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Abstract. Concrete is a widely used material in civil engineering, characterized by its high heterogeneity, as it is
composed of a cement paste and aggregates of varying shapes, sizes, and properties. This complex composition
makes it difficult to accurately represent its behavior using classical solid mechanics models. Traditionally, struc-
tural analysis considers behavior based on the classical continuum model, also known as the Cauchy continuum,
which simplifies the material as being composed of infinitesimal points. However, this approach may not be suffi-
cient to faithfully represent materials with complex microstructures, such as concrete. In this context, generalized
continuum models have emerged, such as the micropolar continuum, also known as Cosserat. These models take
into account the existence of microstructures with non-negligible dimensions, allowing each point in the material
to have additional degrees of freedom, such as independent rotations and internal deformations. This formulation
enables a more accurate representation of scale effects and local discontinuities. The present work aims to nu-
merically simulate the nonlinear behavior of the same structure using the formulations of the two aforementioned
continuum types, in order to compare the analysis efficiency, computational cost involved, and the accuracy of the
results obtained. It is expected that the micropolar model will require greater computational effort but will provide
results that are more consistent with reality, especially when considering the heterogeneity of concrete, which is
not adequately represented by the simplifications of the classical continuum.
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1 Introduction

The Finite Element Method (FEM) is one of the most widely used numerical tools for nonlinear structural
analysis, being extensively applied in both academic research and industrial practice [1]. Its formulation enables
the investigation of complex phenomena in various engineering fields, such as subsea pipelines [2], bridges [3],
concrete fracture [4], and slope stability [5].

The accuracy of FEM simulations strongly depends on the constitutive modeling, grounded in Continuum
Mechanics, which describes material behavior under loading. Among the existing formulations, the classical
Cauchy continuum and the Cosserat micropolar continuum stand out. The latter introduces independent rotational
degrees of freedom, allowing for the representation of phenomena not captured by the classical theory, such as size
effects and microrotations [6, 7].

This work aims to compare FEM-based responses using Cauchy and Cosserat formulations in nonlinear
structural problems, assessing the influence of the adopted theory on the results. The main contribution is to
identify scenarios where micropolar models may provide more realistic predictions, supporting future research on
fracture analysis and heterogeneous materials.

The paper is organized as follows: (i) introduction; (ii) theoretical background, summarizing the adopted
formulations; (iii) methodology, detailing the simulated examples and software; (iv) results and discussion; and
(v) conclusions.
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2 Theoretical background

2.1 Cauchy continuum

The Cauchy continuum, illustrated in Figure 1, is formulated under the assumption that the body consists
of infinitesimal material points with negligible dimensions. In the analysis of the transformation between the
initial undeformed configuration (X) and the deformed configuration (x), rigid body motion of these points is
disregarded, thereby simplifying the governing equations.

Figure 1. Physical representation of the Cauchy continuum, adapted from Ralf [8].

The formulation presented by Mal and Singh (1991) [9] allows the computation of strains (ϵ) from prescribed
displacements (u), as given in Eq. 1, and subsequently the Cauchy stress tensor (σ) through Eq. 2, where λ and µ
are the Lamé constants [9], and δij denotes the Kronecker delta. Furthermore, stresses and strains must satisfy the
equilibrium and compatibility conditions expressed in Eqs. 3 and 4, where fi represents the body forces.

ϵij =
1

2
[∇uij + (∇uij)

T ] (1)

σij = λϵkkδij + 2µϵij (2)

σji,j + fi = 0 (3)

ϵij,km + ϵkm,ij − ϵik,jm − ϵjm,ik = 0 (4)

For analyses involving large deformations, the use of the Cauchy tensor alone is insufficient to accurately
describe the stress state, requiring the introduction of the first Piola–Kirchhoff tensor (σ) and the second Pi-
ola–Kirchhoff tensor (σ̃). These are related to the Cauchy stress tensor by Eqs. 5 and 6, where J denotes the
deformation Jacobian and F the deformation gradient.

σ = JFij
−1σij (5)

σ̃ = JGijσijFij
−T (6)

The constitutive equations relating the stress tensor to the strain tensor are expressed in Eq. 7. This rela-
tionship is defined by the fourth-order elastic tensor (c), which incorporates material properties through the elastic
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modulus (E) and Poisson’s ratio (ν). Owing to the stress equilibrium equation (Eq. 3), the elastic tensor must
satisfy the symmetry conditions presented in Eq. 8. Additional details on the classical theory can be found in Mal
and Singh (1991) [9].

σij = cijkmϵkm (7)

cijkm = cjikm = cijmk = cmkij (8)

2.2 Cosserat continuum

As previously mentioned, the classical continuum assumes that the body is composed of infinitesimal ma-
terial points, and therefore of negligible dimensions. However, when dealing with heterogeneous media, such as
reinforced concrete, this assumption may compromise the accuracy of the results, since the material heterogeneity
is neglected [10].

Conversely, the Cosserat continuum considers the body to be formed by particles with non-negligible dimen-
sions (Q) and (q), as illustrated in Figure 2. This model accounts for moments that produce microrotations of these
particles, adding additional rotational degrees of freedom [11] to the Cauchy continuum, thereby improving the
analysis of heterogeneous materials.

Figure 2. Physical representation of the Cosserat continuum, adapted from Fuina [11].

Microrotation is characterized by the tensor (ϕk), which defines two new quantities in addition to the strain
described in Eq. 1: (γij) and (κij), as expressed in Eqs. 9 and 10, respectively. These quantities are related to
variations in dimensions and curvatures of the microstructure.

γij = uj,i − ϵijkϕk (9)

κij = ϕj,i (10)

Regarding the constitutive relations, in addition to those already presented in the classical continuum, the
strain energy density (U0) is now a function of γij and κij , as established in Eqs. 11 and 12. The solution of the
problem depends on the boundary conditions [11]. Thus, in addition to the stress equilibrium equation (Eq. 3),
the governing equation for microrotations must also be satisfied, as expressed in Eq. 13, where li represents the
prescribed body moment.

σij =
∂U0

∂γij
(11)
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µij =
∂U0

∂κij
(12)

µji,j + ϵijkσjk + li = 0 (13)

It is observed that the Cosserat continuum constitutes an extension of the classical continuum, such that,
when the additional assumptions are disregarded, the equations reduce to those of Cauchy. Further details on this
formulation can be found in Fuina (2009) [11].

3 Methodology

The analyzed structure consists of an L-shaped panel, as illustrated in Figure 3, subjected to a vertically
distributed load applied along its lateral edge. The model was idealized under the plane strain assumption, with
a thickness of 100 mm. The material was considered as linear elastic and isotropic, with an elastic modulus of
25,850 N/mm² and a Poisson’s ratio of 0.18.

The simulations were carried out using the INSANE software [12], developed at the Federal University of
Minas Gerais (UFMG). This computational environment employs the Finite Element Method (FEM) and supports
nonlinear analyses using different formulations of Continuum Mechanics.

Figure 3. L-shaped panel model, adapted from INSANE [13].

The numerical model was discretized into 48 quadrilateral Q8 elements, with full integration (3×3 Gauss
points). Boundary conditions were defined with full displacement constraints (Dx = Dy = 0) along the base of the
panel. The applied load consisted of a set of vertically distributed nodal forces on the panel’s lateral edge. The
loading was applied incrementally, with an initial load factor of 0.02, using the Generalized Displacement Control
method, suitable for nonlinear problems with possible stiffness degradation.

The analysis was performed using both the classical Cauchy formulation and the Cosserat continuum, al-
lowing a comparative assessment of the responses of the two theories. The adopted solution algorithm was the
standard Newton-Raphson method, with a convergence tolerance of 10−4, a limit of 250 load increments, and up
to 1000 iterations per increment. These numerical control parameters ensured stability of the solution even under
highly nonlinear behavior.

Comparative results were evaluated based on nodal displacements, stress fields, and the evolution of the
response during the nonlinear iterative process, as provided by the post-processing module of INSANE.

4 Results and Discussions

The analysis based on the Cosserat continuum formulation exhibited a higher computational cost, requiring
225.86 seconds to complete, compared to 136.06 seconds for the classical model. In terms of displacements (Figure
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4a) and stress distribution (Figure 4b), the differences between the two formulations were minor. However, the
Cosserat approach provides a broader range of results, which is a consequence of its higher complexity and the
additional degrees of freedom associated with microrotations.

(a) Deformed configuration (b) Stress distribution in y

Figure 4. Results for the L-shaped panel

The most significant difference was observed in the damage region. As shown in Figure 5a, the classical
model exhibited a more pronounced stress concentration in the intermediate zone, while the Cosserat formulation
provided a more uniform distribution (Figure 5b), especially near the rotation zone of the panel (Figure 4a). This
smoothing effect is directly related to the Cosserat model’s ability to represent microrotations through additional
degrees of freedom, as discussed earlier.

It is also noteworthy that, in the Cauchy model, the intermediate region appears as undamaged (Figure 5a),
which clearly does not reflect the physical reality considering the rotations observed, indicating a loss of accuracy
in representing the phenomenon when microrotations are neglected.

(a) Damage in the classical model (Cauchy) (b) Damage in the Cosserat model

Figure 5. Comparison of damage regions

The L-shaped panel includes experimental data regarding the displacement of the node located at the lower
left edge as the load factor evolves, as reported by Winkler [14]. These data were used to validate the numerical
simulations carried out in this study. Figure 6 shows that both continuum models—Cauchy and Cosserat—exhibited
good agreement with the experimental results in terms of global displacements, although discrepancies were ob-
served in the damage region.
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Figure 6. Comparison between experimental and numerical results: Cosserat vs. Cauchy.

5 Conclusions

This study assessed the performance of the classical Cauchy and micropolar Cosserat formulations in the
nonlinear analysis of an L-shaped panel, based on numerical simulations performed with the INSANE software
and experimental data available in the literature. The following conclusions can be drawn:

1. Similar global response: Both formulations showed good agreement with experimental displacement re-
sults, indicating the reliability of the numerical implementations for the analyzed geometry and loading
conditions.

2. Differences in damage representation: The most significant discrepancies were observed in the damage
region, where the Cauchy continuum exhibited highly localized concentrations and absence of damage in
areas subjected to rotations, which does not reflect the expected physical response. The Cosserat formulation
provided a smoother and more continuous damage distribution, better capturing the influence of rotations
and material heterogeneity.

3. Computational cost: The Cosserat model required approximately 66% more processing time compared to
the classical model, due to the increased number of degrees of freedom and additional complexity. This
overhead should be considered when selecting the model for practical applications.

4. Applicability: The micropolar formulation proved advantageous in situations where rotations and mi-
crostructural effects are relevant, such as in heterogeneous materials (e.g., structural concrete, composites,
or geometries with sharp discontinuities).

In summary, the use of the Cosserat continuum can represent a significant improvement in modeling phenom-
ena not properly captured by the classical model, although at the expense of higher computational cost. Future re-
search should address strategies to reduce this impact and investigate the model’s performance in three-dimensional
analyses and under different loading scenarios.
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