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Abstract. We present the curved boundary condition for the moments-based regularized lattice Boltzmann (MRLBM)
framework in two-dimensional (2D) coordinates. The solver is based on the Bhatnagar-Gross-Krook (BGK) colli-
sion model with D2Q9 lattice stencils and developed on the GPU-architecture using CUDA leveraging the inherent
locality of the LBM. The accuracy and capability of the solver in handling curved geometries is validated for the
canonical benchmark problem of flow past a cylinder inside a channel considering the wall effects. A moments-
based curved boundary condition is formulated to handle complex geometries on a uniform Cartesian grid, and the
numerical stability is significantly enhanced through a regularization procedure. A extrapolation-based approach
is adopted for the curved boundary treatment. Results of the simulation for moderate Reynolds number range
(Re = 20−120) and for different blockage ratio βs = D/H are presented. The solver is carefully verified/validated
with the experimental and numerical studies exists in the for Re = 100. Global time-averaged lift and drag coeffi-
cients, surface pressure coefficients, and vortex dynamics are rigorously investigated.
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1 Introduction

Over the past few decades, lattice Boltzmann method (LBM) evolved as a powerful numerical tool over
the conventional Navier-Stokes-based methods for computational fluid dynamics (CFD) simulations. Because of
its mesoscopic and local nature of the governing lattice Boltzmann equation (LBE) makes it easy to implement
and parallelize especially in GPU architectures. However, many studies in the literature reported that LBM typi-
cally requires finer mesh and is prone to numerical instability for higher-Reynolds numbers. Several approaches
are proposed in the literature to address these limitations includes: (1) the multiple-relaxation-time LBM (MRT-
LBM)[1], and (2) the regularized LBM (RLBM)[2–4]. Each methods has its own advantages and disadvantages,
we adopted the regularized LBM, as it retains the simplicity of the BGK model while introducing a pre-collision
regularization step. This step filters out non-hydrodynamic modes from the non-equilibrium distribution function,
thereby enhancing stability and accuracy at high Reynolds numbers without significantly increasing computa-
tional cost. Additionally, memory usage in the regularized lattice Boltzmann method (RLBM) can be reduced by
adopting a moment-based representation, where macroscopic moments are stored instead of the full distribution
functions [5]. This study focuses on development of curved boundary condition for the moments-based regularized
LBM (MRLBM) framework and evaluates its accuracy in handling curved geometries, an aspect not yet explored
in existing MRLBM literature.We adopt the extrapolation-based approach for several compelling reasons. First,
it preserves the simplicity and efficiency of Cartesian meshes, avoiding the costly mesh generation required by
body-fitted methods. Second, it maintains excellent parallelizability and scalability - critical advantages for GPU-
paralleized large-scale simulations. Most importantly, when combined with appropriate extrapolation schemes, this
method can achieve second-order accuracy while effectively minimizing stair-casing artifacts at curved boundaries.
To validate the developed moments-based curved boundary condition, we choose the canonical benchmark prob-
lem of flow past a circular cylinder inside the channel in two-dimensional coordinates consider the wall effects.
We investigate the results for the moderate Reynolds numbers, Re = 20−120 to isolate three-dimensional effects
and the effect of wall on the flow dynamics is investigated for different blockage ratios, βs = D/H for the range of
0.1−0.5, where D is the diameter of the cylinder and H is the height of the bounded domain. The key investiga-
tion parameters include, time-averaged drag coefficient and root-mean-square (r.m.s) lift coefficient fluctuations,
Strouhal number (St) for vortex shedding frequencies.
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2 Numerical Methodology

This study employs a moments-based regularized lattice Boltzmann method (LBM) framework to simulate
flow past a circular cylinder. The numerical approach combines three key components: (1) a regularized moments-
collision for enhanced stability and efficiency, (2) a curved boundary treatment for accurate geometry resolution,
and (3) an optimized computational domain to minimize boundary effects.

2.1 Regularized LBM Framework

The discrete lattice Boltzmann equation (LBE) that governs the evolution of particle distribution function in
the microscopic momentum space with a finite number of velocity links ci and it is given by [6],

fi(x+ci∆t, t +∆t) = f̂i(x, t)−
∆t
τ
[ f̂i(x, t)− f eq

i (x, t)] (1)

where, i denotes the lattice direction which depends on the lattice type, for D2Q9 model i = 0,1,2...,8 and ci is
the lattice velocity in the i direction, τ = 1/ω is the relaxation time which denotes the time taken by the particles
to reach the equilibrium state and ω is the relaxation frequency. In the present LBM framework, we utilize the
moments-based regularized lattice Boltzmann method (MRLBM) [5, 7, 8]. First, the populations are reconstructed
from the post-collisional moments (ρ,ρuα ,ρm(2)

αβ
) (Eq. 5) as follows:

f̂i = ρwi

(
1+a2

s uα ciα +
1
2

a4
s m(2)

αβ
H(2)

αβ ,i

)
(2)

where m(2)
αβ

is the second-order moments, wi is weighing factor and as is the scaling factor equal to
√

3. Addition-

ally, ρ is the fluid density, uα is the macroscopic velocity vector and H(2)
αβ ,i = ciα ciβ −δαβ/a2

s is the second-order
Hermite polynomial function. It should be noted that, here (ˆ) represents the regularized populations which is dif-
ferent from the original populations. With the populations reconstructed at the each lattice site, now the streaming
step is performed using the regularized populations with the D2Q9 velocity set as follows:

fi(x+ci∆t, t +∆t) = f ∗i (x, t). (3)

Here f ∗ represents the reconstructed population using post-collisional moments as given given by Eq. (2). After
the streaming step, the populations fi are known at every fluid site and the moments now are computed as,

{ρ,ρuα ,ρm(2)
αβ

}= ∑
i
{ fi, ficiα , fiH

(2)
αβ ,i} (4)

Followed by the collision step in the moment space where the collision is performed on the second-order
moments using the BGK collision operator as follows,

ρ
∗m∗(2)

αβ
= (1−ω)ρm(2)

αβ
+ωρuα uβ , (5)

The relation between the relaxation time and the kinematic viscosity ν is obtained from the Chapman-Enskog
expansion and is given by,

ν =
1
a2

s

(
1
ω

− ∆t
2

)
(6)

2.2 Moments-based regularized planar boundary implementation

For the collision step in Eq. (5), pre-collisional moments (ρ,ρuα ,ρm(2)
αβ

) must be known at all nodes, includ-
ing boundaries. Boundary nodes lack outgoing populations (Os) from solid regions, requiring special treatment.
Following Hegele et al. [4], pre-collisional moments are constructed using only known incoming populations (Is)
via:

∑
i∈Is

fiH
(2)
αβ ,i = ∑

i∈Is

f̂iH
(2)
αβ ,i. (7)

Specific implementations are as follows:
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• Solid Boundary (Dirichlet): Velocity is prescribed (no-slip, no-penetration). Density (ρ) and second-order
moments are solved using Eq. (7) with mass conservation:

∑
i∈Is

fi = ∑
i∈Os

[
(1−ω∆t) f̂i +ω∆t f eq

i

]
. (8)

• Inlet boundary (Dirichlet): Velocity is fixed. Density and second-order moments are solved using Eq. (7)
with weak mass conservation:

∑
i∈Is

fi = ∑
i∈Is

f̂i. (9)

• Outlet boundary (Neumann): Zero-gradient conditions (∂ρ/∂n = 0, ∂u/∂n = 0) are applied by setting
ρb = ρint and ub = uint . Second-order moments are then obtained from Eq. (7).

2.3 Moments-based regularized curved boundary condition

In the present curved boundary treatment, a smoothed physical curved geometry is modeled as a "stair-
case" boundary nodes. The computational lattice sites inside the physical boundary are characterized into three
categories as shown in Fig. 1b: (i) wall points (physical curved boundary) and (ii) solid nodes (inside the wall)
and (iii) boundary nodes where curved boundary condition is applied. The basic idea of extrapolation approach is
that apply extrapolated boundary values at the boundary nodes such that the physical boundary value at the wall
points are satisfied. Any macroscopic variables (M = {ρ, p,uα ,Mαβ ....}) can be extrapolated using the following

(a)

Pf1

Pf2

δr

δr

∆

b boundary

node

s
solid
node

f

fluid
nodew

wall
point

physical
boundary

(b)

Figure 1. a) Computational domain and mesh. b) Curved boundary treatment: Layout for the three-point extrap-
olation approach. The schematic is not to scale and the actual domain is substantially larger to avoid boundary
interference

expression [9]:

M(b) =
(2δ 2

r −∆2 +3∆δr)

2δ 2
r

M(w)+
∆(∆−2δr)

δ 2
r

M(Pf1 )− ∆(∆−δr)

2δ 2
r

M(Pf2 ) (10)

where, b is the boundary point, w denotes the wall point (physical boundary) and Pf1 ,Pf2 are the locations of two
fluid points in the wall normal direction. The distance between the boundary node and the wall point is denoted
by ∆ and the distance between the reference points is denoted by δr. The wall values M(w) enforce Dirichlet
conditions while M(Pfi ) are obtained through bilinear interpolation from surrounding neighboring fluid nodes as
shown in Fig. 1b. For no-slip boundaries (physical boundary), velocities at boundary nodes are computed via
Eq. (10) with zero wall velocities. Density (ρ) and second-order moments ( mxx, myy, mxy) are solved from the
system obtained by mass conservation given by Eq. (8) and Eq. (7), respectively.

2.4 Hydrodynamic force calculation: Momentum exchange method

The hydrodynamic forces on immersed boundaries are computed using a momentum exchange approach and
the force components (Fx,Fy) acting on the immersed boundary is obtained by:

Fα = ∑
S

(
∑
i∈Is

fi(xb, t)ciα − ∑
i∈Os

f ∗i (xb, t)ciα

)
, (11)
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where the inner summation represents the net momentum exchange between incoming populations fi (post-propagation)
and reconstructed outgoing populations f ∗i (post-collision) at each boundary node xb, while the outer summation
integrates these contributions over all boundary nodes S that define the solid surface.

2.5 Computational setup and Numerical verification

Figure 1a shows the computational domain for flow past a cylinder in a two-dimensional Cartesian grid. To
avoid boundary effects, the longer domain is considered of length L = 60D, with the cylinder positioned 15D from
the inlet and 44D from the outlet. The baseline height is H = 10D. As illustrated in Fig. 2a, a grid convergence
study using D = 16,32,64, and 96 lattice nodes showed less than 2% variation in key parameters (lift coefficient,
pressure coefficient) between D = 64 and D = 96. Therefore, D = 64 was selected for all simulations, providing
grid-converged solutions with computational efficiency. Two parameter studies were conducted: (1) Reynolds
number effect: H = 10D with varying Re. (2) Wall confinement effect: Re = 100 with H = 2D,4D,5D,8D,10D
(βs = D/H = 0.5,0.25,0.2,0.125,0.1). The domain is bounded by solid top and bottom walls positioned at H/2
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Figure 2. a) Grid convergence study for flow past a cylinder at Re = 100. b) Numerical verification with literature
data: Surface pressure coefficient (Cp) at Re = 100 (unbounded configuration).

from the cylinder center, as shown in Fig. 1b. No slip boundary conditions is applied on the immersed cylinder
surface and top and bottom wall, and Neunmaan boundary condition is applied at the outlet boundary. An uniform
constant inlet velocity uo is imposed at the inlet boundary. The Reynolds number of the flow is defined as, Re =
uoD/ν . The inlet velocity was fixed at uo = 0.1 to maintain numerical stability. The specific τ values used to
achieve the target Reynolds numbers were: τ = 1.46, 0.844, 0.74, 0.692, 0.66, 0.628, and 0.607 corresponding
to Re = 20, 50, 80, 100, 120, 150, and 180, respectively. The proposed moments-based boundary treatment
demonstrates excellent agreement with literature data for Re = 100 cylinder flow with unbounded configuration
(withou wall effects). As shown in Fig. 2b, the pressure coefficient (Cp) distribution matches closely with high-
fidelity Navier–Stokes solutions from Sharman et al. [10] and Hwang et al. [11], particularly capturing the base
suction coefficient and wake pressure recovery.

3 Results and Discussions

This section presents a comprehensive analysis of the flow dynamics around a circular cylinder, focusing
on the effects of Reynolds number (Re) and blockage ratio (βs). The key parameters investigated include: Sur-
face pressure coefficient (Cp), Vortex dynamics, variation of vortex shedding frequency (St), time-averaged drag
coefficient (CD) and time-averaged root-mean-square (r.m.s.) lift coefficient (CL,rms). Time-averaged quantities
were computed after the flow reached statistical stationary state, confirmed by monitoring the stabilization of root-
mean-square values of the lift coefficient. The time-averaging of all the quantities was performed over 15 complete
vortex shedding cycles, this corresponds to approximately 57,345 time steps. The vortex shedding frequency was
determined from the oscillating lift coefficient signal Cl(t). The time period between successive peaks (Tp) in the
lift coefficient, and the shedding frequency was calculated as fs = 1/Tp.
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3.1 Surface pressure coefficient and the pressure recovery

The pressure coefficient (Cp) is a dimensionless parameter to describe the pressure distribution on a cylinder
surface relative to the free-stream flow conditions and is computed as: CP = (pw− p∞)/

1
2 ρ∞u2

o, where pw = ρw/a2
s

is the time-averaged pressure on the cylinder surface (wall points) and ρw is the density on the cylinder surface,
and p∞ = ρ∞/a2

s is the free-stream pressure. The time-averaged pressure coefficient distribution around a circular
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Figure 3. Comparison of surface pressure coefficient (Cp): a) for different Reynolds numbers at a fixed blockage
ratio βs = 0.1. b) for different blockage ratio (βs) at a fixed Re = 100

cylinder is examined for Reynolds numbers (Re) ranging from 20 to 120 at a fixed βs = 0.1 (Fig. 3a), as well as for
varying blockage ratios (βs) at a fixed Re = 100 (Fig. 3b). Due to symmetry about θ = 180◦, only the upper half
(0◦ ≤ θ ≤ 180◦) is presented. The results reveal that the pressure decreases gradually along the cylinder surface
up to the separation point, beyond which it increases due to the adverse pressure gradient in the wake region. The
presence of the wall suppresses vortex shedding behind the cylinder, leading to minimal variations in pressure
with increasing Re. However, the location of minimum Cp shifts upstream with higher Re, indicating earlier flow
separation due to stronger inertial effects. In contrast, increasing the blockage ratio (βs) which constricts the flow
area causes the minimum Cp to shift downstream. This occurs because the accelerated flow delays separation,
enhancing the adverse pressure gradient behind the cylinder. Consequently, the wake pressure drops more sharply
at higher βs.

3.2 Vortex dynamics and Shedding frequency (Strouhal Number)

As previously discussed, adverse pressure gradients on the rear half of the cylinder induce boundary layer
separation, forming shear layers that roll into vortices above and below the cylinder, creating the wake. Fig. 4 shows
normalized stream-wise vorticity contours for different Re and different βs. For subcritical Reynolds numbers
(Re < 50), the flow exhibits steady, symmetric vortices characteristic of creeping flow. As Re approaches the
critical range (47-50), perturbations initiate the transition to periodic vortex shedding. In the moderate Re regime
(50≤Re≤ 120), vortex dynamics show increasing complexity: at Re= 50 and 80, shed vortices remain centerline-
aligned, while at Re = 100 and 120, vortex centers deviate and develop strong mutual interactions beyond x = 20D.
Blockage effects further modify wake behavior: increasing confinement ratio βs enhances vortex-boundary layer
interactions that disrupt wake coherence. The extreme case βs = 0.5 shows complete flow modification with
vortices persisting only to x ≈ 5D, contrasting with extended coherence (x ≈ 35D) at βs = 0.2. The Strouhal
number (St = fsD/u0), representing dimensionless shedding frequency, exhibits dual dependence on both Re and
βs (Fig. 5). Confinement significantly enhances St compared to unconfined cases. Two trends emerge: (1) St
increases gradually with Re due to strengthening inertial effects, and (2) St rises sharply with βs due to amplified
flow acceleration. While increased confinement suppresses downstream vortex development, it intensifies near-
wake shear layer instability, leading to higher shedding frequencies and compressed vortex formation length. The
observed behavior underscores how geometric confinement fundamentally alters the energy transfer mechanisms
in the wake, compressing the vortex formation length while increasing the dominant instability frequency.
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Figure 4. Comparison of instantaneous vorticity (ωz). Left: For different Reynolds numbers, Re = 20− 120.
Right: For different blockage ratios, βs = 0.1−0.5
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Figure 5. Variation of Strouhal number (St): a) for different Reynolds numbers at a fixed blockage ratio βs = 0.1.
b) for different blockage ratio (βs) at a fixed Re = 100.

3.3 Time-averaged drag and lift coefficient analysis

The alternating vortex shedding induces time-periodic lift and drag forces on the cylinder due to asymmet-
ric pressure distribution and wake dynamics. The time-averaged drag coefficient (CD) is then evaluated by in-
tegrating these instantaneous fluctuations, Cd(t) = Fx(t)/( 1

2 ρ∞u2
oD) over several shedding cycle. Similarly, the

time-averaged root-mean-square (r.m.s.) lift coefficient is calculated by integrating the instantaneous fluctuations
C′

L(t) = Cl(t)−CL, where Cl(t) = Fy(t)/( 1
2 ρ∞u2

oD) is the instantaneous lift coefficient and CL is the average lift
coefficient. For the unbounded (periodic) configuration, our results show good agreement with established liter-
ature data. The CD values follow the characteristic decay with increasing Re, while CL,rms exhibits the expected
monotonic increase, both consistent with previous numerical and experimental studies of unconfined cylinder
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Figure 6. Comparison results from unbounded (periodic) configuration: a) Time-averaged drag coefficient (CD);
b) r.m.s. lift coefficient (CL,rms).
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Figure 7. Comparison of CD and CL,rms: a) for different Reynolds numbers at a fixed blockage ratio βs = 0.1. b)
for different blockage ratio (βs) at a fixed Re = 100.

flow (Fig. 6). Figures 7a and 7b present variations of CD and CL,rms with Reynolds number and blockage ratio,
respectively. Comparisons between confined and periodic boundary conditions reveal significantly higher CD val-
ues in wall-bounded cases, attributable to enhanced pressure drag from boundary layer development. While the
Re-dependence trend remains qualitatively similar between both configurations, the confined flow demonstrates
pronounced sensitivity to βs: CD increases non-linearly with blockage ratio due to (1) accelerated flow between
the cylinder and walls, and (2) strengthened vorticity generation in the boundary layers. The CL,rms increases
monotonically with Re, attaining higher values in wall-bounded configurations compared to unconfined cases due
to enhanced asymmetry in vortex shedding. However, it exhibits non-monotonic behavior with βs, initially grow-
ing up to βs = 0.25 followed by drastic reduction at βs = 0.5, reflecting suppression due to strong boundary layer
interactions and dampened vortex shedding.

Having established the physical accuracy of the proposed MRLBM, we now quantify its computational per-
formance. The GPU implementation achieves a remarkable speedup of approximately 288× compared to the
CPU-based counterpart, completing the simulation in only 17.89 seconds versus 5144.85 seconds for the same
problem size. This corresponds to a performance of 1300 MLUPS (Million Lattice Updates Per Second) on the
GPU, compared to 1.2 MLUPS on the CPU.
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4 Conclusions

This study presents a GPU-accelerated MRLBM framework for simulating confined cylinder flows. Analysis
of Reynolds number (Re) and blockage ratio (βs) effects reveals three confinement mechanisms: (1) flow accel-
eration intensifies shear layer instabilities, elevating Strouhal numbers; (2) sharpened adverse pressure gradients
increase form drag; and (3) vortex development transitions to suppressed, chaotic structures beyond βs > 0.25. Ge-
ometric confinement dominates over inertial effects at βs ≥ 0.3, with implications for heat exchangers and offshore
structures.The developed CUDA-MRLBM framework proves particularly effective for capturing these complex
confinement effects across multiple flow regimes. The various parameters and coefficients obtained in this study,
while specific to a blockage ratio of 0.1, provide valuable reference data for confined cylinder flows where liter-
ature data remains limited. Future studies could build upon this work by exploring wider ranges of confinement
ratios and Reynolds numbers to develop more comprehensive correlations for wall-bounded flow configurations.
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