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Abstract. This work investigates the integration of the Strain Gradient Notation Finite Element Method (SGN-
FEM) into a Solid Isotropic Material with Penalization (SIMP) topology optimization framework. Unlike conven-
tional isoparametric quadrilateral elements, SGN-FEM eliminates parasitic shear terms directly at the formulation
stage, avoiding shear locking effects without the need for numerical corrections such as reduced integration. This
straightforward formulation allows its direct implementation into existing optimization codes with minimal com-
putational overhead. Numerical experiments were conducted on classical benchmark problems, including the
MBB beam and a cantilever beam with a passive hole. The results showed that SGN-FEM achieved solutions with
topologies equivalent to conventional formulations, maintaining compliance and volume constraints while exhibit-
ing comparable or improved convergence behavior. These findings highlight SGN-FEM as a robust and efficient
alternative for topology optimization, providing a stable basis for future applications in multiscale optimization.
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1 Introduction

Topology optimization is a well-established method for designing lightweight and high-performance struc-
tures, enabling the optimal distribution of material within a fixed domain under load, boundary, and volume con-
straints. Since the pioneering work of Bendsøe [1], topology optimization has become a key tool in structural
design, with increasing demand for more efficient structural solutions. In this context, multiscale optimization
strategies have gained relevance, allowing microstructural information to be directly integrated into the macrostruc-
tural design process [2–6]. Ensuring the accuracy and robustness of such methods depends largely on the finite
element formulation adopted at each scale [7].

The Solid Isotropic Material with Penalization (SIMP) method is one of the most applied techniques in
multiscale topology optimization problems. Its continuous formulation, based on a scalar density field, enables
the computation of equivalent constitutive properties at the microscale through homogenization procedures, which
facilitates efficient coupling between macro and micro levels [1]. Due to its simplicity and compatibility with
consolidated optimization frameworks, SIMP has become a standard choice in multiscale design.

However, despite its widespread adoption, SIMP-based results are sensitive to the quality of discretization at
the macroscopic level. Conventional finite elements, such as the bilinear quadrilateral (Q4), are prone to numerical
issues like shear locking, especially in bending-dominated problems or in meshes with low refinement level [8].
These limitations can significantly affect the accuracy of the optimized topology, particularly in cases where fine-
scale features are critical.

To overcome these drawbacks, this work applies the Strain Gradient Notation Finite Element Method (SGN-
FEM) [8] within a SIMP-based topology optimization framework. The SIMP implementation developed by An-
dreassen et al. [9] is used as the baseline code, in which the SGN finite element formulation is integrated for
structural analysis at the macro scale. As a preliminary study, numerical results for classical benchmark problems
are presented to validate the SGN-FEM implementation and establish a foundation for its future application in
multiscale optimization frameworks.
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2 Theoretical Background

2.1 Topology Optimization using SIMP

Topology optimization aims to distribute material within a fixed domain to achieve optimal structural per-
formance under loading and volume constraints. Among the available methods, the Solid Isotropic Material with
Penalization (SIMP) technique is widely used due to its simplicity and efficiency [1, 9].

In SIMP, a continuous density field ρ is associated with each finite element, interpolating its stiffness as
E(ρ) = ρpE0, where p is the penalization factor and E0 is the material’s Young’s modulus. The optimization
problem is formulated as:

Minimize c(ρ) = fTu

Subject to K(ρ)u = f ,

v(ρ)

V0
≤ F,

0 < ρmin ≤ ρj ≤ 1, j = 1, . . . , n.

(1)

Here, c(ρ) is the structural compliance, f is the global load vector, u is the global displacement vector, and
K(ρ) is the global stiffness matrix assembled from the element stiffness matrices dependent on ρ. The term v(ρ)
denotes the material volume, V0 is the design domain volume, and F is the prescribed volume fraction. The lower
bound ρmin avoids singular stiffness matrices, ρj is the density variable of the j-th element, and n is the total
number of elements in the mesh.

The SIMP implementation adopted in this work is based on the 88-line MATLAB code by Andreassen et
al. [9], serving as the baseline for incorporating the SGN-FEM.

2.2 Strain Gradient Notation Finite Element Method (SGN-FEM)

Isoparametric quadrilateral (Q4) finite elements are widely employed in topology optimization due to their
simplicity and straightforward implementation. However, these elements are susceptible to shear locking, partic-
ularly in bending-dominated problems or in meshes with low refinement. This numerical pathology leads to an
artificially stiff structural response, compromising the accuracy of the solution.

The Strain Gradient Notation Finite Element Method (SGN-FEM), introduced by Dow [8], reformulates
the element kinematics by expressing the displacement field in terms of strain-gradient coefficients. For a Q4
element, the displacement components in the x and y directions, denoted by u(x, y) and v(x, y), respectively, are
approximated by polynomial expansions including first-order derivatives of the strain field as:

u(x, y) = (urb)0 + (εx)0 x+
(γxy

2
− rrb

)
0
y + (εx,y)0 xy, (2)

v(x, y) = (vrb)0 +
(γxy

2
+ rrb

)
0
x+ (εy)0 y + (εy,x)0 xy, (3)

where:
• (urb)0 and (vrb)0 are rigid body translations in the x and y directions, respectively;
• (εx)0 and (εy)0 are constant normal strain components in the x and y directions;
• γxy is the shear strain;
• rrb is the rigid body rotation about the z axis;
• (εx,y)0 and (εy,x)0 are the derivatives of the normal strain components, representing strain gradients in the
y and x directions, respectively.

These strain-gradient coefficients possess a direct physical interpretation. For instance, (εx,y)0 represents the
linear variation of the constant term (εx)0 along the y direction, corresponding to the bending strain distribution
produced by a constant bending moment.

The strain–displacement relationships are obtained by differentiating the displacement field with respect to
the spatial coordinates:

∂u

∂x
= εx = (εx)0 + (εx,y)0 y, (4)

∂v

∂y
= εy = (εy)0 + (εy,x)0 x, (5)
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∂u

∂y
+

∂v

∂x
= γxy = (γxy)0 + (εx,y)0 x+ (εy,x)0 y. (6)

Equations (4) and (5) correctly describe the linear variation of the normal strain components εx and εy within
the element. However, the shear strain component γxy in eq. (6) contains additional terms proportional to (εx,y)0
and (εy,x)0, which correspond to derivatives of the normal strains. These parasitic shear terms introduce coupling
between normal and shear strains.

In SGN-FEM, these spurious terms are removed directly at the formulation stage, yielding the corrected shear
strain expression:

γxy = (γxy)0, (7)

thereby ensuring that shear deformation is represented independently of normal strain variations. This a priori
correction eliminates shear locking without requiring numerical remedies such as reduced or selective integration.

The element stiffness matrix in SGN-FEM is expressed as:

[Ke] = [Φ]−T Ū [Φ]−1, (8)

where:
• [Ke] is the element stiffness matrix;
• [Φ] is the transformation matrix that relates nodal displacements to strain-gradient degrees of freedom;
• Ū is the strain energy matrix, defined in terms of the corrected strain measures.
A detailed derivation of the Q4 SGN-FEM formulation can be found in Dow [8].
This formulation ensures a physically consistent representation of the element behavior and provides a

locking-free alternative to conventional isoparametric Q4 elements, while maintaining compatibility with standard
finite element assembly procedures.

3 Methodology

This study integrates the Strain Gradient Notation Finite Element Method (SGN-FEM) into a SIMP-based
topology optimization framework. The original 88-line MATLAB code by Andreassen et al. [9] was adapted to re-
place the isoparametric bilinear quadrilateral (Q4) element with the SGN-FEM formulation presented in Section 2,
without altering the optimization algorithm.

Two finite element models were considered: the Conventional Element (CE), using the isoparametric Q4
formulation, and the Strain Gradient (SG) element, with parasitic shear terms eliminated at the formulation stage.

Numerical experiments were conducted on two classical benchmark problems. The first is the MBB beam,
with pinned supports on the left edge, a roller at the bottom right, and a vertical load applied at the upper left
corner. The second is a cantilever beam with a circular hole, fully clamped on the left edge and subjected to a
vertical tip load. Mesh discretizations of 60×20, 150×50, and 300×100 elements were used for the MBB beam,
while the cantilever beam with hole was discretized with 120 × 60 elements. The boundary conditions and load
configurations are shown in Fig.s 1 and 2.

Figure 1. Design domain, boundary conditions, and external load for the MBB beam.

Both models were evaluated under a volume constraint of 50%, using a penalization factor p = 3 and a sen-
sitivity filter radius of 1.5 element widths. The optimization process was considered converged when compliance
changes between successive iterations became negligible, while maintaining the volume constraint.
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Figure 2. Design domain, boundary conditions, and external load for the cantilever beam with hole.

The number of iterations and computational time were recorded to compare the performance of SGN-FEM
against the conventional formulation, with particular attention to convergence behavior and numerical robustness
in bending-dominated scenarios.

4 Results

Numerical experiments were conducted to evaluate the performance of the SGN-FEM formulation in com-
pliance minimization problems. Two benchmark cases were analyzed: the MBB beam and a cantilever beam
with a hole. The results obtained using the SGN-FEM (SG) were compared against the conventional quadrilateral
element (CE), considering iteration count, compliance, volume constraint, and computational time.

Tab. 1 presents the numerical results for the MBB beam problem. Both formulations achieved similar compli-
ance values and volume constraints, with the SG model exhibiting a slight increase in compliance (approximately
0.3% to 0.4%) due to the elimination of parasitic shear terms. The SG model also demonstrated a marginal re-
duction in iteration count for the coarser mesh (60x20) and slightly lower computational times across all mesh
configurations. The optimized topologies obtained with SGN-FEM are illustrated in Fig. 3, showing well-defined
and physically consistent structures.

Table 1. Numerical results for the MBB beam using the SIMP method.

Mesh Method Iterations Compliance Volume Time (s)

60x20 CE 106 216.8137 0.5000 3.5509
60x20 SG 104 217.4516 0.5000 3.5334

150x50 CE 95 219.5199 0.5000 7.5270
150x50 SG 96 220.2974 0.5000 7.4812

300x100 CE 93 222.2857 0.5000 28.1940
300x100 SG 93 222.8015 0.5000 27.8989

(a) Mesh 60x20 (b) Mesh 150x50 (c) Mesh 300x100

Figure 3. Optimized topologies for the MBB beam problem using SGN-FEM.

The second numerical experiment addressed a cantilever beam with a passive circular hole. Tab. 2 summarizes
the results. Both CE and SG configurations reached convergence after 36 iterations, with SG achieving a slightly
higher compliance value (0.93% increase) but requiring a lower computational time. The optimized topology
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obtained with SGN-FEM is presented in Fig. 4, highlighting its capability to generate well-defined boundaries
even in the presence of passive regions.

Table 2. Numerical results for the cantilever beam with a passive hole using the SIMP method.

Mesh Method Iterations Compliance Volume Time (s)

150x100 CE 36 60.9485 0.5000 5.7589
150x100 SG 36 61.5160 0.5000 5.0995

Figure 4. Optimized topology for the cantilever beam with a passive hole using SGN-FEM.

Overall, the SGN-FEM formulation provided solutions free from locking effects while maintaining similar
compliance and volume results to conventional elements. Additionally, SGN-FEM demonstrated slight improve-
ments in computational efficiency, with reduced iteration counts and execution times, especially in cases involving
bending-dominated behavior and geometric complexities.

5 Conclusions

This work investigated the integration of the Strain Gradient Notation Finite Element Method (SGN-FEM)
into a SIMP-based topology optimization framework. Numerical experiments were performed on two benchmark
problems (MBB beam and cantilever beam with a passive hole), comparing SGN-FEM to conventional quadrilat-
eral elements (Q4).

The SGN-FEM formulation effectively eliminates locking phenomena through an a priori correction of para-
sitic shear terms, resulting in a slightly more flexible structural response compared to conventional elements. This
characteristic led to marginally higher compliance values (less than 1%), indicating a more physically accurate rep-
resentation of the structural behavior. Despite this minor difference, the optimized topologies remained consistent,
and the volume constraints were fully satisfied.

Additionally, SGN-FEM required an equal or smaller number of iterations and achieved competitive compu-
tational times. These results demonstrate that SGN-FEM is a robust and efficient alternative to isoparametric finite
elements in topology optimization. Future work will explore its application to multiscale optimization problems.
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