answer: (b) Volume = pi(25 + 17*sqrt(17))/12 cubic units

Question 12. EITHER: Tangent to curve and exponential graph.

(a) Tangent to y = 3x^2+2x+1 parallel to 4x+y=5 (slope -4).

dy/dx = 6x+2 = -4 => 6x=-6 => x=-1. y=3(1)+2(-1)+1=3-2+1=2.

 Answer: (a) Tangent touches curve at (-1, 2)

(b)(i) Table of values for y = e^{2x}-4, x from -2 to 1.5 at intervals of 0.5:

x: -2, -1.5, -1, -0.5, 0, 0.5, 1, 1.5

y: -3.98, -3.95, -3.86, -3.63, -3.00, -1.28, 3.39, 16.09

 Answer: (b)(i) Plot: starts near y=-4, rises steeply; note y=0 near x=0.69

(b)(ii) Solve x = ln(sqrt(1-4x)) using graph of y = e^{2x}-4.

From x = ln*sqrt(1-4x): 2x = ln(1-4x) => e^{2x} = 1-4x => e^{2x}-4 = -4x-3.

Draw the straight line y = -4x - 3 on the graph.

Read the x-coordinate of the intersection point (approximately x ≈ -0.7).

 Answer: (b)(ii) Draw line y = -4x - 3; approximate solution x ≈ -0.7

Question 12or. OR: Arithmetic and geometric progressions.

(a) AP of 12 terms: T_6=14 and sum of last 6 terms = 126.

a + 5d = 14 ...(1)

Sum of last 6 terms = (6/2)*(T_7+T_12) = 3*(T_7+T_12).

T_7=14+d, T_12=a+11d=14-5d+11d=14+6d.

3*(14+d+14+6d) = 3*(28+7d) = 84+21d = 126 => 21d=42 => d=2.

a = 14-5(2) = 4.

S_6 = (6/2)*(2*4+5*2) = 3*(8+10) = 54.

 Answer: (a) Sum of first six terms = 54

(b) GP: T_5=2/81, T_3+T_4=8/27.

T_5=ar^4=2/81 ...(A). T_3+T_4=ar^2+ar^3=ar^2(1+r)=8/27 ...(B).

Divide: r^2/(1+r) = (2/81)/(8/27) = (2*27)/(81*8) = 54/648 = 1/12.

12r^2 = 1+r => 12r^2-r-1=0 => (4r+1)(3r-1)=0 => r=1/3 (positive) or r=-1/4.

 Answer: (b)(i) Positive common ratio r = 1/3

From A: a*(1/3)^4 = 2/81 => a*(1/81) = 2/81 => a=2.

S_inf = a/(1-r) = 2/(1-1/3) = 2/(2/3) = 3.

 Answer: (b)(ii) Sum to infinity = 3
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