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Abstract. In this paper, the planar dynamics of a fluid-conveying pipe, simply supported, with a mass attached
at the middle span, are analyzed. Primarily, as external forces, a pulse load applied at the middle point, and
the self-weight of the pipe-fluid system, were considered. For such loads, the dynamic behaviour was analyzed
for different flow velocities. Additionally, to the current external applied forces, a gravitational force has been
considered, because of the attached mass at the mid span. The pipe was considered an Euler-Bernoulli beam
having a non-negligible flexural rigidity. Only transversal and angular displacements related to the undeformed
pipe axis were considered. We assume an incompressible fluid and an elastic pipe material. The equation of
motion for the model is obtained using Hamilton’s variational principle. The direct integration of the dynamic
equations was solved by the Galerkin’s method. Numerical analyzes and simulations were performed using a
code developed in Matlab. This paper demonstrated that, in the presence of the attached mass, for different flow
velocities, the system frequencies decrease with time, for increasing flow velocities, approaching to zero at the
theoretical critical velocity.
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1 Introduction

Rigid pipes are of fundamental importance in riser systems for operations in oil, and gas industry, and also in
deep and ultra-deep water operations. In such systems, the internal fluid is composed of a mixture of oil, gas, and
water, flowing under different conditions of pressure, and temperature, known as slug flow. In particular, slug flow
is a frequent operational phenomenon that occurs in the offshore industry. The dynamic nature of the slug pattern
induces variable forces over time, leading to structural vibrations of the riser systems. These vibrations can produce
considerable deflections, and stresses, which can cause excessive bending, local buckling, or failure due to fatigue.
These conditions make its mathematical modeling highly complex. The study of riser systems under dynamic loads
induced by a multiphase internal flow in deep waters is recent. Particularly in the offshore oil, and gas industry,
there are some papers dedicated to the analysis of internal flow-conveying risers. Some authors have analyzed the
dynamic behavior of the riser systems, involving relevant issues, such as the effect of the pipe flexural stiffness,
the influence of large deformations, and the influence of the pulsatile internal flow, among others. Wu and Lou
[1] developed a mathematical model to study the simultaneous effect of the flow of internal fluid, and the flexural
rigidity of the pipe, on the dynamic behavior of flexible risers. The authors concluded that the flexural stiffness had
a great influence on the dynamic response of the riser, under internal flow at high velocities. Yamamoto [2] carried
out experiments on the effect of the flow of internal fluid, on the dynamic behavior of vertical pipes. The author
noted that the pipe natural frequency tends to decrease with increasing fluid flow. Onuoha et al. [3] considered
a linear structural model with small displacements, including the effects of axial traction. They developed the
governing equation and used for its numerical resolution, the technique approximated by finite differences.
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2 Governing equation

A simply supported pipe is considered in Fig. 1. Where x − y is the Cartesian coordinate system, with
the x−axis along the neutral line of the undeformed pipe, y−axis is the direction of the vertical displacements
along the deformed pipe, w(x, t) is the vertical displacement of the deformed pipe at x−coordinate, at time, t.
θ(x, t) = ∂w(x,t)

∂x is the slope of deformed pipe, at x−coordinate, at time, t, relative to the undeformed pipe, L
is the free span of the pipe, Di, and De are respectively the internal and external diameters of the pipe, U is the
constant velocity vector of the fluid with direction normal to the cross section at x−coordinate of the deformed
pipe, and m is the mass attached at the middle span of the pipe. The basic hypotheses for the system are: a)
Flow of incompressible fluid only in the x − y plane, with a constant velocity U [m/s]. b) The length of the
pipe is much larger than the internal diameter. c) The vertical deflection w, and the slope θ, are small compared
with the beam length, then the small displacements and angle assumption shall be used. d) The flow of fluid is
turbulent. e) Hooke’s law behavior of the pipe material is assumed. f) In the horizontal direction, the displacements
are neglected. g) The cross-sections of the deformed pipe remains orthogonal to the deformed axis. h) External
damping is neglected.
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Figure 1. System scheme - Pipe with a mass attached at the middle of the free span.

2.1 Euler-Bernoulli beam model

The potential energy of a uniform beam due to bending is given by Petyt [4]:

U =
1

2

∫ L

0

E Iz

[
∂2w(x, t)

∂x2

]2
dx (1)

where E is the modulus of elasticity, Iz is the moment of inertia of the cross-section about the neutral axis, w(x, t)
is the transverse deflection at the axial location x and time t, and L is the length of the pipe. The kinetic energy of
the pipe is given by

T =
1

2

∫ L

0

ρb Ab

[
∂w(x, t)

∂t

]2
dx (2)

where ρb is the density of the pipe, and Ab is the cross-sectional area of the pipe. For the pipe distributed load per
unit length, py , the force in increment, dx, is pydx. The virtual work done by the non conservative load, py , with
a virtual displacement, δw(x, t), is δw(x, t) pydx. Then, the virtual work for the element is therefore:

δWnc =

∫ L

0

py δw(x, t)dx (3)

The mathematical statement of Hamilton’s principle is shown to be, according to Petyt [4]:∫ t2

t1

[δ(T − U) + δWnc] dt = 0 (4)

Substituting Eq. (1), Eq. (2) and Eq. (3) into Eq. (4), and integrating by parts, gives the governing differential
equation of motion for the pipe:

E Iz
∂4w(x, t)

∂x4
+ ρb Ab

∂2w(x, t)

∂t2
= py (5)
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The null integrated terms left of Eq. (5), are given by:[
E Iz

∂2w(x, t)

∂x2
δ

(
∂w

∂x

)]L
0

= 0,

[
E Iz

∂3w(x, t)

∂x3
δw

]L
0

= 0 (6)

where, according to Timoshenko [5] the term, E Iz
∂2w(x,t)

∂x2 , represents the bending moment, and the term,

E Iz
∂3w(x,t)

∂x3 , represents the shear force. For Eq. (6) to be satisfied, the following pinned-pinned boundary condi-
tions hold,

w(0, t) = 0, E Iz
∂2w(0, t)

∂x2
= 0 (7)

at the left end (x = 0), and

w(L, t) = 0, E Iz
∂2w(L, t)

∂x2
= 0 (8)

at the right end (x = L).

2.2 System fluid model

The kinetic energy for the fluid is given by

Tf =
1

2

∫ L

0

ρf Af

(
D

D t
[w(x, t)]

)2

dx (9)

where ρf is the density of the fluid and Af the pipe internal cross-sectional area. The material derivative or the
convected derivative, D/Dt[w(x, t)] of the fluid, considering the flow in the x-direction, flowing with a constant
velocity profile, U , inside the pipe, is given by Blevins [6]:

D

D t
[w(x, t)] =

(
∂

∂t
+ U

∂

∂x

)
w(x, t) (10)

where ∂
∂t is the partial derivative relative to time, and ∂

∂x the partial derivative relative to space, since the motion
is planar (z = 0). Note that, it’s assumed here that it does not have any flow velocity say, Vy , in y direction, which
implies that there is no the term, ∂

∂y , in Eq. (10). Then, substituting the Eq. (10) in Eq. (9) gives the kinetic energy
of the fluid:

Tf =
1

2

∫ L

0

mf

[(
∂

∂t
+ U

∂

∂x

)
w(x, t)

]2
dx (11)

where, mf = ρf Af , is the fluid mass, by unit length. Developing the integrand of Eq. (11), and integrating
by parts, we get the expression for the forces acting on an element of fluid, due to the induced accelerations that
appears on it’s motion:

mf

[
∂2

∂t2
w (x, t) + 2U

∂2

∂t∂x
w (x, t) + U2 ∂2

∂x2
w (x, t)

]
(12)

where, the first term stands for the inertial force of the element of fluid. The second, and third terms represent,
respectively, the Coriolis, and the centrifugal effects on the fluid motion, due to the fluid relative velocity with
respect to the pipe. Adding Eq. (12) to Eq. (5), gives the fluid-pipe system governing equation as follows, according
to Blevins [6]:

E Iz
∂4w(x, t)

∂x4
+mf

(
2U

∂2w(x, t)

∂t ∂x
+ U2 ∂2w(x, t)

∂x2

)
+Mc

∂2w(x, t)

∂t2
− py = 0 (13)

Defining the quantity, mt = ρbAb, as linear mass of the pipe, the quantity Mc = mf + mt is the mass of the
system, per unit length. Then, the fourth term in Eq. (13) represents the system total inertia force. The external
concentrated loads applied on the system are composed of a pulse load, and the weight of the mass attached. The
pulse load pL = P (t), is a known time variable force, and in section 4 it is described what is the form of this
force. These external concentrated loads are the components of the external force vector, {Rext}, as described in
section 3.1 .

CILAMCE-2025
Proceedings of the XLVI Ibero-Latin-American Congress on Computational Methods in Engineering, ABMEC

Vitória, Brazil, November 24-27, 2025



Dynamic analysis of a fluid-conveying pipe

3 SIMULATIONS BY FINITE ELEMENT ANALYSIS

3.1 Finite element formulation

The weak formulation is obtained by Galerkin’s method applied to Eq. (13). According to Cook [7], the
resulting discretization in finite elements is made by considering the nodal displacement vector {d(t)}e for an
element, e, dependent on time as:

{d(t)}e = ⌊u1(t) θ1(t) u2(t) θ2(t)⌋T (14)

where, u1(t), u2(t) are the nodal vertical displacements, and θ1(t), θ2(t) are the nodal rotations, at nodes 1 and 2
of element, e, respectively. The externally applied loads on the element are represented by the element nodal force
vector, {r}e = ⌊V e

1 Me
1 V e

2 Me
2 ⌋T , where: V e

1 , V e
2 are the nodal shear forces, and Me

1 , Me
2 are the nodal

bending moments, at nodes 1 and 2 of the element, e, respectively. The shape function matrix for a beam element
is given by:

[N(x)]e = ⌊1− 3
x2

L2
+ 2

x3

L3
, x− 2

x2

L
+

x3

L2
, 3

x2

L2
− 2

x3

L3
, − x2

L
+

x3

L2
⌋ (15)

where L is the length of the element. The transversal displacement w(x, t) of the beam is approximated in FEA
by the product of the shape function matrix in Eq. (15), and the nodal displacement vector in Eq. (14) as:

w(x, t) = [N(x)]
e {d(t)}e (16)

Time and space derivatives are noted, respectively, as the symbols dot, ˙, and prime, ′, over the differentiated
variables. Hence, substituting Eq. (16) into Eq. (13), gives,

[m]e{d̈(t)}+ [c]e{ḋ(t)}+ ([k]e − [cf ]
e) {d(t)} = {r}e (17)

where the vectors {d(t)}, {ḋ(t)} and {d̈(t)} are, respectively, the nodal displacement vector, the nodal velocity
vector, and the nodal acceleration vector. Furthermore, for an element, e, the matrices [k]e, [cf ]e, [m]e, and [c]e

are, respectively, the stiffness, centrifugal, mass, and dissipation matrices. Using the shape functions defined in
Eq. (15), and the corresponding derivatives with respect to x, and, t, the matrices [k]e, [cf ]

e, [m]e, and [c]e in
Eq. (17) can be determined, by direct integration. Therefore, the element stiffness, centrifugal, and mass matrices,
are given, respectively, by:

[k]e = E Iz
∫ L

0
[N ′′]T [N ′′]dx =

E Iz
L3


12 6L −12 6L

6L 4L2 −6L 2L2

−12 −6L 12 −6L

6L 2L2 −6L 4L2

 (18)

[cf ]
e = U2 mf

∫ L

0

[N ′]T [N ′]dx =
U2 mf

30L


36 3L −36 3L

3L 4L2 −3L −L2

−36 −3L 36 −3L

3L −L2 −3L 4L2

 (19)

[m]e = Mc

∫ L

0

[N ]T [N ]dx =
Mc L

420


156 22L 54 −13L

22L 4L2 13L −3L2

54 13L 156 −22L

−13L −3L2 −22L 4L2

 (20)

The dissipation matrix, also named the Coriolis matrix, is given by1:

[c]e = 2U mf

∫ L

0

[N ]T [N ′]dx =
U mf

30


−30 −6L −30 6L

6L 0 −6L L2

30 6L 30 −6L

−6L −L2 6L 0

 (21)

1It can be noted that the matrices [k]e, [cf ]e, and [m]e are symmetric matrices, against the Coriolis matrix, [c]e, which is not.
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Afterward, the stiffness, mass, and dissipation matrices for the finite element, e, have been determined, the global
matrices are assembled according to the respective element matrices, considering the number of finite elements,
N , in which the system was discretized for analysis by FEM. This leads to the dynamic equation of the system,
given by:

[M ] {D̈}+ [C] {Ḋ}+ [K] {D} = {Rext} (22)

where, the matrices, [M ], [C], and [K], are respectively, the global mass matrix, the global dissipation matrix,
and the global stiffness matrix of the system. The vectors, {D}, {Ḋ}, and {D̈} are, respectively, the global
nodal displacement, the global nodal velocity, and the global nodal acceleration vectors of the system. The vector,
{Rext}, is the global nodal external force vector applied to the system.

4 Results

Crude oil flow in pipelines are considered in this section. The design range of oil industry guidelines typically
set flow velocities between 1,0 m/s and 3,0 m/s for crude oil in large onshore pipelines. A crude oil flow rate of
9172 m3/d (0,1065 m3/s) flowing in a nominal OD 0,400 m piping (ID 0,406 m), wall thickness: 12.7mm, was
considered. Therefore, the flow velocity considered is approximately 0,82 m/s. This value (≈ 0,8 m/s) is close to
the recommended lower limit, minimizing deposits, but still effective for long-distance transport2.

4.1 Natural frequencies of the system

We adopt, a simply supported pipe with span, L = 10.97m (36 ft). For the pipe with Young’s modulus of
E = 207× 109 N/m2, linear mass of mpipe = 123.16 kg/m, and linear weight of ppipe = 1208.20N/m. The in-
ternal fluid is crude oil, where: linear mass of Mfluid = 110.04 kg/m, and linear weight of pfluid = 1079.50N/m.
Firstly, we consider empty pipe. According to Timoshenko [5], the theoretical maximum deflection in the middle
of the span, for simply supported pipe, is given by: fmax =

5 ppipe L4

384EI . With data, this ensures maximum deflection
in the middle of the span of 0.0033m < 0.006m, which is in accordance with N-57, by Petrobras [8]. Initially,
considering only one finite element, i.e., N = 1, for pinned-pinned boundary condition, with empty pipe. Then

[C] = 0. The mass matrix is, [M ] =
mpipe L

420

[
4L2 −3L2

−3L2 4L2

]
= 103 ×

[
1.55 −1.16

−1.16 1.55

]
. The stiffness

matrix is, [K] = E Iz
L3

[
4L2 2L2

2L2 4L2

]
= 105 ×

[
276.5 138.3

138.3 276.5

]
. The minimum natural frequency for empty

pipe is given by the Hermitian matrix, as follows:

[H] =

 −[M ]−1 [C] −[M ]−1 [K]

Id 0

 where, Id and 0, are the identity and zero matrices, respectively. Both

matrices have the same dimensions as [M ], and [K] matrices. With data, we find: ωmin = 71.38 rad/s. According
to Grant [9], the fundamental frequency is: ω1 = (π/L)2

√
EI/mpipe = 64.32 rad/s. The observed difference

of, 71.38/64.32 = 1.11, or, 11%, in the minimum frequencies of the system is because of the number of finite
elements initially adopted N = 1. As the number of elements increases, the calculated value for the fundamental
frequency of the system will approach the theoretical value. Indeed, for only N = 2 elements, the calculated nat-
ural frequency is 64.57 rad/s, or, 0.40% of difference relative to the theoretical value. For, N = 10 elements, the
calculated natural frequency is 64.31 rad/s. Secondly, we consider full pipe for different flow velocities, for sys-
tem discretized with, N = 10 elements. Table 1 shows that as the oil flow velocity in the pipe increases, the natural
frequency of the system decreases. However, the system remains stable, with only small variations in the natural
frequencies. Notice in Tab. 1, two flow velocity ranges. The first, ranging from 0 to 3 m/s, is within the operating
limit range, as described above. The second range, from 4 to 6 m/s, is theoretical, only for the purpose of verifying
the stability of the system. Finally, we add a mass of 100 kg, in the middle span of the pipe. Then, we repeat the
same sample for the flow velocities and the corresponding frequencies of the system are displayed at third column.
In Fig. (2), it can be seen that the response of the natural frequencies of the system, with increasing fluid flow

velocity, without the addition of the central mass. Notice that, as the fluid flow velocity increases, the frequency
of the system decreases. The flow velocity values were extrapolated outside the aforementioned operating range,
in order to find the critical flow velocity of the system, at which the frequency is zero. This is the limit where the
system exhibits static instability, also known as divergence instability. For high fluid flow velocities, the dynamic

2Notice that the piping does not have any thermal insulation.
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Table 1. System natural frequencies for full pipe with added mass

Flow velocity [m/s] Frequency Value [rad/s] With added mass of 100 [kg]

0 46.7431 45.0155
0.8 46.7428 45.0153
1.0 46.7426 45.0151
1.5 46.7421 45.0146
2.0 46.7413 45.0138
2.5 46.7403 45.0128
3.0 46.7390 45.0117

4.0 46.7359 45.0086
5.0 46.7318 45.0047
6.0 46.7268 45.0000
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Figure 2. Flow velocity X Frequency.
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Figure 3. Dynamic stability modes of the system.

behavior of the system will exhibit different modes. Fig. (3) shows the plots of the real and imaginary parts of the
eigenvalues, λ, which refer to the first and third vibration modes of the system. Dynamic stability (ES) is achieved
up to a flow velocity of vf = 238.19m/s. Both modes are coupled with the real parts of, λ, being zero, while their
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imaginary parts are non-zero. After this point, these modes become uncoupled. For the first mode, the real part of,
λ, is negative, with the imaginary part being zero. In the third mode, the real part of, λ, is zero, and the imaginary
part is non-zero. This second dynamic state characterizes divergence instability (DV). From vf = 476.38m/s to
vf = 600m/s, the two modes re-couple, with the real parts of both modes being negative and the imaginary parts
non-zero. This third dynamic state characterizes flutter instability (FL).

5 Conclusions

This paper shows that the natural frequencies of the system, without any external point mass added to it,
decrease as the fluid flow velocities increase, up to the limit of zero vibration, when the flow velocity reaches the
critical value of the system. For higher flow velocities the system presented three different dynamic behaviors.
The first, refers to the dynamic stability of the system, where some vibration modes are coupled (the first and third
modes, in this case). The second dynamic state is known as divergence, or dynamic instability of divergence. In this
case, both vibration modes are non-coupled, up to some flow velocity. The last, is known as dynamic instability of
flutter, where the system looses stability, for some value of flow velocity, which is known as the Hopf’s bifurcation
point. From this point, both modes are re-coupled. As the final observation, already expected for the system, is that
with the inclusion of the central mass, its fundamental frequency will, consequently, decrease. However, within the
operating limit range, as mentioned before, compared to the free system without the added mass, the rate of change
of the natural frequencies is lower. The system tends to be more stable to variations in internal flow velocities, with
the addition of an external mass at the middle of the span.
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