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MATHEMATICS FORMULAE

1 ALGEBRA
Quadratic Equation

For the equation ax® + bx + ¢ = 0,

—b++b* —4ac

2a

X =

Binomial Theorem

@+by=a"+(Ma" b+ (D) a" 2B+t (D)@ B BT,

where n is a positive integer and ( ?) =

2 TRIGONOMETRY
Identities
Sin’A +cos’> A = 1
Sec® A =1 + tan’A
Cosec® A =1+ cot’ A
Formulae for AABC

a_ _ b™ e

sndA sinB sinC

@ =b*+c*—2bc cos A

A= bc sin A

1
2
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Given that the coordinates of the midpoint of the points (1 —p, 1 + /) and

(2p, 4t + 3) are (3, 7), find the value of p and of .

[4]

Solve the simultaneous equations
2y=x+5,

X+ xy=-1.

[3]

Find the values of k for which x + 2y = k is a tangent to the curve ¥ +4x —20=0.

[4]

The functions fand g are defined by fix x2—+5 ,x#0and gix > 2x+4,
X

where x is a real number.

Find
@ () . (4]
(b)  the value of x for which (fg) ~'(x) = -3. 2]
In the diagram below, triangle OCA is right angled at A, angle ACO is 0.4 radians and
OBA is a sector of a circle centre O and radius 8 cm.
(0]
/B 8cm
AR
# % ’A/// "j-.
C ,4’7"4// ’ﬁ//f«;:*’/ A
Calculate
(a) the length of AC, 2]
(b) the area of the shaded region. [3]
Prove the identity
1 1+sin 6
e [4]
(secO—tan 6)° 1—sin6
4 5
(a) Find the coefficient of x in the expansion of (xz - —j ) [4]
b

(b) Obtain the first four terms in the expansion of (1 + p)8 in ascending powers of p.

Hence find the coefficient of x in the expansion of (1+ x + 2x2)8. [5]
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"

2x*

8 (a) Find the gradient function of y = ——— . [3]
3x"+6
(b) Find the equation of the normal to the curve y = Py X # % at a point where
x— 2
O [6]
9 On the same diagram, sketch the graphs of y = cos(%) —1| and y = 1 for the domain
0 <x < 27. Hence state the number of solutions for which COS(%] - 1) = |. [5]
10 (a) Find the vector equation of the perpendicular bisector of the line joining
the points (-3, —=9) and (11, 5). [4]
(b) The position vectors of P, Q and R are 3i — 2/, ni +j and 2i — 8
respectively. Find the value of # for which P, Q and R are collinear. [5]
: ; 6
11 (a) Find J. X —— |dx. (2]
pE)
(b) The diagram below shows part of the curves y = x* — 7x + 24 and y = 9x — x°
intersecting at A(2, 14) and B(6, 18).
}:
N
A3,
> X
(0]
Find
(i) the tangent to the curve y = x>~ 7x + 24 at the point B, [4]
(i) the area of the shaded region. 14}
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12 In the diagram below, ABCD is a trapezium in which angle BAC = 90° and AD 1s parallel
to CB. The points C and D lie on the x-axis and A lies on the y-axis. The equations of lines
CB and AC are y = 3x — 9 and x + y = 3 respectively.

Y
N

DO 7
Find
(a) the equation of line AB, [3]
(b) the coordinates of the points D and B, [4]
(¢) the area of the trapezium ABCD. [3]
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Question 1. The midpoint of P(-1, t+1) and Q(2p, 4p-1) is (3, 7p). Find p and t.

x-coordinate: (-1 +2p)/2=3=>-1+2p=6=>2p=7=>p=7/2.
y-coordinate: (t+1 + 4p-1)/2 = 7p => (t+4p)/2 = 7p =>t + 4p = 14p =>t = 10p.
t=10* (7/2) = 35.

Answer: p =7/2and t = 35

Question 2. Solve the simultaneous equations: 2y - x =3 and y*2 + xy = 6.

From linear equation: x = 2y - 3. Substitute into y*2 + xy = 6.
y2 + (2y-3)y =6 =>y"2 +2y"2-3y=6=>3y"2-3y-6=0.
y\2-y-2=0=>(y-2)(y+1)=0=>y=2o0ry=-1.
y=2:x=4-3=1.y=-1: x=-2-3 =-5.

Answer: Solutions: (X, y) =(1, 2) and (x, y) = (-5, -1)

Question 3. Find the value of k for which x + 2y =k is atangent to the curve y"2
+4x -20=0.

From line: x = k - 2y. Substitute into y*2 + 4x - 20 = 0.

yA2 + 4(k-2y) - 20 = 0 => y*2 - 8y + (4k-20) = 0.

For tangency: discriminant = 0. Delta = 64 - 4(4k-20) = 64 - 16k + 80 = 144 - 16k = 0.
16k =144 =>k = 9.

Verify: y"2 - 8y + 16 = 0 => (y-4)"2 = 0 => y=4 (double root). O

Answer: k=9

Question 4. Functions f: x - 3/(2x+1), x 1=-1/2, and g: X - 2x + 4.

(a) Find fg(-1).

Step 1: g(-1) = 2(-1) + 4 = 2.

Step 2: fg(-1) = f(g(-1)) = f(2) = 3/(2(2)+1) = 3/(4+1) = 3/5.

Answer: (a) fg(-1) = 3/5

(b) Find x for which g(x) = g"(-1)(x).

Find g"(-1): lety = 2x+4, so x = (y-4)/2. Hence g"(-1)(x) = (x-4)/2.

Set g(x) = gMN(-1)(X): 2x+4 = (x-4)/2 => 4x+8 = x-4 => 3x = -12 => x = -4.
Answer: (b) x = -4
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Question 5. Triangle OCA right-angled at A. Angle ACO = 0.4 rad. Sector OBA
centre O, radius 8cm.

In right triangle OCA: right angle at A, angle ACO = 0.4 rad, OA = 8cm (radius).
(a) Length of AC: tan(angle ACO) = OA/AC => AC = OA/tan(0.4) = 8/tan(0.4).
tan(0.4) = 0.4228. AC = 18.93cm.

Answer: (a) AC = 8/tan(0.4) =18.9 cm

(b) Area of shaded region = area of triangle OCA - area of sector OBA.

Sector angle at O = pi/2 - 0.4 (angles in triangle sum to pi, right angle at A).
Triangle OCA area = (1/2)(OA)(AC) = (1/2)(8)(8/tan0.4) = 32/tan(0.4).

Sector OBA area = (1/2)(8"2)(pi/2 - 0.4) = 32(pi/2 - 0.4).

Shaded = 32/tan(0.4) - 32(pi/2 - 0.4) = 32[cot(0.4) - pi/2 + 0.4].

=~ 32[2.365 - 1.571 + 0.4] = 32(1.194) = 38.2 cm”2.

Answer: (b) Area of shaded region = 38.2 cm”2

Question 6. Prove the identity: 1/(cos(theta)(1+tan(theta))) +
1/(cos(theta)(1-tan(theta))) = 2cos(theta)/cos(2theta).

Combine fractions over common denominator cos(theta)(1-tan”2(theta)):

LHS = [(1-tan(theta))+(1+tan(theta))] / [cos(theta)(1-tan*2(theta))]

= 2 / [cos(theta)(1-tan”2(theta))].

Use identity: cos(2theta) = cos"2(theta) - sin”2(theta) = cos"2(theta)(1-tan*2(theta)).
So cos(theta)(1-tan”2(theta)) = cos(2theta)/cos(theta).

LHS = 2/ (cos(2theta)/cos(theta)) = 2cos(theta)/cos(2theta) = RHS. 0
Answer: Identity proved. Q.E.D.

Question 7. Binomial expansions.

(a) Find the coefficient of x5 in the expansion of (1 - x/2)"8.

General term: T_{r+1} = C(8,n*(1)(8-n*(-x/2)"r = C(8,r)*(-1/2)"r * x"r.

For x75: r=5. T_6 = C(8,5)*(-1/2)"5 * x5 = 56 * (-1/32) * x5 = -56x"5/32.

= -7x"5/4.

Answer: Coefficient of x5 = -7/4

(b) Find the first four terms in the expansion of (1+x+2x"2)(1-x/2)"8.

First four terms of (1-x/2)"8:

T1=1, T2=-4x, T3=C(8,2)(x/2)"2=28x"2/4=7x"2, T4=-C(8,3)(x/2)"3=-56x"3/8=-7x"3.
Multiply (1+x+2x"2)(1-4x+7x"2-7Tx"3+...):
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x"0: 1*1=1.

XML: 1%(-4)+1%1=-3.

XN2: 1*¥7+1*(-4)+2*1=7-4+2=5.

XA3: 1¥(-7)+1*7+2%(-4)=-7+7-8=-8.
First four terms: 1 - 3x + 5x"2 - 8x"\3.

Answer: Coefficient of x*3 =-8

Question 8. Differentiation.

(a) Find gradient function of y = 2x"2 / (3x"2 + 6).

Using quotient rule: u=2x"2 (u'=4x), v=3x"2+6 (V'=6X).

dy/dx = (4x(3x"2+6) - 2x"2*6X) [ (3x"2+6)"2

= (12x"3+24x-12x"3) | (3x"2+6)"2 = 24x [ (3(x"2+2))"2 = 24x | (9(x"2+2)"2).
Answer: (a) dy/dx = 8x / (3(x"2+2)"2)

(b) Find equation of normal to y = 3/(2x-5) at x = 2.

At x=2:y = 3/(4-5) = 3/(-1) = -3. Point: (2, -3).

y = 3(2x-5)(-1). dy/dx = -6/(2x-5)"2. At x=2: dy/dx = -6/(-1)"2 = -6.
Normal slope = 1/6 (negative reciprocal of -6).

Normal through (2,-3): y+3 = (1/6)(x-2) => 6y+18 = x-2 => x-6y = 20.
Answer: (b) Normal equation: x - 6y = 20

Question 9. Sketch y =|cos(x/2) - 1| and y = 1 for 0 <= x <= 2*pi. State number of
solutions of [cos(x/2)-1] = 1.

For 0 <= x <= 2pi: x/2 ranges from 0 to pi, so cos(x/2) ranges from 1 to -1.
=> cos(x/2) - 1 ranges from 0 to -2, which is always <= 0.

=> |cos(x/2) - 1| =1 - cos(x/2) (since cos(x/2)-1 <= 0).

y = 1 - cos(x/2): starts at (0,0), increases to (2pi, 2). Monotone curve.
Setting 1 - cos(x/2) = 1: cos(x/2) = 0 => x/2 = pi/2 => x = pi.

The line y = 1 intersects y = |cos(x/2)-1] at exactly one point: x = pi.
Answer: Number of solutions = 1 (at x = pi)

Question 10. Vectors.

(a) Find vector equation of perpendicular bisector of line joining P(-3,-9) and Q(11,5).
Midpoint M = ((-3+11)/2, (-9+5)/2) = (4, -2).
Direction of PQ = (14,14). Perpendicular direction (rotate 90°): (1,-1) (or (-1,1)).

Perpendicular bisector passes through M=(4,-2) with direction (1,-1):
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Answer: (a) r = (4, -2) +t(1, -1)

(b) Position vectors: P=3i-2j, Q=ni+j, R=2i-8j. Find n for collinearity.
PQ=Q-P =(n-3)i + 3j. PR=R-P =-i - 6].

For collinear: PQ = lambda*PR. From j: 3 = -6*lambda => lambda = -1/2.
Fromi: n-3 = -1*lambda = 1/2 => n = 7/2.

Answer: (b)n=7/2

Question 11. Integration and areas.

(a) Find the integral of (x"3 - 6/x"2) dx.

= integral(x"3 dx) - integral(6*x"(-2) dx) = x"4/4 - 6*(-1)*x"(-1) + C.
Answer: (a) Integral = x"4/4 + 6/x + C

(b) Curves y=x"2-7x+24 and y=9x-x"2 intersect at A(2,14) and B(6,18).
(b)(i) Tangent to y=x"2-7x+24 at B(6,18):

dy/dx = 2x-7. At x=6: dy/dx = 12-7 = 5.

Tangent: y-18 = 5(x-6) =>y = 5bx - 12.

Answer: (b)(i) Tangent at B: y = 5x - 12

(b)(ii) Area of shaded region between the two curves from x=2 to x=6:
Area = integral from 2 to 6 of [(9x-x"2)-(x"2-7x+24)] dx = integral(16x-2x"2-24) dx.
= [8x"2 - 2x"3/3 - 24x] from 2 to 6.

At x=6: 8(36)-2(216)/3-24(6) = 288-144-144 = 0.

At x=2: 8(4)-2(8)/3-24(2) = 32-16/3-48 = -16-16/3 = -64/3.

Area = 0 - (-64/3) = 64/3.

Answer: (b)(ii) Area = 64/3 square units

Question 12. Trapezium ABCD. Angle BAC =90°, AD || CB. C,D on x-axis, A on
y-axis. CB: y=3x-9, AC: x+y=3.

(a) Find equation of line AB.

A is on y-axis (x=0) and on AC (x+y=3): A = (0, 3).

Slope of AC = -1 (from x+y=3). Since angle BAC=90°, slope of AB = 1 (negative reciprocal).
Line AB through A(0,3) with slope 1.y = x + 3.
Answer: (a) Equation of AB:y =x + 3

(b) Find coordinates of D and B.

B = intersection of AB (y=x+3) and CB (y=3x-9):

x+3 = 3x-9 => 12 = 2x => x=6. y=9. B = (6, 9).

D: on x-axis (y=0) and AD || CB (slope 3). Line AD through A(0,3) slope 3: y=3x+3.
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At y=0: 3x+3=0 => x=-1. D = (-1, 0).

Answer: (b) D =(-1,0) and B = (6, 9)

(c) Area of trapezium ABCD. Parallel sides: AD and CB.

|AD| = sqrt((-1-0)"2+(0-3)"2) = sqrt(1+9) = sqrt(10).

|CB| = sqrt((6-3)"2+(9-0)"2) = sqrt(9+81) = sqrt(90) = 3*sqrt(10).

Distance between parallel lines 3x-y+3=0 and 3x-y-9=0: h = |3-(-9)|/sqrt(9+1) = 12/sqrt(10).

Area = (1/2)(JAD|+|CBJ)*h = (1/2)(sqrt(10)+3sqrt(10))*(12/sqrt(10)) = (1/2)(4sqrt(10))(12/sqrt(10)).
= (1/2)(4)(12) = 24 sq units.

Answer: (c) Area of trapezium ABCD = 24 square units
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Disclaimer

Created by eskulu Past Papers Tutor
These solutions were created using artificial intelligence and checked against ECZ marking

guidelines. If you find an error, report it at eskulu.com/feedback.
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