
eskulu

G12 ECZ
ADDITIONAL MATHEMATICS

2016 SPECIMEN
PAPER 1

SOLUTIONS

Grade 12 ECZ Additional Mathematics 2016 Specimen Paper 1 (4030/1)
12 questions, 80 marks — full worked solutions

The full question paper appears first — worked solutions follow.
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Question 1. A line through A(0, 1) perpendicular to BC meets BC at D, where B
and C are given points. Find the coordinates of D.

Line BC: slope = (0 - 6)/(3 - 0) = -2 [using B(0, 6) and C(3, 0)].

Perpendicular slope = 1/2 (negative reciprocal).

Line through A(0, 1) with slope 1/2: y = (1/2)x + 1.

Line BC through B(0, 6): y = -2x + 6.

Intersection: (1/2)x + 1 = -2x + 6 => (5/2)x = 5 => x = 2. Then y = 1/2(2) + 1 = 2.

 Answer: D = (2, 2)

Question 2. Solve the simultaneous equations: y - x = 3 and xy = 10.

From y - x = 3: y = x + 3. Substitute into xy = 10: x(x + 3) = 10.

x^2 + 3x - 10 = 0 => (x + 5)(x - 2) = 0 => x = -5 or x = 2.

x = -5: y = -5 + 3 = -2. x = 2: y = 2 + 3 = 5.

 Answer: Solutions: (x, y) = (-5, -2) and (x, y) = (2, 5)

Question 3. The line y = 2x + k is a tangent to the curve y = 3x - x^2. Find the
value of k.

At the tangent point, the line and curve meet with equal values and equal gradients.

Set equal: 2x + k = 3x - x^2 => x^2 - x + k = 0.

For a tangent (exactly one intersection point): discriminant = 0.

Delta = (-1)^2 - 4(1)(k) = 1 - 4k = 0 => k = 1/4.

 Answer: k = 1/4

Question 4. A function f is defined by f(x) = (bx - 1)/(ax), x != 0, where a and b
are real numbers. Given f(2) = 1/2 and f'(-1) = 1/3, find a and b.

Rewrite: f(x) = b/a - 1/(ax). Differentiate: f'(x) = 1/(ax^2).

f'(-1) = 1/(a(-1)^2) = 1/a = 1/3 => a = 3.

f(2) = (2b - 1)/(2 * 3) = (2b - 1)/6 = 1/2 => 2b - 1 = 3 => b = 2.

Verify: f(x) = (2x-1)/(3x). f(2) = 3/6 = 1/2 ✓. f'(x) = 1/(3x^2). f'(-1) = 1/3 ✓

 Answer: a = 3, b = 2

Question 5. ADB is a semicircle with centre O and radius 10cm. DC is
perpendicular to AB, where C is the midpoint of OB. Arc BD = 10*pi/3 cm.

Set O at origin, A=(-10,0), B=(10,0). C = midpoint of OB = (5, 0).

Angle BOD = arc BD / radius = (10*pi/3)/10 = pi/3 rad.
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D = (10 cos(pi/3), 10 sin(pi/3)) = (5, 5*sqrt(3)). DC goes from (5, 5*sqrt(3)) to (5,0) = vertical. ✓
Perpendicular to AB.

(a) Angle DOC: OD = (5, 5*sqrt(3)), OC = (5, 0).

cos(DOC) = OD.OC / (|OD||OC|) = 25 / (10 * 5) = 1/2. Angle DOC = pi/3.

 Answer: (a) Angle DOC = pi/3 radians

(b) Shaded region bounded by arc BD, segment DC, and segment CB.

Using Green's theorem (or sector minus triangle):

Arc contribution (B to D, angle pi/3, radius 10): (1/2)*r^2*theta = (1/2)(100)(pi/3) = 50*pi/3.

Segment D to C: contributes -(1/2)*|OC|*|DC| = -(1/2)(5)(5*sqrt(3)) = -25*sqrt(3)/2.

Segment C to B: contributes 0 (both on x-axis).

 Answer: (b) Area of shaded region = 50*pi/3 - 25*sqrt(3)/2 cm^2 (approx 30.7 cm^2)

Question 6. Prove the identity: cos(z) / (sec(z) - tan(z)) = 1 + sin(z).

LHS: cos(z) / (sec(z) - tan(z)).

Write sec = 1/cos and tan = sin/cos: denom = (1 - sin(z))/cos(z).

LHS = cos(z) / [(1 - sin(z))/cos(z)] = cos^2(z) / (1 - sin(z)).

Factor: cos^2(z) = 1 - sin^2(z) = (1-sin(z))(1+sin(z)).

LHS = (1-sin(z))(1+sin(z)) / (1 - sin(z)) = 1 + sin(z) = RHS. ✓

 Answer: Identity proved. Q.E.D.

Question 7. Binomial expansions of (1 + px)^n.

(a) The first three terms are 1 + 14x + 84x^2. Find n and p.

C(n,1)*p = np = 14 ...(i)

C(n,2)*p^2 = n(n-1)p^2/2 = 84 ...(ii)

From (i): p = 14/n. Substitute into (ii): n(n-1)(196/n^2)/2 = 84 => 196(n-1)/2n = 84.

98(n-1)/n = 84 => 98n - 98 = 84n => 14n = 98 => n = 7.

p = 14/7 = 2. Check: (1+2x)^7: term 1 = 1, term 2 = 14x, term 3 = 21*4x^2 = 84x^2 ✓.

 Answer: n = 7, p = 2

(b) Coefficient of x^5 in (2 - x^2)(1 + 2x)^7.

From (1+2x)^7: coeff of x^5 = C(7,5)*2^5 = 21*32 = 672.

From (1+2x)^7: coeff of x^3 = C(7,3)*2^3 = 35*8 = 280.

Coeff of x^5 in product = 2*(coeff x^5) + (-1)*(coeff x^3) = 2*672 - 280 = 1344 - 280.

 Answer: Coefficient of x^5 = 1064
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Question 8. Differentiation.

(a) Find dy/dx for y = 2x^3 / (3x^2 - 1).

Using quotient rule: u = 2x^3 (u' = 6x^2), v = 3x^2-1 (v' = 6x).

dy/dx = (u'v - uv')/v^2 = (6x^2(3x^2-1) - 2x^3*6x) / (3x^2-1)^2.

= (18x^4 - 6x^2 - 12x^4) / (3x^2-1)^2 = (6x^4 - 6x^2) / (3x^2-1)^2.

 Answer: dy/dx = 6x^2(x^2 - 1) / (3x^2 - 1)^2

(b) Find the equation of the normal to the curve y = x^3 - 2x^2 at (-1, -3).

Check: y(-1) = -1 - 2 = -3 ✓.

dy/dx = 3x^2 - 4x. At x = -1: gradient = 3(1) - 4(-1) = 3 + 4 = 7.

Normal gradient = -1/7 (negative reciprocal).

Normal through (-1, -3): y + 3 = (-1/7)(x + 1) => 7y + 21 = -x - 1.

 Answer: Normal: x + 7y + 22 = 0

Question 9. Find the derivative of y = cos(3x - 1). Hence find the gradient of y at
x = 0.5 radians.

Using chain rule: dy/dx = -sin(3x-1) * 3 = -3*sin(3x-1).

 Answer: dy/dx = -3 sin(3x - 1)

At x = 0.5: gradient = -3*sin(3(0.5) - 1) = -3*sin(1.5 - 1) = -3*sin(0.5).

sin(0.5) ≈ 0.4794.

 Answer: Gradient at x = 0.5 rad = -3*sin(0.5) ≈ -1.44

Question 10. Vectors. OA = (3, 4), OB = (-1, 2).

(a)(i) Unit vector in direction of AB:

AB = OB - OA = (-4, -2). |AB| = sqrt(16 + 4) = sqrt(20) = 2*sqrt(5).

 Answer: Unit vector of AB = (-4/(2*sqrt(5)), -2/(2*sqrt(5))) = (-2/sqrt(5), -1/sqrt(5)) [= (-2*sqrt(5)/5,
-sqrt(5)/5)]

(a)(ii) Vector equation of line through A and B:

 Answer: r = (3, 4) + t(-4, -2) [or equivalently r = (3, 4) + t(-2, -1)]

(b) Angle OAB: vectors AO = OA - OA... wait: AO = O - A = (-3, -4). AB = (-4, -2).

cos(OAB) = AO . AB / (|AO||AB|) = ((-3)(-4) + (-4)(-2)) / (5 * 2*sqrt(5)).

= (12 + 8) / (10*sqrt(5)) = 20 / (10*sqrt(5)) = 2/sqrt(5).

Angle OAB = arccos(2/sqrt(5)) ≈ 26.6 degrees.

 Answer: Angle OAB = arccos(2/sqrt(5)) ≈ 26.6 degrees
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Question 11. Integration and area.

(a) Find the integral of (3*sqrt(x) + 2x) dx.

= integral of (3*x^(1/2) + 2x) dx = 3*(2/3)*x^(3/2) + x^2 + C = 2x^(3/2) + x^2 + C.

 Answer: Integral = 2x^(3/2) + x^2 + C [= 2*sqrt(x^3) + x^2 + C]

(b) Curve y = 4 - x^2 meets line y = 2x + 1 at A. Find x-coordinate of A and the shaded area.

(b)(i) Set equal: 4 - x^2 = 2x + 1 => x^2 + 2x - 3 = 0 => (x+3)(x-1) = 0.

x = -3 or x = 1. From the diagram, A is the positive intersection.

 Answer: x-coordinate of A = 1 (A = (1, 3))

(b)(ii) Shaded area between curve (above) and line (below) from x = -3 to x = 1:

Area = integral from -3 to 1 of [(4-x^2) - (2x+1)] dx = integral of (3 - 2x - x^2) dx.

= [3x - x^2 - x^3/3] from -3 to 1.

At x=1: 3 - 1 - 1/3 = 5/3.

At x=-3: -9 - 9 - (-27/3) = -9 - 9 + 9 = -9.

Area = 5/3 - (-9) = 5/3 + 9 = 5/3 + 27/3 = 32/3.

 Answer: Area of shaded region = 32/3 square units (approx 10.7 sq units)

Question 12. EITHER/OR — Answer ONE only.

=== EITHER: ABCD is a parallelogram with A(1, 2), B(7, -1) and C(-1, -2). ===

For a parallelogram ABCD: AB is parallel to DC, and AD is parallel to BC.

Slope AB = (-1-2)/(7-1) = -3/6 = -1/2. So DC also has slope -1/2.

Slope BC = (-2-(-1))/(-1-7) = (-1)/(-8) = 1/8. So AD also has slope 1/8.

(a) Equation of AD (through A(1,2), slope 1/8):

y - 2 = (1/8)(x - 1) => 8y - 16 = x - 1 => x - 8y + 15 = 0.

 Answer: AD: x - 8y + 15 = 0

Equation of CD (through C(-1,-2), slope -1/2):

y + 2 = (-1/2)(x + 1) => 2y + 4 = -x - 1 => x + 2y + 5 = 0.

 Answer: CD: x + 2y + 5 = 0

(b) D = intersection of AD and CD:

From AD: x = 8y - 15. Substitute into CD: (8y-15) + 2y + 5 = 0 => 10y = 10 => y = 1.

x = 8(1) - 15 = -7.

 Answer: D = (-7, 1)

(c) Area of parallelogram = |AB x AD| (magnitude of cross product).

AB = (6, -3, 0), AD = (-8, -1, 0). Cross product magnitude = |6*(-1) - (-3)*(-8)| = |-6 - 24| = 30.

 Answer: Area of parallelogram ABCD = 30 square units
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=== OR: Circle centre O, radius 24cm. Q is a point on the circle. Arc RTP has centre Q, radius r. Angle
RQP = 1.5 rad. ===

Since Q is on the big circle and angle RQP is the inscribed angle subtending chord RP,

the central angle ROP = 2 * angle RQP = 2 * 1.5 = 3 radians.

Chord RP (from big circle): RP = 2 * 24 * sin(3/2) = 48 * sin(1.5).

Chord RP (from small arc, radius r, central angle 1.5 rad): RP = 2r * sin(0.75).

Since sin(1.5) = 2*sin(0.75)*cos(0.75): 48*2*sin(0.75)*cos(0.75) = 2r*sin(0.75).

Divide both sides by 2*sin(0.75): 48*cos(0.75) = r.

 Answer: (a) r = 48 * cos(0.75) ≈ 35.1 cm

(b) Perimeter of shaded region = arc RTP + arc RSP.

Arc RTP = r * 1.5 = 48cos(0.75) * 1.5 = 72cos(0.75) ≈ 52.7 cm.

Arc RSP (on big circle, angle 2*pi - 3 rad): = 24*(2*pi - 3) ≈ 24*3.283 ≈ 78.8 cm.

 Answer: (b) Perimeter ≈ 72cos(0.75) + 24(2*pi - 3) ≈ 131.5 cm

(c) Area of shaded region = Sector RSP (big circle) - Sector RQP (small arc).

Sector RSP = (1/2)(24^2)(2*pi - 3) = 288(2*pi - 3) ≈ 946 cm^2.

Sector RQP = (1/2)r^2 * 1.5 = 0.75*(48cos(0.75))^2 = 0.75*2304*cos^2(0.75).

cos(0.75) ≈ 0.7317. Sector RQP ≈ 0.75*2304*0.5354 ≈ 924 cm^2.

 Answer: (c) Area of shaded region ≈ 288(2*pi - 3) - 0.75*(48*cos(0.75))^2 ≈ 22 cm^2
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