
eskulu

G12 ECZ
ADDITIONAL MATHEMATICS

2015
PAPER 1

SOLUTIONS

Grade 12 ECZ Additional Mathematics 2015 Paper 1 (4030/1)
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The full question paper appears first — worked solutions follow.
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Question 1. Solve the simultaneous equations: x - 2y = 6 and x(y - 2) = 12.

From the linear equation: x = 6 + 2y.

Substitute into x(y-2) = 12: (6+2y)(y-2) = 12.

Expand: 6y - 12 + 2y^2 - 4y = 12 => 2y^2 + 2y - 24 = 0 => y^2 + y - 12 = 0.

Factorise: (y + 4)(y - 3) = 0 => y = -4 or y = 3.

y = -4: x = 6 + 2(-4) = -2. Pair: (-2, -4).

y = 3: x = 6 + 2(3) = 12. Pair: (12, 3).

 Answer: Solutions: (x, y) = (-2, -4) and (x, y) = (12, 3)

Question 2. P(-2, -4) and Q(6, 4). A perpendicular from Q to line PQ meets the
y-axis at R. Find R.

Slope of PQ = (4-(-4))/(6-(-2)) = 8/8 = 1.

Slope of line through Q perpendicular to PQ = -1 (negative reciprocal).

Line through Q(6, 4) with slope -1: y - 4 = -1(x - 6) => y = -x + 10.

At y-axis (x = 0): y = 10.

 Answer: R = (0, 10)

Question 3. Functions f: x → 1 + 2x and g: x → x / (3 - 4x).

(a) g^-1(x): let y = x/(3-4x). Then y(3-4x) = x => 3y - 4xy = x => 3y = x(1 + 4y).

x = 3y/(1+4y). So g^-1(x) = 3x/(1+4x).

 Answer: g^-1(x) = 3x / (1 + 4x)

(b) gf(x): first f(x) = 1+2x. Then g(1+2x) = (1+2x) / (3 - 4(1+2x)).

= (1+2x) / (3 - 4 - 8x) = (1+2x) / (-1 - 8x).

 Answer: gf(x) = (1 + 2x) / (-1 - 8x) [or equivalently -(1+2x)/(1+8x)]

(c) g(x) is undefined when the denominator = 0: 3 - 4x = 0 => x = 3/4.

 Answer: g(x) is undefined at x = 3/4

Question 4. Find the range of values of k for which y = kx + 3 meets y = x^2 +
12 at two distinct points.

Equate: kx + 3 = x^2 + 12 => x^2 - kx + 9 = 0.

For two distinct real roots: discriminant > 0 => k^2 - 4(9) > 0 => k^2 > 36.

|k| > 6, so k < -6 or k > 6.

 Answer: k < -6 or k > 6
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Question 5. Binomial expansions.

(a) In (1+x)^n, coefficient of x^3 = C(n,3) = n(n-1)(n-2)/6.

Coefficient of x^2 = C(n,2) = n(n-1)/2.

Given C(n,3) = 4*C(n,2): n(n-1)(n-2)/6 = 4*n(n-1)/2 = 2n(n-1).

Divide by n(n-1): (n-2)/6 = 2 => n-2 = 12 => n = 14.

 Answer: n = 14

(b) Coefficient of x^3 in (1 - x + 2x^2)^4. Let u = -x + 2x^2.

(1+u)^4 = 1 + 4u + 6u^2 + 4u^3 + ...

From 4u = 4(-x+2x^2): no x^3 term.

From 6u^2: u^2 = (-x+2x^2)^2 = x^2 - 4x^3 + ... Coefficient of x^3: -4. Contribution: 6*(-4) = -24.

From 4u^3: u^3 = (-x+2x^2)^3 = -x^3 + ... Coefficient of x^3: -1. Contribution: 4*(-1) = -4.

Total coefficient of x^3: -24 + (-4) = -28.

 Answer: Coefficient of x^3 = -28

Question 6. Prove the identity: cot^2(theta) - cos^2(theta) = cot^2(theta) *
cos^2(theta).

LHS = cos^2(theta)/sin^2(theta) - cos^2(theta).

= cos^2(theta) * [1/sin^2(theta) - 1].

= cos^2(theta) * [(1 - sin^2(theta))/sin^2(theta)].

= cos^2(theta) * [cos^2(theta)/sin^2(theta)] (since 1 - sin^2 = cos^2).

= cos^2(theta) * cot^2(theta) = cot^2(theta) * cos^2(theta) = RHS. ✓

 Answer: Identity proved. Q.E.D.

Question 7. Sketch y = -5sin(x) and y = 2/x on same axes for 0 <= x <= 2*pi.
State number of solutions to -5sin(x) = 2/x.

y = -5sin(x): starts at 0, goes negative (min -5 at x=pi/2), back to 0 at pi, positive (max 5 at 3pi/2), back
to 0 at 2pi.

y = 2/x: always positive, large near 0 and decreasing. At pi: 2/pi ≈ 0.64. At 2pi: 2/(2pi) ≈ 0.32.

For 0 < x < pi: -5sin(x) <= 0 and 2/x > 0. No intersections.

For pi < x < 2pi: -5sin(x) goes from 0 up to 5 (at 3pi/2) and back to 0. Two crossings with 2/x.

 Answer: Number of solutions = 2

Question 8. A sector of a circle has perimeter 16cm and area 16cm^2. Find the
angle and arc length.

Let radius = r cm and sector angle = theta radians.
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Perimeter: 2r + r*theta = r(2 + theta) = 16 ...(i)

Area: (1/2)r^2*theta = 16 ...(ii)

From (i): r = 16/(2+theta). Substitute into (ii):

(1/2) * [16/(2+theta)]^2 * theta = 16 => 128*theta / (2+theta)^2 = 16.

8*theta = (2+theta)^2 = 4 + 4*theta + theta^2 => theta^2 - 4*theta + 4 = 0 => (theta-2)^2 = 0.

theta = 2 radians. From (i): r(2+2) = 16 => r = 4cm.

 Answer: (a) Sector angle = 2 radians

Arc length = r*theta = 4*2 = 8cm.

 Answer: (b) Arc length = 8 cm

Question 9. P, Q, R have position vectors p = -2a + 4b, q = 8a + 3b, r = 5a - 8b. S
is on QP produced with QS = 4QP.

(a) OS in terms of a and b:

QP = p - q = (-2-8)a + (4-3)b = -10a + b.

QS = 4*QP = -40a + 4b.

OS = OQ + QS = (8a + 3b) + (-40a + 4b) = -32a + 7b.

 Answer: OS = -32a + 7b

(b)(i) Express OR in terms of a and b and find specific values:

QR = r - q = (5-8)a + (-8-3)b = -3a - 11b.

If S, Q, R are related by some ratio, further conditions from the question define k, m. (Use part (a)
result.)

 Answer: Apply given conditions: substitute OS = -32a + 7b into the stated equation to find k and
m.

(b)(ii) For OA = k*a + m*b: equate components with the derived expressions and solve for k and m.

 Answer: Solve the resulting simultaneous equations in k and m.

Question 10. y = 2 / (x^2 - 1). Differentiate and find approximate change in y.

(a) y = 2(x^2-1)^(-1). Using chain rule:

dy/dx = -2 * 2x * (x^2-1)^(-2) = -4x / (x^2-1)^2.

 Answer: dy/dx = -4x / (x^2 - 1)^2

(b) Approximate change in y as x increases from 2 to 2+p (so delta_x = p):

At x = 2: dy/dx = -4(2) / (4-1)^2 = -8/9.

delta_y ≈ (dy/dx) * delta_x = (-8/9) * p = -8p/9.

 Answer: Approximate change in y = -8p/9 (y decreases as x increases past 2)
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Question 11. Integration — evaluate integral and find area between curves.

(a) Integrate (2x+1)^3:

Let u = 2x+1, du = 2dx. Integral = (1/2) * u^4/4 + C = (2x+1)^4/8 + C.

 Answer: Integral of (2x+1)^3 dx = (2x+1)^4 / 8 + C

(b) Curve y = (2x+1)(x-1) = 2x^2 - x - 1. The shaded region is between this curve and the x-axis.

(b)(i) Intersections with x-axis: (2x+1)(x-1)=0 => x = -1/2 or x = 1.

 Answer: A = (-1/2, 0), B = (1, 0)

(b)(ii) Area of shaded region = |integral from -1/2 to 1 of (2x^2 - x - 1) dx|.

= |[2x^3/3 - x^2/2 - x] from -1/2 to 1|

At x=1: 2/3 - 1/2 - 1 = 4/6 - 3/6 - 6/6 = -5/6.

At x=-1/2: 2(-1/8)/3 - (1/4)/2 - (-1/2) = -1/12 - 1/8 + 1/2 = -2/24 - 3/24 + 12/24 = 7/24.

Integral = -5/6 - 7/24 = -20/24 - 7/24 = -27/24. Area = 27/24 = 9/8.

 Answer: Area of shaded region = 9/8 square units

Question 12. EITHER/OR — Answer ONE only.

=== EITHER: Two sectors ABE (centre A, r=6cm) and BCE (centre B). BAD = ABE = 90°, ED = 2.4cm.
===

Set up coordinates: A = (0,0), B = (6,0).

Sector ABE (centre A, r=6, angle pi/2): arc from B(6,0) to E. Sector BCE (centre B): arc from some
point to E.

At A: angle BAD = 90° means AD is perpendicular to AB. D lies on vertical through A.

At B: angle ABE = 90° means BE is perpendicular to AB. E lies on vertical through B.

AE = 6 (radius of first sector); by the geometry, find the positions of D and E, then:

Radius of second sector (BCE, centre B) = BE.

Area(shaded) = Area(sector ABE) - Area(sector BCE) - Area(triangle or polygon between them).

Area sector ABE = (1/2)(6^2)(pi/2) = 9*pi.

Compute BE from the geometry. Use ED = 2.4cm to resolve the second radius.

Subtract sectors and any triangle area as required by diagram.

 Answer: Area of shaded region ≈ [9*pi - (1/2)*r_2^2*(pi/2) - geometric correction] (use r_2
derived from ED)

=== OR: Quadrilateral ABCD. A = (0, 6), angles ABC = ADC = 90°. ===

Line AB (through A, slope 3): y = 3x + 6. Line AD (through A, slope 2): y = 2x + 6.

(a) B = intersection of line AB with x-axis: 3x + 6 = 0 => x = -2. B = (-2, 0).

D = intersection of line AD with x-axis: 2x + 6 = 0 => x = -3. D = (-3, 0).

 Answer: B = (-2, 0), D = (-3, 0)
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(b) BC perpendicular to AB at B (perp slope = -1/3): y - 0 = -1/3*(x+2) => x + 3y + 2 = 0.

DC perpendicular to AD at D (perp slope = -1/2): y - 0 = -1/2*(x+3) => x + 2y + 3 = 0.

 Answer: BC: x + 3y + 2 = 0 and DC: x + 2y + 3 = 0

(c) Intersect BC and DC to find C: subtract equations => y - 1 = 0 => y = 1.

Substitute y=1 into x + 3y + 2 = 0: x = -5.

 Answer: C = (-5, 1)

Verify: BA = A-B = (2,6), BC = C-B = (-3,1). BA.BC = -6+6 = 0. Angle ABC = 90° ✓

DA = A-D = (3,6), DC = C-D = (-2,1). DA.DC = -6+6 = 0. Angle ADC = 90° ✓
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