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Abstract. Mesh-based smooth approximations endowed with the first degree of consistency can be built through
the Ck-Generalized Finite Element Method (Ck-GFEM). This is accomplished by incorporating the Moving Least
Squares (MLS) method in its procedure when computing the Partition of Unity (PoU) functions. Despite the
widened PoU’s supports demanded, the enhanced polynomial reproducibility yields solutions with a cost, in terms
of degrees of freedom (dof), similar to those approximations provided by the original version of GFEM, with C0

continuity, for a certain polynomial degree of the ansatz. Additionally, in the case of static loading, such modified
PoU functions allow some advantages when using special enrichment functions for localized features, leading to an
increase in the conditioning of the stiffness matrices comparable to the original GFEM (Torres, 2024). The present
work discusses some results for the free vibration analysis of linear elastic straight rods, considering different levels
of k-continuity and polynomial degrees, with both attributes uniformly applied along the domain. It is emphasized
that the k-order of continuity can be adjusted separately from the polynomial degree. The findings indicate that
a certain level of smoothness allows a better use of the dof in the sense that a greater number of discrete natural
frequencies have physical meaning. This is in contrast to conventional finite element approximations with C0-
regularity, for which higher-order discrete modes deviate significantly from continuous ones.
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1 Introduction

The Ck-GFEM [1] differs from its original version [2] in that it considers smooth PoU functions. The process
of constructing the PoU functions begins with the implicit representation1 of the boundary of the nodal clouds
by means of boundary2 functions, which vanish precisely there and grow toward the interior of the cloud. Such
boundary functions are chosen with the desired smoothness and are the primarily responsible for the approximation
continuity level. The set of boundary functions that define the perimeter of a cloud is then used to generate a nodal
weighting function through its product. Finally, from the set of nodal weighting functions, the PoU functions are
computed. Originally, this task was performed using the Shepard’s equation and, therefore, ended up limiting the
polynomial reproducibility3 of the set of PoU functions.

The latter, therefore, inherits the minimum smoothness exhibited by the boundary functions. Rational smooth
PoU functions, such as the Shepard ones, will have more oscillating derivatives the smaller their supports are, and
this feature may be attractive for higher-order vibration modes. The smoothness adjustment process can be done
independently of the polynomial degree which will be applied via extrinsic enrichment, i.e., allowing completely
decoupled p and k4 refinements.

Since the zeroth order of consistency of the Ck-GFEM PoU functions is harmful, an improvement has been
to include the first-degree polynomial intrinsically [5, 6]. The static rod deformation problem was studied in [5]
and [6] considering, respectively, only polynomial enrichments and special enrichment functions in addition to
polynomials. In the last, it has been shown that the first degree of consistency leads to less sensitivity with respect

1Implicit representation of a subset, by means of primitive objects, in the sense of the Constructive Solid Geometry [3].
2In the context of higher dimensions, it has been usual to refer to those as cloud edge functions [4].
3Shepard’s PoU’s render only zeroth-degree consistency, that is, approximations with no first-degree extrinsic enrichment cannot provide a

constant strain field.
4Different orders of smoothness may be produced simply by choosing different boundary functions along the domain.
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to the size of the enrichment zone while requiring the same computational cost, in terms of dof, as conventional
C0-GFEM and with a similar impact on conditioning.

In the analysis of free vibrations by numerical methods, the quality of the obtained spectrum is an important
issue because the discrete modes generally deviate from the continuous ones as the order of the modes increases.
Therefore, the present study seeks to investigate the performance of the enhanced Ck-GFEM in the computation
of natural frequencies for straight elastic rods with constant cross-section area and Young’s modulus.

The paper is organized as follows. In the following section, the discretized formulation of the model problem
is presented. In Section 3, the methodology is established, and the criteria for ensuring the quality of the numerical
integration are detailed, as well as the parameters used in the method to solve the generalized eigenvalue problem.
The results are discussed in Section 4, and finally some conclusions are drawn.

2 Model problem

The variables and procedures involved in the following discussion are stated as usual, according to classical
texts on the topic [7, 8]. Consider an elastic bar of length l, [m], such that Ω ≡ [0, l], with constant cross-sectional
area A, [m2], Young’s Modulus E, [N/m2], and mass density ρ, [kg/m3]. Assume that the cross sections originally
plane remain plane during deformation and that the only non-negligible displacement component is that parallel to
the bar’s longitudinal axis, denoted as u(x, t), [m]. Using the linear constitutive relation σ(x, t) = Eε(x, t), and
the infinitesimal strain-displacement relationship ε(x, t) = ∂/∂x (u(x, t)), the strong-form undamped equilibrium
equation, for an external force per unit length f(x, t), [N/m], is expressed in the following form:

ρA
∂2

∂t2
u(x, t) = EA

∂2

∂x2
u(x, t) + f(x, t) , on Ω × ]0, T [ , (1)

for an open time interval of length T > 0.
The boundary / initial conditions, respectively, are stated as:

u = ū on ΓD×]0, T [ , EA
du

dx
= f̄ on ΓN×]0, T [ , u(x, 0) = u0(x) and

∂

∂t
u(x, 0) = u̇0(x) ∀x ∈ Ω . (2)

For the problems solved here, for simplicity and without loss of generality, homogeneous Dirichlet and
Neumann boundary conditions are considered in such a way that:

u(0) = ū = 0 (fixed) , −EA
d

dx
u(l) = f̄ = 0 (free) , (3)

for the Dirichlet and Neumann boundaries, respectively ΓD and ΓN .
The strong-form governing equation for the frequencies and mode shapes, which may be obtained by the

method of separation of variables and considering null f(x, t), is expressed as follows:

λAρu(x) + EA
d2

dx2
u(x) = 0 , ∀ x ∈ Ω . (4)

The (continuous) non-trivial solutions of (4) are countably infinite. In (4), λ = ω2 is the space-time coupling
parameter, with ω being the natural frequency. The corresponding weak formulation is given by the following
expression:

EA

∫
Ω

du(x)

dx

dv(x)

dx
dx− E

(
v(x)A

du(x)

dx

)∣∣∣l
0
− λAρ

∫
Ω

u(x) v(x) dx = 0 , (5)

for admissible test functions v(x) ∈ H1(Ω), the Hilbert space of functions that, together with their derivatives up
to first order, are square integrable in the Lebesgue sense. The second term in 5 vanishes because v(0) = 0 on ΓD,
whereas on ΓN , d/dx (u(l)) = 0. Consequently, the generalized eigenvalue problem may be stated as: to find a
pair (λ, u), with u ∈ H1(Ω), satisfying the boundary conditions, and λ ∈ R such that:

B
(
u(x), v(x)

)
− λ

(
u(x), ρv(x)

)
= 0 , (6)

where

B
(
u(x), v(x)

)
≡ EA

∫ l

0

du

dx

dv

dx
dx and

(
u(x), ρv(x)

)
≡ Aρ

∫ l

0

u v dx . (7)
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The discretized weakened equilibrium problem is formulated in its irreducible version [8, 9]. Then, for a
system with a finite number of dof, an approximation for the field u(x, t), considering again the separation of
variables, can be stated as:

u(x, t) = ϕn(x) e
i ωn t , (8)

where ωn is the n-th natural frequency, and ϕn is the n-th normal mode shape, whose spatial approximation is
defined as ϕn(x) = N(x) U, where N(x) is an array that contains the spatial approximation functions, and U is
the vector of nodal parameters.

The discretized generalized eigenvalue problem that aims to find the eigenvalue λn and the associated eigen-
vector ϕn ̸= 0 is: (

K− λnM
)
ϕn = 0 . (9)

The eigenvalue λn = ω2
n, with ωn being the n-th natural frequency. The eigen functions ϕn are determined

only up to a multiplicative constant. In (9), K and M are the stiffness and the mass matrices, respectively, by
assembling the elemental contributions. Herein, the consistent mass matrix is considered to avoid the underes-
timation effects of the lumped mass matrix. The elemental mass and stiffness matrices are defined respectively
as:

Me = ρA

∫
Ωe

NeT Ne dΩe and Ke = EA

∫
Ωe

BeT Be dΩe , (10)

where Ne is the array that contains the approximation functions, and Be is the array of spatial derivatives of the
approximation functions within the element, for which the explicit dependence on x was omitted to simplify the
notation.

3 Methodology

For the conventional Ck-GFEM, a cloud involves the two elements around its node, whereas widened clouds
are required for the approach with enhanced consistency. In this work, a widened nodal cloud considers the two
elements to the left and right of a given node to guarantee the realization of the MLS with degree one when
computing the PoU functions. For internal nodes adjacent to those at the boundary, a ghost element outside the
domain is created so as to have two elements on the left and right. In this case, both boundary functions will be
required, even if one of the cloud boundary nodes is fictitious.

The procedure for constructing the nodal weighting functions can be briefly described as follows. Firstly,
for each inner node in the discretization it is necessary to build two boundary functions, associated with the left
and right boundaries of the corresponding cloud. For one node at the domain boundary, only its internal boundary
function is needed. Such boundary functions need to have as many zero derivatives at their corresponding cloud
ends to ensure the smoothness intended. Secondly, it is necessary to compute the product between the boundary
functions of each cloud, whose result is the weighting function itself.

For the smooth approximations herein, a uniform k-refinement is obtained by considering boundary func-
tions with progressively increasing continuities, such that k = 1, 2, 3 can be achieved using polynomial boundary
functions with polynomial degree p = 2, 3, 4, respectively (see [4]). On the other hand, the maximum continuity,
k = ∞, is obtained by applying exponential boundary functions [1]. Consequently, the weighting functions inherit
the continuity of the boundary functions.

Finally, the weighting functions are used to compute the PoU functions. The PoU functions are MLS func-
tions, having degree zero (Shepard equation) for Ck-GFEM [1], and degree one for its version with enhanced
consistency/reproducibility, as described in [5]. In the following, this enhanced version will be referred to as the
MLS-PoU-based approach.

For the present study, only uniform polynomial extrinsic enrichment was applied considering a set of four
uniform nested meshes, with 5, 10, 20 and 40 elements, denoted as M5, M10, M20, and M40, respectively, to
guarantee the inclusion property5.

Except for C0-GFEM when only polynomial enrichments are used, the required number of integration points
cannot be estimated since the basis functions are not essentially polynomial6. Thus, the numerical integration
quality for both elemental stiffness and mass matrices, Ke and Me, respectively, was ensured by using progres-
sively growing Gauss-Legendre quadrature rules, in each element, until the relative deviation between the entities
obtained with the s− 1 and s-th quadratures reached a pre-established tolerance, using:

5If the associated functions subspace of a given mesh is contained in the associated functions subspace of the next one, them the error
decreases from mesh to mesh monotonically as h → 0 [9].

6The PoU functions for the smooth GFEM versions can be considered as rational functions.
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∥Ke∥ =

√√√√dofe∑
i=1

dofe∑
j=1

k2ij , ∥Me∥ =

√√√√dofe∑
i=1

dofe∑
j=1

m2
ij , and rel. dev. =

(
∥ • ∥s − ∥ • ∥s−1

)
∥ • ∥s−1

, (11)

where dofe is the number of dof for a given element.
The tolerance was specified as 10−11 for both Ke and Me, for the MLS-PoU-based GFEM, while 10−12

was chosen for the C0- and Ck-GFEMs. MLS-PoU-based approximations can demand a less restrictive tolerance
because their computation involves many more operations in addition to the solution of a point-wise system of
equations, which can cause fluctuations7 in the rel. dev. (11) at levels of the order of 10−11 or lower.

The generalized eigenvalue problem (9) was solved with the rank-completing perturbation method [10], using
the singgep subroutine8 with τ = 10−2, seeking to extract all possible eigenvalues, to obtain the full spectrum,
as well as the convergence rates for the first three natural frequencies, in the case of h-refinement.

Some preliminary tests were performed to compare the effects of different continuity orders, mainly. For the
problem of longitudinal structural vibration of an elastic rod, considering the boundary conditions (3), the exact
values of the natural frequencies [7] can be computed as:

ωn =
(2n− 1)π

2l

(
E

ρ

)1/2

, n = 1, 2, 3, · · · . (12)

For the calculations performed, EA and ρ were considered as 1.0 N and 1.0 kg/m3, respectively, and the
length l was 3.0 m.

Firstly, the results for the h version, using fixed degree b = 1, for the first three natural frequencies, will
be shown to verify the impact of the parameter k on the order of convergence. Furthermore, still focusing on
particular natural frequencies, the convergence rates for the fundamental frequency will be shown for degrees
b = 1 and b = 2, and for the second and third natural frequencies for the degree b = 1. In the sequence, all
spectra will be displayed considering polynomial degrees up to b = 3 and the mesh M20, using different orders of
smoothness.

4 Results and discussion

It should be remarked that the polynomial degree spanned by the basis functions depends both on the degree
of the PoU itself and on the extrinsically applied polynomial enrichment. In previous studies [12–14], it has been
customary to consider b as the resulting degree of a numerical approximation. Thus, for the C0-GFEM as well as
for the MLS-PoU-based approach, b = p + 1, with p being the degree of extrinsic polynomial enrichment. Then,
for a given degree b, the Ck-GFEM requires more extrinsic polynomial enrichment, consequently generating more
dof, since its PoU has only degree zero. Then, the PoU functions for the C0-GFEM as well as for the MLS-
based Ck-GFEM can exactly represent the rigid body motion and the constant strain state, which is an advantage
compared to the original version of the Ck-GFEM.

4.1 h-Convergence rates for the first three frequencies

Figure 1 shows the approximation behavior facing the h-refinement, considering different continuities, for the
first three natural frequencies. Figures 1(a) and (b) show the h-convergence for the first natural frequency, whereas
figures 1(c) and (d) are associated with the second natural frequency, and figures 1(e) and (f) are for the third one.

The relative error on the vertical axes is similar to that considered in [15]. Note that nel, for the horizontal
axis, is the number of elements. It was decided to separate the results for MLS-PoU-based GFEM and Ck-GFEM
as the orders of magnitude are very different.

As a reference, the results for the C0-GFEM solutions9 are displayed in all graphics, and it is possible to
confirm that the order of convergence for the frequencies is O(h2b) [15], for the solution with the lowest regularity.

Remarkably, the error level for all smooth approximations is lower than that observed for the C0 approxima-
tions. For the Ck-GFEM approximations, as the natural frequency order increases, it becomes more evident that
the error evolution has not yet reached an asymptotic behavior, indicating that meshes with more than 20 elements
are necessary to truly obtain a convergence rate. However, it is already possible to expect that the convergence
rates for all Ck-GFEM solutions tend to reach the values obtained for C0-GFEM.

7Of course, an adjustment of such a tolerance needs to be made before running the numerical experiments.
8Available in [11]. Criteria for infinite eigenvalues: infgap = 0.95 and fingap = 0.01.
9For b = 1, such case is equal to the linear FEM, that is based on tent functions.
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Furthermore, it can be seen that as the order of the natural frequency increases, the convergence rates of the
MLS-PoU-based solutions always exceed those exhibited by the C0 counterpart.

Typically, higher-degree basis functions lead to higher accuracy as the mesh is refined [15]. Then, the conver-
gence rates for the fundamental frequency, considering degrees up to b = 2 uniformly applied along the domain,
are shown in Table 1 along with the coefficient of determination R2 for a linear approximation, considering the
four points even if the asymptotic range has not been achieved for some of the Ck-GFEM cases. Noticeably, for
the MLS-PoU-based GFEM solutions with b = 1, higher convergence rates are obtained for all smoothness, except
for the C1 case. Furthermore, higher convergence rates occur for the C3 solution with b = 2, for both Ck-GFEM
and MLS-PoU-based GFEM.
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Figure 1. Order of convergence for the first three natural frequencies considering approximations with b = 1 and
different k-continuities. (a) and (b) for the first frequency. (c) and (d) for the second frequency. (e) and (f) for the

third frequency.

Table 2 shows the convergence rates for the second and third natural frequencies when the approximation
degree is b = 1. Once again, smooth GFEM approximations with enhanced consistency exhibit significantly im-
proved convergence rates compared to those exhibited by C0-GFEM, evidencing a positive impact of smoothness
on the computation of natural frequencies.

Table 1. Convergence rates for the first natural frequency, for different continuities, considering approximations
with polynomial degree b = 1 and 2.

degree C0 C∞ C3 C2 C1 MLS C∞ MLS C3 MLS C2 MLS C1

b = 1
rate −2.00 −1.86 −1.94 −1.91 −1.73 −2.23 −2.63 −2.79 −1.68

R2 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0

b = 2
rate −4.00 −3.95 −4.34 −3.79 −3.92 −3.60 −4.48 −3.74 −4.05

R2 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0

Table 2. Convergence rates for the second and third natural frequencies, for different continuities, considering
approximations with polynomial degree b = 1.

freq. order C0 C∞ C3 C2 C1 MLS C∞ MLS C3 MLS C2 MLS C1

n = 2
rate −2.00 −1.71 −1.85 −1.77 −1.52 −2.30 −2.60 −2.78 −1.76

R2 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0

n = 3
rate −2.00 −1.48 −1.70 −1.56 −1.14 −2.46 −2.61 −2.70 −2.04

R2 1.0 0.98 1.0 0.99 0.96 1.0 1.0 1.0 0.99
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4.2 Influence of the continuity on the spectra

Discrete spectra obtained using different continuities, for polynomial degrees up to b = 3, are also discussed.
Figure 2 shows the resulting natural frequencies, ω̃n, normalized with respect to the exact solution (12), and plotted
versus the mode number, n, normalized by the total number of available discrete frequencies10, N. For this purpose,
the mesh with 20 elements, M20, was considered.

Once more, the results for the MLS-PoU-based GFEM are displayed apart from the results obtained with the
Ck-GFEM, and for each degree b, the solutions from C0-GFEM are shown jointly with both smooth versions of
GFEM. Figures 2(a) and (b) are related to b = 1, figures 2(c) and (d) refer to b = 2, while figures 2(e) and (f) are
for b = 3.

To produce the spectra, different values of N were considered, depending on the type of approximation. It
should be noted that the spectra for the Ck-GFEM approximations show more points because they involve more
dof than the other approximations for a given polynomial degree b, since their PoU functions have zeroth degree.

From Figure 2(a), it is possible to see that only about the first 25% of the discrete frequencies deviates around
2% or less from the exact values. Noticeably, about 75% of the first natural frequencies for the Ck-GFEM case
with k = 1 have an error smaller than 2%. Still considering b = 1, for the MLS-PoU-based GFEM approximations
(Figure 2(b)), the continuities k = 2 and k = 3 exhibit at least 80% of the first frequencies with errors smaller than
2%.

Figure 2(c) shows that C0-GFEM with b = 2 behaves very similarly to quadratic FEM, as well as the
spectrum for C0-GFEM with b = 3, Figure 2(e), is very close to that obtained for cubic FEM [15]. For FEM, it is
well known that an acoustical branch occurs for n/N < 0.5 and an optical branch for n/N > 0.5, for quadratic
elements, whereas for cubic elements, the optical branch arises for n/N > 0.67. Typically, in finite element
analysis, the frequencies associated with the optical branch are regarded spurious.

Regarding the Ck-GFEM approximations, for the first two degrees b, the continuity k = 1 provided better
performance. However, for b = 3, the continuities k = 2 and k = ∞ provided a greater number (around 65%) of
natural frequencies with errors less than 2%, see Figure 1(e).

When b = 2, the spectrum generated by the MLS-PoU-based version with k = 1 is very similar to that
typical of the C0 approximations, as shown in Figure 2(d), where it is also possible to see that about 70% of the
first natural frequencies have an error smaller than 2%, in the case of k = 3. For b = 3, the MLS-PoU-based
approximations with continuities k = 2 and k = ∞ virtually have the same number of frequencies with errors
smaller than 2% compared to the version C0, as seen in Figure 2(f). Only the case with k = 3 provides a slightly
larger number of frequencies with relative errors below the mentioned level.

Finally, as also noted in [15] , the anomalous frequencies at the extreme of the spectrum increase as the degree
b increases, and some dependence on the level of smoothness is also observed.
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Figure 2. Normalized discrete spectra considering different k-continuities, for the mesh M20. (a) and (b) for

approximations with b = 1. (c) and (d) for approximations with b = 2. (e) and (f) for approximations with b = 3.

10Taking into account any possible rank deficiency, due to linear dependence.
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5 Conclusions

Some level of smoothness can positively impact the rate of convergence in the presence of h-refinement when
computing natural frequencies, especially if the PoU functions has enhanced consistency.

On the other hand, considering the frequency spectra, for the lowest polynomial degree b, approximations
based on smooth PoU functions with enhanced consistency show a significant advantage in obtaining physically
meaningful discrete natural frequencies for all the levels of continuity assessed. Furthermore, the dependence on
the smoothness of the approximation is evident to some extent, both for the original Ck-GFEM and for the version
with enhanced consistency, as the polynomial degree b increases.
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