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12 questions, 100 marks — full worked solutions

The full question paper appears first — worked solutions follow.
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Question 1. Solve the simultaneous equations: a+b-c=5, a+4b-2c=16,
5a+6b-2c=12.

From E3-E2: 4a+2b=-4 => 2a+b=-2 ...(A)

From E1: c=a+b-5. Substitute into E2: a+4b-2(a+b-5)=16 => -a+2b=-6 ...(B)

Wait — use A and B directly: A gives b=-2-2a. Into E1: a+(-2-2a)-c=5 => c=-a-7.

Sub b and c into E2: a+4(-2-2a)-2(-a-7)=16 => a-8-8a+2a+14=16 => -5a=10 => a=-2.

b = -2-2(-2) = -2+4 = 2. c = -(-2)-7 = 2-7 = -5.

Verify E3: 5(-2)+6(2)-2(-5) = -10+12+10 = 12. ✓

 Answer: a = -2, b = 2, c = -5

Question 2. Surface area of a rectangular block of ice. A cm^2 given by A =
6x^2 + 216/x.

(a) Differentiate A = 6x^2 + 216x^{-1} with respect to x:

dA/dx = 12x - 216/x^2.

 Answer: (a) dA/dx = 12x - 216/x^2

(b) A is decreasing at 4 cm^2/s. Find rate of change of x when x = 4.

By chain rule: dA/dt = (dA/dx)*(dx/dt).

At x=4: dA/dx = 12(4) - 216/16 = 48 - 27/2 = 69/2.

dA/dt = -4 (decreasing): -4 = (69/2)*(dx/dt).

dx/dt = -8/69 cm/s.

 Answer: (b) Rate at which x is decreasing = 8/69 cm/s (approx 0.116 cm/s)

Question 3. Express 2x^2 - 5x + 16 in the form a(x-b)^2 + c. Find range of x
where this exceeds 2x+1.

(a) Complete the square:

2x^2-5x+16 = 2(x^2 - 5x/2) + 16 = 2(x - 5/4)^2 - 2(25/16) + 16

= 2(x - 5/4)^2 - 25/8 + 128/8 = 2(x - 5/4)^2 + 103/8.

 Answer: (a) a = 2, b = 5/4, c = 103/8. Minimum value = 103/8 at x = 5/4

(b) Find range of x where 2x^2-5x+16 > 2x+1:

=> 2x^2 - 7x + 15 > 0.

Discriminant = 49 - 4(2)(15) = 49 - 120 = -71 < 0.

Since discriminant < 0 and leading coefficient 2 > 0, the quadratic is always positive.

 Answer: (b) The inequality holds for all real values of x.
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Question 4. Solve the equations.

(a) x^{2/3} = 4.

Raise both sides to the power 3/2: x = 4^{3/2} = (sqrt(4))^3 = 2^3 = 8.

Also check: (-8)^{2/3} = ((-8)^{1/3})^2 = (-2)^2 = 4. So x = -8 is also valid.

 Answer: (a) x = 8 or x = -8

(b) lg(2x) - lg(x-3) = 1.

lg(2x/(x-3)) = 1 => 2x/(x-3) = 10 => 2x = 10(x-3) = 10x - 30.

-8x = -30 => x = 15/4 = 3.75.

Check: domain requires x > 3; 15/4 = 3.75 > 3. ✓

 Answer: (b) x = 15/4

Question 5. f(x) = cx^3 + 8x^2 + dx + 6 is exactly divisible by x^2 - 2x - 3.

x^2 - 2x - 3 = (x-3)(x+1), so f(3)=0 and f(-1)=0.

f(3) = 27c + 72 + 3d + 6 = 0 => 27c + 3d = -78 => 9c + d = -26 ...(A)

f(-1) = -c + 8 - d + 6 = 0 => c + d = 14 ...(B)

(A)-(B): 8c = -40 => c = -5.

d = 14 - (-5) = 19.

 Answer: (i) c = -5, d = 19

(ii) f(x) = -5x^3 + 8x^2 + 19x + 6. Divide by (x^2-2x-3):

f(x) = (x^2 - 2x - 3)(-5x + q). Expand: -5x^3 + (q+10)x^2 + (-2q+15)x - 3q.

Match x^2: q+10=8 => q=-2. Check x term: 4+15=19 ✓. Check const: 6 ✓.

 Answer: (ii) Third (remaining) factor: -(5x + 2)

So f(x) = -(x-3)(x+1)(5x+2).

(iii) Remainder when f(x) divided by (x+2):

f(-2) = -5(-8)+8(4)+19(-2)+6 = 40+32-38+6 = 40.

 Answer: (iii) Remainder = 40

Question 6. Arrangements of marbles and selection of pupils.

(a)(i) 7 red and 3 green marbles in a line, no restrictions (identical within colour):

Choose 3 positions from 10 for green marbles: C(10,3) = 10!/(3!*7!) = 120.

 Answer: (a)(i) 120 arrangements

(a)(ii) Green marbles must not be adjacent:

First arrange 7 red (1 way). This creates 8 gaps: _R_R_R_R_R_R_R_

Choose 3 of 8 gaps for green (one per gap ensures no adjacency): C(8,3) = 56.
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 Answer: (a)(ii) 56 arrangements

(b) Choose 6 from 10 boys and 8 girls with at least 4 boys:

= C(10,4)*C(8,2) + C(10,5)*C(8,1) + C(10,6)*C(8,0)

= 210*28 + 252*8 + 210*1

= 5880 + 2016 + 210 = 8106.

 Answer: (b) 8106 ways

Question 7. Find all angles between 0 and 360 degrees satisfying:

(a) tan(theta) = -1.333 ≈ -4/3.

Reference angle: arctan(4/3) ≈ 53.13°. Tan is negative in 2nd and 4th quadrants.

theta = 180° - 53.13° = 126.87° or theta = 360° - 53.13° = 306.87°.

 Answer: (a) theta ≈ 126.9° and 306.9°

(b) cos(3y) = -0.5 = -1/2 for y in [0°, 360°], so 3y in [0°, 1080°].

cos(angle) = -1/2 at 120° and 240° (in basic range).

3y = 120°, 240°, 480°, 600°, 840°, 960°.

y = 40°, 80°, 160°, 200°, 280°, 320°.

 Answer: (b) y = 40°, 80°, 160°, 200°, 280°, 320°

(c) 3cos^2(theta) + 4sin(theta) = 4. Replace cos^2 = 1 - sin^2:

3(1-sin^2) + 4sin = 4 => -3sin^2 + 4sin - 1 = 0 => 3sin^2 - 4sin + 1 = 0.

(3sin-1)(sin-1) = 0 => sin(theta) = 1/3 or sin(theta) = 1.

sin=1: theta=90°. sin=1/3: theta=arcsin(1/3)≈19.5° or 180°-19.5°=160.5°.

 Answer: (c) theta ≈ 19.5°, 90°, 160.5°

Question 8. Rectangular wire frame 4x cm by x cm by y cm. Total wire = 60 cm.

Frame has 4 edges of each dimension: 4(4x) + 4(x) + 4(y) = 60.

16x + 4x + 4y = 60 => 20x + 4y = 60 => 4y = 60-20x.

 Answer: (a) y = (60 - 20x)/4 = 15 - 5x

(b) Volume V = 4x * x * y = 4x^2*(15-5x) = 60x^2 - 20x^3.

 Answer: (b) V = 60x^2 - 20x^3

(c) dV/dx = 120x - 60x^2 = 60x(2-x) = 0 => x = 0 or x = 2.

x=0 gives V=0 (degenerate), so the relevant stationary point is x = 2.

 Answer: (c) V is stationary when x = 2

(d) d^2V/dx^2 = 120 - 120x. At x=2: 120-240 = -120 < 0 => maximum.

V_max = 60(4) - 20(8) = 240 - 160 = 80 cm^3.

 Answer: (d) Maximum volume = 80 cm^3 (confirmed by negative second derivative)
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Question 9. Geometric and arithmetic progressions.

(a) GP of positive terms: T_3=18, T_5=162.

T_5/T_3 = r^2 = 162/18 = 9 => r = 3 (positive terms).

T_3 = ar^2 = 9a = 18 => a = 2.

 Answer: (a)(i) Common ratio r = 3, first term a = 2

(a)(ii) T_n = ar^{n-1} = 2*3^{n-1}.

 Answer: (a)(ii) T_n = 2 x 3^{n-1}

(a)(iii) S_8 = a(r^8-1)/(r-1) = 2(3^8-1)/(3-1) = (3^8-1) = 6561-1 = 6560.

 Answer: (a)(iii) S_8 = 6560

(b) AP: 15, 19, 23, ... (a=15, d=4). Find n such that S_n = 444.

S_n = n/2*(2*15 + (n-1)*4) = n/2*(30+4n-4) = n(13+2n).

n(13+2n) = 444 => 2n^2+13n-444 = 0.

Discriminant = 169+3552 = 3721 = 61^2.

n = (-13+61)/4 = 48/4 = 12. (Reject n=(-13-61)/4 < 0.)

 Answer: (b) n = 12 terms

Last (12th) term: T_12 = 15+11*4 = 59.

 Answer: (b) Last term T_12 = 59

Question 10. Frequency table: word lengths in first paragraph of a book.

Classes: 1-3, 4-6, 7-9, 10-12, 13-15.

Midpoints (x): 2, 5, 8, 11, 14.

Frequencies (f): 35, 33, 34, 13, 5. Total n = 120.

fx: 70, 165, 272, 143, 70. Sum = 720.

fx^2: 140, 825, 2176, 1573, 980. Sum = 5694.

(a) Mean = Sigma(fx)/Sigma(f) = 720/120 = 6.

 Answer: (a) Mean = 6 letters

(b) Variance = Sigma(fx^2)/n - mean^2 = 5694/120 - 36 = 47.45 - 36 = 11.45.

 Answer: (b) Variance = 11.45

(c) Standard deviation = sqrt(11.45) ≈ 3.38.

 Answer: (c) Standard deviation ≈ 3.38 letters

Question 11. Particle from rest at O with velocity v = 6t - 3t^2 m/s.

Particle next at instantaneous rest: v = 0 => 6t-3t^2 = 3t(2-t)=0 => t=0 or t=2.
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t=2 is the 'next' instantaneous rest (t=0 is the start).

(a) Acceleration: a(t) = dv/dt = 6-6t. At t=2: a = 6-12 = -6 m/s^2.

 Answer: (a) Acceleration when next at rest = -6 m/s^2 (decelerating at 6 m/s^2)

(b) Maximum velocity: dv/dt = 0 => 6-6t=0 => t=1.

d^2v/dt^2 = -6 < 0. Confirmed maximum. v_max = 6(1)-3(1)^2 = 3 m/s.

 Answer: (b) Maximum velocity = 3 m/s (at t = 1 s)

(c) Distance from O at t=2:

s = integral from 0 to 2 of (6t-3t^2) dt = [3t^2 - t^3] from 0 to 2

= (12-8) - 0 = 4 m.

 Answer: (c) Distance from O when at rest = 4 m

Question 12. EITHER: Exponential curve y = e^{2x} - 2.

(a) A = intersection with x-axis (y=0): e^{2x}-2=0 => e^{2x}=2 => x = (ln2)/2.

B = intersection with y-axis (x=0): y = e^0-2 = 1-2 = -1.

 Answer: (a) A = ((ln 2)/2, 0) and B = (0, -1)

(b) Sketch for -1 <= x <= 1:

At x=-1: y = e^{-2}-2 ≈ -1.86. At x=0: y=-1. At x≈0.347: y=0. At x=1: y=e^2-2≈5.39.

Curve is exponential, passing through B=(0,-1), cutting x-axis at A=((ln2)/2, 0),

increasing steeply for x > 0. Approaches y=-2 from above as x → -∞.

 Answer: (b) Exponential curve through B(0,-1) and A((ln2)/2, 0), increasing for x in [-1,1]

(c) Find line to draw on y = e^{2x}-2 to solve x = ln(sqrt(x+3)).

From x = ln(sqrt(x+3)): 2x = ln(x+3) => e^{2x} = x+3 => e^{2x}-2 = x+1.

So the line y = x+1 drawn on y = e^{2x}-2 gives the desired intersections.

 Answer: (c) Draw the straight line y = x + 1

(d) Range of f: x → -e^{2x} - 2. Since e^{2x} > 0, -e^{2x} < 0, so -e^{2x}-2 < -2.

 Answer: (d) Range of f is f < -2 (i.e. (-∞, -2))

Question 12or. OR: Grace's charity donations and geometric series.

(a) Grace gives $120 in year 1 and increases by $10 per year for 10 years.

AP: first term a=120, common difference d=10, n=10.

(a)(i) Last year (10th): T_10 = 120 + 9*10 = 120 + 90 = $210.

 Answer: (a)(i) Amount in last year = $210

(a)(ii) Total: S_10 = 10/2*(120+210) = 5*330 = $1650.

 Answer: (a)(ii) Charity receives $1650 altogether

(b) GP: first term 27, common ratio 3/2. Find least n for S_n > 729.
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S_n = 27*((3/2)^n - 1)/(3/2-1) = 54*((3/2)^n - 1).

S_n > 729: (3/2)^n > 14.5.

n*ln(3/2) > ln(14.5) => n > ln(14.5)/ln(1.5) ≈ 6.60. So n >= 7.

Check n=6: (3/2)^6 = 729/64 ≈ 11.39. S_6 = 54*10.39 ≈ 561 < 729. ✗

Check n=7: (3/2)^7 = 2187/128 ≈ 17.09. S_7 = 54*16.09 ≈ 869 > 729. ✓

 Answer: (b) Minimum number of terms = 7
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