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Abstract. This work presents a locally conservative scheme to solve two-phase flow problems in heterogeneous
porous media. The Darcy equations are discretized using a mixed formulation of the Finite Element Method
(FEM) based on de Rham compatible spaces; i.e. H(div,Ω) functions to approximate the flux field and L2(Ω)
discontinuous functions for the pressure field. These choices ensure that mass conservation holds strongly and
provide high order accuracy for the flux variables. For the transport problem, piecewise constant functions (Fi-
nite Volume Method) are used to approximate the saturation field. Quadratic relative permeability curves with
residual saturation is adopted for both water and air, and a linear density function is considered to account for the
air compressibility. The time-marching procedure is performed using a standard Backward-Euler method. The
nonlinearity due to the coupling is solved using a Sequential Fully Implicit (FSI) strategy. The proposed scheme is
applied to simulate an experiment on filling an initially unsaturated experimental apparatus using different water
injection procedures.
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1 Introduction

A significant portion of oil extracted from mature wells is achieved through water injection techniques. How-
ever, changes in some reservoir properties–like permeability or porosity–can severely impair the formation, re-
sulting in decreased well productivity [1]. Water injection processes are often associated with various formation
damage mechanisms, including the migration of suspended solids, which may lead to pore blockage and the for-
mation of a filter cake at the well-reservoir interface. Additionally, the mobilization of fine particles within the
reservoir can further exacerbate flow impairment [2]. Thus, understanding the mechanisms of water injection and
the resulting flow patterns is crucial for optimizing oil recovery processes.

At UNICAMP, an ongoing research project supported by TotalEnergies, the WIWIS (Wellbore Interface
Well-scale Investigation System), is focused on experimentally investigating injectivity loss of produced water in
reservoirs with the variation of physical and geometric parameters of the well. The core of the project involves the
development of a realistic well simulator measuring 10 meters in length, composed of modular 1-meter segments
that can be connected to replicate full-scale injection conditions (see Figure 1). This innovative apparatus is
designed to enable a range of experimental tests, including linear and radial filtration, filter cake buildup, and
other mechanisms associated with injectivity loss. Currently, the project is in its derisking phase, during which
preliminary tests are being conducted using a single 1-meter module to validate the experimental setup and ensure
the reliability of future large-scale tests.

Each module of the WIWIS apparatus consists of a 1000 mm long cylindrical casket with an external diameter
of 670.95 mm and a central injection wellbore with a diameter of 64.8 mm. A sand screen is installed along the
wellbore surface to prevent sand particle migration into the wellbore while allowing water to flow through. On the
outer surface, a mesh diffuser is attached to promote uniform radial flow across the sand pack. The space between
the sand screen and the mesh diffuser is filled with a carefully selected type of sand that mimics the properties of a
real oil reservoir. Each module is instrumented with pressure sensors to measure the pressure drop across the sand
pack and flow meters to monitor the water injection rate.

A major concern during the derisking phase is the proper sand pack preparation, which involves i) filling
the apparatus with sand, ii) compacting the sand until a desired permeability is achieved, and iii) saturating the
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Figure 1. 1 meter module of the WIWIS experimental apparatus at UNICAMP. (a) Real picture and (b) cross-
section schematic.

sand with water while avoiding the entrapment of air bubbles. The presence of air bubbles can lead to inaccurate
measurements and compromise the validity of the experimental results. To address this challenge, different filling
procedures must be tested to determine the most effective strategy to saturate the sandpack while diminishing the
residual air left in the module. Numerical simulations can play a crucial role in this context by providing insights
into the flow dynamics during the filling process.

In this context, we propose a numerical study to investigate the impact of different filling strategies on the sat-
uration process using a two-phase flow formulation based on a locally conservative Mixed Finite Element Method
(FEM). The scheme uses a Sequential Fully Implicit (SFI) approach to solve the coupled nonlinear equations
arising from the Darcy and transport problems [3]. The Darcy problem includes both incompressible and com-
pressible flow, and is solved in a mixed form using de Rham compatible spaces, ensuring strong mass conservation
and high-order accuracy for the flux variables. The saturation transport problem is discretized using piecewise
constant functions, and includes gravitational segregation effects.

2 Preliminary and notations

In this section, the mathematical problem for the two-phase flow of water and gas in porous media is pre-
sented. The following hypotheses are considered:

• The porous medium is rigid, i.e., the porosity and permeability are constant in time;
• There is no chemical reactions nor adsorption;
• The system is isothermal;
• Capillary effects are neglected;
• No mass transfer occurs between the phases;
• Viscosity is constant for both phases.

Let Ω ∈ Rd be an open domain with boundary ∂Ω = ∂ΩD ∪ ∂ΩN , where ∂ΩD and ∂ΩN are the Dirichlet
and Neumann boundaries, respectively, and [0, T ] is the time interval with T > 0. The governing equations are
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written in a weighted pressure form according to [4]: find u, p, sw such that:

(Kλ)−1u+∇p−Gλ = 0 in Ω× [0, T ], (1a)

−ϕ ∂

∂t

(
sα
bα

)
−∇ · (u) = 0 in Ω× [0, T ], (1b)

ϕ
∂

∂t

(
sw
bw

)
−∇ ·

(
fwu+ fwfguGwg

)
= 0 in Ω× [0, T ], (1c)

where α = w, g is the phase index (water and gas, respectively), ϕ is the porosity,K [m2] the intrinsic permeability
tensor (which for simplicity, is assumed to be isotropic), p [Pa] is the weighted pressure, sα is the saturation of
phase α, observing that

∑
α sα = 1, bα is the formation volume factor of phase α, defined as the ratio between

the phase density at atmospheric conditions and at reservoir conditions, and u =
∑

α uα [m3/m2s] is the total
volumetric flux. The variables λ, fα, Gλ, and uGwg

denote the fluid mobility, fractional flow, gravity force, and
gravity flux, computed as follows:

λ =
∑
α

λα, λα =
krα
µαbα

, α = w, g,

fα =
λα

λ
, α = w, g,

Gλ = g
∑
α

fαρα,

uGwg
= Kλg(ρw − ρg).

In the above equations, µα and ρα are the viscosity and density of phase α, and the relative permeability
krα is a function of the saturation sα, which in this work, a quadratic relative permeability model with residual
saturation sα,r in the form

krα(sα) =

0, sα < sα,r,(
sα−sα,r

1−sα,r

)2

, sα,r ≤ sα < 1,
, α = w, g,

is adopted. The water is assumed to be incompressible, so bw = 1, while the air density ρα is a function of the
pressure p. Under small values of pressure, i.e. p < 10 atm, the air behaves as an ideal gas [5], so a linear density
model can be used without significant loss of accuracy:

ρg(p) = ρg,ref(1 + cg(p− pref)), (2)

where ρg,ref is the reference density at pressure pref, and cg is the compressibility modulus of the gas.
Equations (1a)-(1c) form a set of coupled equations where two subproblems can be identified: the Darcy

problem in its mixed form, given by (1a)-(1b), and the water saturation transport problem (1c).
The boundary conditions for the Darcy subproblem are given by:

u · n = uN on ∂ΩN × [0, T ], (3a)
p = pD on ∂ΩD × [0, T ], (3b)

where n is the outward normal vector to the boundary, uN is the prescribed flux on the Neumann boundary, and
pD is the prescribed pressure on the Dirichlet boundary. For the transport equation, the saturation is prescribed
only on inlet boundaries:

sw = swin on ∂Ωin × [0, T ], (4)

given the initial condition
sw(x, t = 0) = s0w in Ω. (5)

3 Variational formulation and FEM discretization

The domain Ω is discretized using a finite element partition T = {Ki : i = 1, ..., N}, where K is an element
with usual shape. The Hilbert spaces L2(Ω) and H1(Ω) have their usual meaning and norms. The space H(div,Ω)
comprises by vectorial functions v ∈ [L2(Ω)]d whose divergence ∇ · v belongs to L2(Ω). The time is discretized
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using a Backward-Euler scheme with uniform time steps ∆t, so that tn = n∆t, for n = 0, 1, 2, ..., Nt, where Nt

is the total number of time steps. The superscript n indicates the value of a variable at time tn.
For the Darcy subproblem, the following piece-wise functional spaces are considered:

V = {v ∈ H(div,Ω) : v · n = uN on ∂ΩN},

P ⊂ L2(Ω),

verifying the De Rham compatibility ∇ · V ⊂ P [6, 7]. For the transport subproblem, the space P̄ of piece-wise
constant functions over T , yielding a finite volume formulation.

The weak form of Eqs. (1a)-(1c) then reads: find (u, p, sw) ∈ (V,P, P̄) such that:

((Kλn+1)−1un+1,v)T − (pn+1,∇ · v)T = (Gn+1
λ ,v)T − ⟨pD,v · n⟩∂ΩD

, ∀v ∈ V0, (6a)

−(∇ · u, q)T − (
ϕ

∆t

sn+1
α

bn+1
α

, q)T = −( ϕ

∆t

snα
bnα

, q)T , ∀q ∈ P, (6b)

(ϕsn+1
w , d)T + ⟨∆tFn+1, d⟩∂T \∂Ωin

= (ϕsnwb
n
w, d)T − ⟨∆tswinu

n+1 · n, d⟩∂Ωin , ∀d ∈ P̄, (6c)

where
Fn+1 = F(sn+1

w ,un+1) = fw(s
n+1
w )un+1 + fw(s

n+1
w )fg(s

n+1
w )un+1

Gwg

is a nonlinear function if the gravitational flux uGwg
is not null. To solve problem (6c), the Implicit Hybrid

Upwinding (IHU) [8] method is used. The tangent matrix can be obtained by differentiating Eqs. (6a)-(6c) with
respect to the unknowns (u, p, sw), where a Newton’s like method is used to iteratively solve them.

4 Sequential Fully Implicit (SFI) scheme

The coupled nonlinear equations (6a)-(6c) are solved using a Sequential Fully Implicit (SFI) scheme, which
consists on splitting the system into two subproblems: the Darcy problem (6a)-(6b) and the transport problem (6c).
The SFI scheme is summarized in Algorithm 1.

Algorithm 1: SFI algorithm
Input: (u, p, sw)n, msfi, εp, εs
Output: (u, p, sw)n+1 for a time step increment ∆t

1 Set m← 1;
2 Set (ũ, p̃, s̃w)m ← (u, p, sw)

n;
3 for m ∈ {1, . . . ,msfi} do
4 (1) Update λ(s̃mw );
5 (2) Solve Eqs. (6a)-(6b) to obtain (ũ, p̃)m+1;
6 (3) Transfer ũm+1 to transport solver and update ρn+1

g through Eq. (2);
7 (4) Solve Eq. (6c) to obtain s̃m+1

w ;
8 if

∥∥pm+1 − pm
∥∥ ≤ εp and

∥∥sm+1
w − smw

∥∥ ≤ εs then
9 Stop SFI iteration;

10 Set (u, p, sw)n+1 ← (ũ, p̃, s̃w)
m+1;

11 return (u, p, sw)
n+1;

5 Numerical results

In this section, the proposed numerical scheme is applied to simulate the filling of the WIWIS experimental
apparatus using different water injection procedures. The module is represented by a 2D axisymmetric domain
as shown in Figure 2. The sand pack is initially full with air (s0w = 0), and water is injected through the central
wellbore at a constant flow rate Qw = 5 L/min, so the water height in the wellbore increases over time by the
expression:

hw(t)
n+1 = hw(t)

n +
(Qw −Qn

in)∆t

πr2w
,

where Qin is the injected rate in the porous media and rw = 0.0324 m is the wellbore radius. No-flow conditions
are imposed at the outer surface (as during the filling the valves are closed), base, and lid (except for a small gap
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Vitória, Brazil, November 24-27, 2025



G. Avancini, N. Shauer, G.H. Siqueira, P.R.B. Devloo

Figure 2. 1-meter module represented by a 2D axisym-
metric domain.

Table 1. Physical properties used in the simulations.

Property Value

Porosity (ϕ) 0.35

Permeability (K) 500 mD

Water viscosity (µw) 1.0× 10−3 Pa·s

Air viscosity (µg) 1.8× 10−5 Pa·s

Water density (ρw) 1000 kg/m3

Air density (ρg,ref) 1.2 kg/m3

Air compressibility (cg) 1.0× 10−5 Pa−1

Residual water saturation (sw,r) 0.2

Residual air saturation (sg,r) 0.2

at the top close to the outer surface that acts as a purge vent). The physical properties of the sand and fluids used
in the simulations are summarized in Table 1.

The numerical simulation is performed using a uniform mesh with 400 elements, and the time step is set to
∆t = 0.025 s. The SFI algorithm is executed with msfi = 5 iterations and convergence tolerances εp = εs =
10−6. Figure 3 shows the pressure distribution of the reservoir at different times during the filling process, while
Figure 4 depicts the water saturation evolution. The results indicate that the water front moves almost radially
outward from the wellbore, gradually saturating the sand pack from the bottom to the top. The pressure increases
as the water fills the voids, and the saturation reaches a maximum value of approximately 0.8, as expected due to
the residual air saturation considered in the relative permeability model.

(a) (b) (c)

Figure 3. Pressure distribution in the sand pack after (a) t = 500 s, (b) t = 1000 s, and (c) t = 1500 s.

6 Conclusions

This work presented a locally conservative mixed finite element scheme for simulating two-phase flow in
heterogeneous porous media, with application to the filling process of a sand experimental apparatus. The math-
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(a) (b) (c)

Figure 4. Water saturation after (a) t = 100 s, (b) t = 800 s, and (c) t = 1700 s.

ematical model incorporates compressible air and incompressible water, and is solved using a Sequential Fully
Implicit (SFI) strategy that efficiently handles the nonlinear coupling between flow and transport. The numerical
results demonstrate the capability of the proposed approach to capture the evolution of pressure and saturation
fronts during water injection, providing valuable insights into the dynamics of sandpack saturation and the miti-
gation of air entrapment. Future work may extend the methodology to include additional physical effects, such as
capillarity, and to explore more complex injection scenarios by applying vacuum at the purge vent to enhance air
removal.
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