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Abstract. Vehicle-Bridge Interaction (VBI) describes the coupled dynamic response generated when a vehicle 
crosses a bridge, where both systems influence each other, producing an integrated dynamic behavior. VBI models 
typically combine analytical vehicle dynamics with numerical bridge representations. Bridges are often discretized 
with finite element models, commonly using beam elements. Vehicles are usually assumed as mass-spring-damper 
systems representing the truck, trailer, and axles. This work employs an alternative vehicle model representation, 
which is mechanically equivalent to the conventional systems, by properly placing plane frame finite elements in 
the model. Nonlinear geometric effects from large vehicle displacements relative to the bridge are incorporated 
via a positional finite element formulation. A modified Kelvin-Voigt viscoelastic model is employed for the 
materials and adjusted for the spring-dampers of the vehicle model. Lagrange multipliers enforce coupling between 
vehicle and bridge elements using sliding connections. Road surface roughness along the vehicle path is also 
included. The simulated dynamic responses are compared with the literature showing the accuracy of the proposed 
modelling in representing the VBI problem. 

Keywords: numerical simulation; structures; nonlinear analysis; dynamics.  

1  Introduction 

Safety and performance of highway bridges are topics of great relevance in civil engineering, especially 
considering the constant increase in the volume and weight of vehicle traffic [1]. In this context, Vehicle-Bridge 
Interaction (VBI) is a complex dynamic phenomenon where the responses of the vehicle and bridge are 
intrinsically coupled. The passage of vehicles mobilizes the dynamic response of the structure, whose effects can 
be significant, resulting in vibrations and, at times, stresses and deformations greater than those expected based 
solely on static analyses.  

The need for in-depth studies on VBI is current, especially considering the particularities of bridges and 
traffic in Brazil [2], as well as technological advancements in fleets, such as the growing adoption of electric 
vehicles with considerable weight. Furthermore, there is great interest in numerical models representing VBI for 
use such as in Structural Health Monitoring systems [3, 4] to assess structural anomalies, fatigue damage, and 
long-term deterioration for instance. 

VBI models typically combine analytical vehicle dynamics with numerical bridge representations [5–10]. 
Bridges are often discretized with finite element models, commonly using beam elements, whereas vehicles are 
usually assumed as mass-spring-damper systems representing the truck, trailer, and axles. 

Differently from the usual approach, in this study, the vehicle is modeled by properly placed plane frame 
finite elements, replicating the mechanical behavior of those mass-spring-damper models. This alternative 
approach provides general modeling of vehicles with different geometries (number of axles, arrangement of 
masses, springs and dampers) without the need to develop new mass-spring-damper equations of motion for such 
modifications. 

The sliding coupling between vehicle and its path (bridge and ground), including pavement roughness, is 
achieved using Lagrange multipliers to enforce contact. This is facilitated due to the positional approach of the 
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finite element method [11, 12] that uses positions as the element’s degrees of freedom (DOF), instead of nodal 
displacements. Being a total Lagrangian formulation, finite deformation due to vehicle displacements relative to 
the bridge is naturally incorporated in the formulation. 

A modified Kelvin-Voigt viscoelastic material [11] is employed, particularly to represent the vehicle springs 
and dampers. This model is an extension of the Saint-Venant-Kirchhoff hyperelastic material to include internal 
material viscosity in a large deformation context.  

The next section briefly presents the nonlinear finite element formulation employed. The alternative vehicle 
modelling proposed is detailed in the following sections. Results are compared with the literature to evaluate the 
suitability and representativeness of the coupled dynamic responses obtained using the proposed methodology. 

2  Nonlinear Finite Element Formulation 

The equations of motion for the discretized finite element system comprising large displacements in a total 
Lagrangian description, viscoelastic material model and constraints due to sliding connections are obtained from 
a variational principle, as developed in detail in Siqueira and Coda [11, 12], and result in the compact expression 

 int con 0F F Y Y F      M D
        (1) 

where Y


 is the vector gathering the current value of all system degrees of freedom (from the frame elements and 
from the sliding connections) and the over-dot represents time derivative. M  and D  are the system mass and 

velocity-proportional external damping constant matrices. F


 is the vector of external forces. 

The vector intF


 in Eq. (1) represents the finite elements internal force vector due to the large deformation 
of the solid and its material response. For a finite element of initial volume 0V  it can be written as 
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being E  the Green strain measure and S  the second Piola-Kichhoff stress, which, for the employed modified 
Kelvin-Voigt material is the total stress acting on a point, written as the sum of elastic and viscous parts as 
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where E  and G  represent, in small strains, the Young and shear elastic modulus, h  and d  are viscous 

coefficients governing the hydrostatic and deviatoric parts of the viscous stress term (particularly the time rate of 
change of the strain components). 
 The derivative of the Green strain in Eq. (2) depends on the plane frame kinematics and its nodal 
parametrization: a node   current position (coordinates) ( 1, 2)iY i   and cross section angle  , Fig. 1 a). 

 

a)         b)  
 

Fig. 1. Plane finite element: a) mapping 1f


 from a non-dimensional space (ξ, η) to the current configuration of a 

four-node (cubic) plane frame finite element and b) sliding connection between a sliding element node and the 
reference line of a path element over an arbitrary roughness profile 
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 Still in Eq. (1), conF


 represents the restriction forces introduced in the finite element system arriving from 
the constraint equations c


. It can be organized as a vector where the first component contributes on the nodal 

parameters’ equations and the second one on the multipliers 


 as 

 con c
F

c
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The constraint equation included to represent sliding connections between frame elements (used to 

connect vehicle along its path) restricts a sliding node current position ˆ P
iY  to be in contact to the current position 

of a path, Fig 1 b). The path is defined by a sequence of reference lines of path frame elements, that may be in 
contact with the sliding node, and by an arbitrary roughness profile ( )Pr s


. The profile is measured from a reference 

point with the curvilinear variable to the current contact point Ps  (a new unknown obatained during the solution 

procedure). For the present study, the constraint equation writes 

 ( )3
ˆ ( ) ( )(1 ) 0 ( 1,2)P

i i P i i P i ic Y Y r s i       
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where ij  is the Kronecker delta, iY   are the current positions of the path element nodes   and ( )P   the finite 

element shape functions evaluated at the current contact point.  P P Ps   represents the contact point in the 

non-dimensional space. 
As shown in this brief discussion, the terms in Eq. (1) depend on the current values of the parameters, 

thus rendering the equation of motion nonlinear. Its solution is performed using the Newton-Raphson method 
along with the generalized-α time integration scheme [13]. The detailed procedure is described in [11, 12], also 
including the discussion on identifying the contact point. 

3  Alternative VBI Modelling Strategy 

To verify the proposed mechanically equivalent alternative vehicle models, simulations using the same bridge 
and vehicles as described by Ding et al. [14], based upon the experimental works of Green and Cebon [15], were 
performed.  

Vehicles in Ding et al. [14], are modelled by simplified masses-springs-dampers systems, the bridge 
dynamical response is considered by modal superposition and interaction is done directly by coupling the dynamic 
axle force from the vehicle to the bridge. Also, the reference employed the Runge-Kutta method for the solution 
of the equations of motion. 

Two vehicle models, a quarter and half car, were evaluated for different traveling speeds on the same bridge. 
As the roughness profile usually employed to consider vibrations due to pavement imperfection is randomly 
generated, an initial analysis is performed without pavement roughness to evaluate a deterministic response of the 
system. 

3.1 Mass-spring-damper vehicle models 
A quarter-car model, Fig. 2 a), is a 2-DOF model, and represents the vehicle as a single axle. It consists of 

two spring-damper systems and includes two masses m1 and m2. The springs stiffness is represented by kt and ks 
for the tire and suspension, respectively, and the dampers coefficient is ct and cs for the tire and suspension. This 
very simple model is suitable for preliminary analyses and early-stage design evaluations. 

The half-car is a 4-DOF model, Fig. 2 b), where an additional axle is considered in order to support a 
suspended rigid body representing the vehicle with mass MV and inertia IV. The center of the rigid body is defined 
by the axle spacing S and the position parameters a₁ and a₂. This modeling approach allows consideration of more 
complex dynamic effects, including mass distribution. Furthermore, dividing the vehicle into more axes provides 
higher fidelity simulation of relative movements between vehicle components and the bridge structure. 

The VBI data described in Ding et al. [14] were adopted for the simulations performed. 
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a)         b)  
 

Fig. 2. Simplified vehicle models: a) a quarter-car and b) half-car model. Source: Adapted from Ding et al. [14] 

3.2 Proposed equivalent finite element vehicle models 
The quarter-car (1-axle vehicle, Fig. 3 a), and half-car (2-axle vehicle, Fig. 3 b), models were discretized 

using beam elements for the dynamic VBI analysis. The quarter-car model consists of two elements, representing 
system suspension, tire and the lumped masses. The half-car model additionally includes a rear axle and a 
horizontal bar representing the rigid vehicle chassis with concentrated mass and rotational inertia. 

Suspensions and tires are modeled as viscoelastic materials. Masses are lumped at the specified nodes, and 
sliding joints enable longitudinal movement of the tires over the bridge. Spherical joints connect the suspensions 
to the chassis, allowing free rotation without the transmission of bending moments as in the reference models. 
 

a)        b)  
 

Fig. 3. Proposed vehicle meshes (cubic 4-node elements): a) a quarter-car and b) half-car model. 
 
Geometrical properties and parameters were defined to ensure equivalence with the mass-spring-damper 

model from the reference [14]. However, as the frame element Kelvin-Voigt material model uses different 
parameters than the spring-damper, an equivalence needs to be made to use the usual stiffness k and damping c 
data from [14]. As the vehicle horizontal motion will be imposed in all its nodes and only vertical motion occurs, 
the finite elements acting as spring-dampers, either for the tire or suspension, are in a uniaxial state of stress. 
Recalling Eq. (3), only the element axial stress 11S  is non null. Assuming the cross-section area variation during 

deformation is small and multiplying the stress component by the bar initial area 0A , results the centered force 

acting at the bar 0 11 0 11hF A E A E  E E .  

The force in the usual spring-damper is obtained by F k u c u   , being u  the elongation of the spring-

damper system. Assuming a regimen of small strains where 11 0/E u L , being 0L  the initial length of the finite 

element discretized bar, substituting and comparing with the force obtained by the Kelvin-Voigt material model 
results the relations used to convert parameters: 0 0/kL AE  and 0 0/ ( )h cL EA  . As no shearing occurs in the 

element the deviatoric viscosity parameter d  is assumed null. 

 
 



G. Araujo, T. Siqueira 

CILAMCE-2025 
Proceedings of the joint XLVI Ibero-Latin-American Congress on Computational Methods in Engineering, ABMEC  

Vitória, Brazil, November 24-27, 2025 
 

Table 1. Frame element vehicle model properties. 
 

Component  E  (Pa) G  (Pa) 𝜗ℎ (s-1) A0 (m²) L0 (m) 
A quarter-car - tire 
A quarter-car - suspension 
Half-car - tire 
Half-car - suspension 
Half-car - chassis 

3.6 x 109 

0.9 x 109 

1.8 x109 

0.45 x 109 

3.0 x 1013 

1.8 x 109 

0.45 x 109 

0.9 x 109 

0.225 x 109 

1.5 x 1013 

2.0 x 10-3 

8.0 x 10-3 

2.0 x 10-3 

8.0 x 10-3 

0.0 

0.01 
0.01 
0.01 
0.01 
0.01 

0.5 
0.5 
0.5 
0.5 
2.0 

3.3 Bridge model and vehicle interaction 
The adopted bridge model follows Ding et al. [14] and consists of a simply supported beam spanning 40 

meters. The overall vehicle path, including bridge and ground, extends 120 meters, with 40-meter ground segments 
at each end modeled with a single cubic frame elements each and fully constrained degrees of freedom to represent 
rigid supports. Mesh generation was done using Gmsh [16].  

The ground addition ensures proper modeling of the vehicle’s motion (which requires a path before entering 
the bridge) and allows for the evaluation of a stationary dynamic vehicle response when reaching the bridge by 
starting the vehicle position distant from the bridge end. This is important in cases where surface roughness is 
considered. Conversely, when the ground is modeled as a perfectly smooth surface, no vehicle vibrations are 
expected before reaching the beam, since no external excitation is present, and the vehicle initial position could be 
at the bridge end. 
     The road surface roughness plays an important role in the dynamic responses of the vehicle-bridge interaction. 
The roughness profile is adopted following Oliva et al. [6] using ISO-8608 [17] road classification. Also, a rigid 
tread band model [18] with radius of 0.50 m is adopted to represent adequately the tire contact. 
 

 
 

Fig. 4. Mesh model including bridge and surrounding ground segments (distance in meters). 
 
The bridge span itself was discretized into 10 finite elements, also using cubic elements, resulting in a total 

of 31 nodes along the entire model. Spherical joints were employed at the ends of the bridge to enforce simply 
supported boundary conditions, allowing free rotation without moment transfer to the ground elements. 

The properties of the bridge from the reference [14] were made equivalent by employing: E  = 30.0 GPa; G  
= 15.0 GPa; rectangular cross-section with height 1.6198 m and width 12.0 m; and mass density 617.4 kg/m³. 

Although the bridge mass was included in the dynamic model, its self-weight was not considered in the 
simulations conducted to be in accordance with Ding et al. [14]. 

At the start of each simulation, before the dynamical simulation, 10 quasi-static steps were performed to 
allow the vehicle to reach a stationary response condition on the approach roadway, due to its self-weight and 
viscous dampers response, before entering the bridge.  

Regarding time integration, preliminary simulations were conducted to determine an appropriate time step. 
The step size was iteratively calibrated until a value of 1x10-3 was reached, ensuring both accuracy and 
computational efficiency. For the generalized-α method a spectral radius   = 0.90 was adopted. 

4  Results and Discussion 
Fig. 6 presents the comparison of the normalized displacement δ/δst at the midpoint of the bridge regarding 

the vehicle's front axle position for the two vehicle models, considering vehicle speeds of 15, 25 e 35 m/s. Being 
δst the maximum static displacement of the beam which is 4.14 mm for the quarter-car model and 4.10 mm for the 
half-car model [14]. 
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a)  b)  
Fig. 6. Comparative graphs: a) 1-axle vehicle and b) 2-axle vehicle. 

 
It is observed that an increase in speed results in larger displacement amplitudes, as well as oscillatory 

responses. In contrast, for the speed of 15 m/s, a less oscillatory response is noted, with smaller displacements at 
the central point of the structure. Furthermore, the results for this condition show agreement with the reference 
data [14], demonstrating the suitability of the numerical model employed. Small differences in the simulated 
response and the reference are likely due to the different formulations employed, in particular the time marching 
schemes adopted.  

Road roughness was considered for the half-car travelling at 15 m/s and modeled using a road class A profile 
from ISO 8608 [17], representing good pavement quality. Fig. 7 shows that the bridge behavior at the initial meters 
of the crossing is similar with or without roughness. However, as the vehicle progresses, the presence of pavement 
roughness induces oscillations in the response, demonstrating its significant influence on the system’s dynamic 
behavior, which was especially important in this case due to the low stiffness of this particular bridge. 

A test neglecting dynamic effects and assuming purely static distribution of load, Fig. 7 was performed. 
According to Cassola [19], in highway bridge design, dynamic effects are accounted for by amplifying static loads 
using the Dynamic Amplification Factor (DAF), also discussed in [14]. This factor is defined solely based on the 
bridge span length, as established by the Brazilian standard NBR 7187:2022 [20]. In this case of low vehicle speed, 
the static load results similar to the dynamical case without roughness. However, for the case closer to a real VBI 
condition, where pavement imperfections exist, even for a good quality road pavement, the static response differs 
greatly. This discrepancy highlights the importance of considering proper VBI dynamics and also applying the 
DAF in structural designs to ensure both the safety and adequate performance of bridges under moving loads. 

 
Fig. 7. 2-axle vehicle roughness and static comparison. 

5  Conclusions 

This work presented a mechanically equivalent alternative vehicle model representation for VBI by properly 
placing plane frame finite elements in the model. A total Lagrangian finite element formulation was employed to 
represent the nonlinear dynamical response due to the large vehicle displacements relative to the bridge. A 
modified Kelvin-Voigt viscoelastic model was employed for the materials and adjusted to use data from simplified 
springs and dampers of usual vehicle models in the proposed model. Road surface roughness along the vehicle 
path was also included. The simulated dynamic responses were compared with literature for two vehicle models 
and showed the proposed modelling accuracy in representing the VBI problem. 
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