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Abstract. The formulation and solution of structural optimization problems in trusses is broadly discussed in the
literature, commonly involving objective functions such as minimizing the structure’s weight and nodal displace-
ments. In most of these works, the structures present elastic and geometrically linear behavior. In this paper, a
multi-objective structural optimization problem (MOSOP) is proposed, involving objective functions such as min-
imizing the weight of the structure, maximizing the first natural frequency of vibration, maximizing the critical
load factor related to the global stability, and minimizing the number of distinct cross-sectional areas of the bars.
The constraints are related to the maximum nodal displacements. The analyzed structure is a shallow truss dome
with geometric nonlinearity. Therefore, a geometrically nonlinear analysis is performed to determine the deformed
configuration of the structure with greater accuracy, using the cylindrical arc-length method. Three evolutionary
algorithms are applied to solve the MOSOP, and the Pareto front obtained in the proposed problem is presented,
illustrating, for example, how the growth of the dome’s weight leads to increases in the first natural frequency
of vibration. It is also possible to note how the grouping and arrangement of the bars can influence the values
of the other objective functions. Finally, optimized solutions are extracted from the Pareto front based on the
decision-maker’s preferences.

Keywords: Multi-objective structural optimization, Geometrically nonlinear analysis, Shallow dome trusses.

1 Introduction

Structural optimization problems are often applied in the literature and in real-world projects to find struc-
tural configurations that satisfy the requirements imposed by a standard or a usually recommended practice. The
most frequently used objective function is the minimization of the structure’s weight, aiming to reduce the material
consumption and construction costs. The literature also widely discusses problems with two or more conflict-
ing objective functions, known as multi-objective structural optimization problems (MOSOPs). In most of these
works, the structures present elastic and geometrically linear behavior. This paper proposes and solves a MOSOP
with four objective functions. In addition to minimizing the weight, the other objective functions are related to the
safety and usability of the structure (maximizing the first natural frequency of vibration and the first critical load
factor regarding global stability), and also the organization and efficiency of the construction process (minimizing
the number of different cross-sectional areas for the bars). The constraints are the maximum nodal displacements.
The structure under study is a 60-bar truss dome, with the cross-sectional area of these bars as the sizing design
variables. A geometrically nonlinear analysis is performed to define the displacements and deformed configura-
tions of the truss, using the cylindrical arc-length method. Despite the higher computational costs, this analysis
allows the decision-maker (DM) to obtain more realistic and accurate values regarding the objective functions and
constraints, given the shallow dome’s geometric nonlinearity.
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Three differential evolution based algorithms are used to solve the proposed MOSOP, and the results are pre-
sented through Pareto fronts and parallel coordinate graphs. Afterwards, a multi-criteria decision-making (MCM)
is applied to extract the desired solutions from the Pareto front (PF), according to the DM’s preferences. There-
fore, the main objective of this paper is to solve the MOSOP with the proposed objective functions and constraints,
considering the geometric nonlinearity of the analyzed truss and extracting solutions according to the designer’s
criteria. The performances of the meta-heuristics in solving the optimization problem are also evaluated. This
paper is organized as follows: Section [2] describes the aspects of the MOSOP and the algorithms covered in the
paper. Section [3]discusses the concepts and the application of the geometrically nonlinear analysis. The analyzed
structure and the MOSOP’s formulation are presented in Sectiond] Section [5] contains the results and analysis of
the MOSOP, including the Pareto front and the non-dominated solutions extracted from it. Finally, the conclusions
and future steps of this research are reported in Section [6]

2 Multi-objective structural optimization

This section contains a theoretical presentation of important concepts covered in this paper, such as the multi-
objective structural optimization and the differential evolution algorithms adopted to solve the proposed problem.
It also presents the structural importance of the objective functions applied in the MOSOP, the constraints of the
problem, and the method applied to extract the desired solutions.

2.1 Definition, objective functions and constraints

By definition, MOSOPs present two or more objective functions to be minimized or maximized simultane-
ously. These objectives can be conflicting. The MOSOP proposed in this paper has four objective functions: the
minimization of the structure’s weight, the maximization of the first natural frequency of vibration, the maximiza-
tion of the first critical load factor related to the global stability, and the minimization of the number of different
cross-sectional areas for the groups of bars. The constraints are related to the maximum displacement allowed for
the central node, and the boundaries of the search space. As commonly adopted in the literature, the first objec-
tive function is to minimize the weight, aiming to reduce the material consumption in the structure’s design for
economic, environmental, and structural reasons. As usual in the literature (e.g, in [, [2], [3] and [4]), the total
weight of the truss is approximated by the sum of each bar’s weight, disregarding the masses of the connections
and the non-structural masses acting on some of the nodes.

The resonance can be defined as the effect in which the frequency of the applied load equals a natural fre-
quency of vibration of the structural system. As the structure operates near resonance, its displacements, vibrations,
and accelerations intensify, shortening the structure’s lifespan and potentially causing user discomfort, material
fatigue, corrosion, and even collapse. To avoid these undesirable effects, the second objective function is to max-
imize the structure’s first natural frequency of vibration, increasing its distance from the frequencies generated
by the applied loads. The global stability of structures indicates their sensitivity to second-order effects, that is,
those generated by their displacements. Therefore, verifying the global stability is an important requirement in the
design of a structure, aiming to guarantee safety in terms of the ultimate limit state of stability. In this sense, the
third objective function is the maximization of the first critical load factor, aiming to find solutions that allow the
application of the highest possible load to the structure without causing instability. It is essential to note that in this
paper, the critical load factor for the global stability was evaluated by solving a generalized eigenvalue problem
that accounts for the structure in its final deflected form. This objective function directly impacts the maximization
of the critical load at the point of loss of stability on the structure’s load-displacement curve. Increasing the critical
load factor increases the critical load at the point of instability. As detailed in Section [} the analyzed dome is
formed by 60 bars divided into 7 groups. Each group includes bars with the same cross-sectional area. In order
to simplify the processes of purchasing materials, manufacturing, assembling, checking, welding, etc., the fourth
objective function aims to minimize the number of bar groups with different cross-sectional areas. This value
varies from 1 (all bars have the same section) to 7 (each group of bars presents a different cross-sectional area).

2.2 Algorithms and multi-criteria decision-making

One of the most popular meta-heuristics for solving optimization problems is the differential evolution al-
gorithm (DE). Introduced by Storn and Price [5], it is based on the generation and evolution of a population of
candidate solutions with continuous variables. Based on previous works in the literature [2, 4]], three DE-based
multi-objective structural optimization algorithms (MOEAs) are applied to solve the MOSOP proposed in this pa-
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per: the success history—based adaptive multi-objective differential evolution (SHAMODE) and its variation using
whale optimization (SHAMODE-WO), both proposed by Panagant ez al. [6], in addition to the multi-objective
meta-heuristic with iterative parameter distribution estimation (MM-IPDE), proposed by Wansasueb et al. [7].
Constraint-handling utilized either the constraint-based non-dominated sorting technique [8]] or constraint dom-
inance principles. Under these principles: (i) feasible solutions are prioritized over infeasible ones; (ii) among
infeasible solutions, those with smaller constraint violations are ranked higher; and (iii) among feasible solutions,
dominance determines the ranking. In the computational experiments conducted here, the algorithms were config-
ured according to the parameters specified in their original references.

The non-dominated solutions provided by the MOEAs are presented through Pareto fronts and parallel co-
ordinate graphs. To extract the desired solutions from the Pareto front, the multi-criteria tournament decision
(MTD) method, proposed by Parreiras and Vasconcelos [9]], is employed. Derived from the MCDM framework,
this method ranks the best and worst solutions based on the values of the objective functions and the weights (w;,
given that Zi\f:”{ w; = 1, and N,y is the number of objective functions) assigned to them by the decision-maker,
according to the level of importance the DM attributes to each objective of the problem. A more detailed explana-
tion of this operation can be found in [2,/9,[10]. Three distinct scenarios are proposed for the extraction of solutions
with the MTD method: sc; with equal weights (w;_4 = 0.25) for all objective functions; scy with the weight w;
= 0.5 to minimize the dome’s mass, while the other objective functions have equal weights among themselves
(wg—4 ~ 0.167); and sc3 with w; = 1 to minimize the structure’s weight and ws_4 = 0 for the other objective
functions, extracting the lightest solution from the Pareto front.

3 Geometrically nonlinear analysis

The geometrically nonlinear analysis contemplates the effects caused by the deformation and displacements
of the structures. The primary objective of nonlinear analysis is to search for the equilibrium configuration of
structures that are under the action of external loads [[11]. As commented by Bonet [12]], several methods combining
load and displacement increments have been proposed to deal with nonlinear problems, but they have been replaced
by arc-length methods, which compel the iterative solution to follow a certain route towards the equilibrium path.
The family of techniques known as arc-length consists of controlling the length of the vector that connects a known
point of the equilibrium trajectory to the desired unknown point, that is, the length of the arc that determines the
correct trajectory.

In this paper, the cylindrical arc-length method, proposed by Crisfield [13], is applied to perform the geo-
metrically nonlinear analysis of the truss dome. This analysis allows the definition of the structure’s deformed
configuration (final geometry after the application of loads), influencing the determination of the natural frequen-
cies of vibration, and the critical load factor related to global stability, which are objective functions in the proposed
MOSOP, as well as the calculation of nodal displacements, used as design constraints. The variable tangent stiff-
ness matrix is calculated in each iteration according to the updated Lagrangian formulation, in which the equations
are defined based on the equilibrium configuration of the previous load step. This process was realized through the
program “NUMA-TF (Numerical Analysis of Trusses and Frames)”, developed by Rangel [14]]. The parameters of
the arc-length procedure used in the program’s simulation are: i- increment of load ratio in the predicted solution
of first step = 0.01; ii- limit value of load ratio to stop analysis = 1; iii- maximum number of load steps to stop
analysis = 5000; iv- maximum number of iterations in each step = 100; v- desired number of iterations in each step
= 2; vi- tolerance to assume that equilibrium has been reached = 1076,

4 Formulation of the MOSOP and computational experiment

The truss under study is the 60-bar, 25-node shallow dome shown in Figure [} also analyzed in Mai et al
[11]. The design variables are the cross-sectional areas of the bars, divided in 7 groups as shown in Figure [I] The
variables are discrete and chosen from the 19 options in the set S.,,2 = 0.50, 0.75, 1.00, ...4.25, 4.50, 4.75, and
5.00 cm?. The aluminum bars have a specific mass of 2770 kg/m> and Young’s modulus of 73 GPa. A vertical
downward load is applied to node 1 in the z-direction, with the value F = 10000 N. The proposed MOSOP contains
the four objective functions detailed in Section 2.1} Regarding the constraint, the displacement of the central node
must not exceed £ 25 cm in the z direction. The application of the displacement constraint is based on Mai et
al [[L1], in which this is the only type of constraint used in the optimization problems. The maximum allowed
displacement is based on [[1 1] and on experimental analyses performed by the authors. The MOSOP was evaluated
through 10 independent runs of the DE-based algorithms presented in Section[2.2] each run with 50 generations of
20 individuals (1000 n fe). Since W (x) is the weight of the truss, f1(x) is the first natural frequency of vibration,
A1(x) is the first critical load factor, ncs(x) is the number of different cross-sectional areas for the bars, u$(x) is
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the displacement of node 1 in the z-direction, x represents the design variables, and x” and xV indicate their lower
and upper boundaries, this optimization problem can be written as follows:
MOSORP 1:

min  W(x), max fi(x), maxA;(x), minncs(x),
sit. |uf(x)] <25cm (1)

xL <x <xV.

T z
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Figure 1. 60-bar truss dome.

5 Results of the MOSOP and extracted solutions

After formulating MOSOP 1, the problem was solved through the three algorithms presented in Section 2.2}
The non-dominated solutions obtained by each meta-heuristic are presented in Figure [2] including the 3D graph
with their weights, natural frequencies of vibration, and critical load factors, and also the variations of W (x),
f1(x), and A\;(x) with the number of different cross-sectional areas (ncs(x)). Figure |3af shows the unified PF
for the 60-bar truss using parallel coordinates [15], while Figure [3b] shows the same PF in 3D. The values of the
objective functions are normalized to construct this PF and generate the parallel coordinates. This means that 1
represents the maximum value obtained and O the minimum value for each objective function. The results obtained
by each algorithm are illustrated with different colors in Figures[2] and 3] The solutions extracted from the Pareto
front using the MTD method are highlighted in these figures, following the pattern: green for MTD(sc; ), blue for
MTD(scz), and magenta for MTD(sc3), according to the weights of each scenario defined in Section@
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Figure 2. Pareto front and extracted solutions for the 60-bar truss dome - MOSOP 1.

Analyzing the non-dominated solutions obtained in Figures[2]and [3] it is possible to observe how the growth
of the structure’s weight causes increases in the first natural frequency of vibration. As for the critical load factor,
the behavior isn’t as clearly defined. The heavier trusses tend to present high values of A;(x), but there are also
lighter solutions with high critical load factors, for example, the one extracted for MTD(sc3). It is also possible
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Figure 3. Normalized parallel coordinates PF for the 60-bar truss dome - MOSOP 1. The objective functions are
1: min W(x), 2: max fi(x), 3: max A1 (x), 4: min ncs(x).

to see a subtle tendency of diminishing the weight of the truss with a higher number of different cross-sectional
areas, while the behaviours of f;(x) and A;(x) don’t show clear tendencies with the variation of nes(x).

Table[T]provides a compilation of the solutions extracted with the three MTD scenarios. Table[T]also presents
the cross-sectional areas of the bars, the axial stresses calculated for each group of bars (positive values for tension
and negative values for compression), the DE-based algorithms that provided the solutions, and the values of the
objective functions. Figure []illustrates the arrangement of the bars in the MTD solutions, with different colors
for the distinct cross-sectional areas of each scenario. This data provides the designer with indications of the
bars for constructing the structure to obtain the desired configuration and characteristics. Compared to the other
scenarios, the solution MTD(scs) presents a much lighter structural configuration, maintaining a high value of
A1(x). This increased result for A;(x) can be explained by the use of the largest cross-sectional area (5.00 cm?)
for the central bars (groups 1 and 2 of Table[T} colored in red in Figure c), while the low weight is a consequence
of the smallest cross-sectional area (0.50 cm?) defined for the peripheral bars (groups 3 to 7, represented in blue
in Figure . However, the value of f;(x) for this scenario is considerably lower than the ones obtained in the
solutions MTD(scy) and MTD(sc2). It can also be highlighted that the structure extracted for MTD(sc3) uses only
two different cross sections for the bars, countering the trend of diminishing the weight by increasing ncs(x). In
figures al and D] it is also possible to observe that the optimization process defined the largest cross sections for
the central bars (groups 1 and 2), providing structural configurations with high indicators of frequency and stability,
while meeting the displacement constraints.

Finally, Figure [5] shows the “Load x displacements” graphs for the MTD solutions of each scenario. It is
possible to observe the nonlinear curves of the trusses throughout the application of the load at node 1. In these
graphs, the applied load varies from 0 to 15 kN (a load higher than the 10 kN applied in the MOSOP), resulting in
displacements larger than the 25 cm constraint, in order to illustrate the structure’s nonlinear behaviour. The trusses
indicated for MTD(sc;) and MTD(scs) present very similar results. Otherwise, the lightest solution MTD(sc3)
presents the lowest load value and the greatest displacement at the first post-buckling point. Thus, the MTD(sc3)
structure presents the largest displacements for the central node of the dome.

Table 1. Design variables (dv), cross-sectional areas (cs), axial stresses in the ¢-th group of bars (o;), and objective
functions of the MTD solutions extracted from the unified PF of the 60-bar truss dome - MOSOP 1.

scy sco scy

dv cs (cm2) o ; (x) (MPa) cs (cm2) o ; (x) (MPa) cs (cm2) o ; (x) (MPa)

4.7500
4.7500

-60.7272
50.0641
-28.8541
38.2984
-19.0882
14.6803
-7.8361

4.7500
4.7500
1.2500

-60.7437
50.1155
-34.5188
28.6130
-10.3961

10.6323

5.0000
5.0000
0.5000

-55.1710
44.1966
-93.4473
127.4303
-57.8083
59.4516

1

2

3 1.5000
4 1.5000 2.0000
5 2.7500
6

2.7500

0.5000
0.5000
0.5000

1.5000
2.0000

7 4.0000 1.2500 -25.1603 0.5000 -63.1527

W (x) (kg)

184.5192

164.2626

73.1101

f1 (x) (Hz)

14.1589

12.7310

7.5697

A1 (x)

2.0070

2.0054

2.4106

nes(x)

4

4

2

Algorithm

SHAMODE

SHAMODE-WO

MM-IPDE

Regarding the algorithms, MM-IPDE was the one that provided more non-dominated solutions (46.41% of
the total amount of the Pareto front), followed by SHAMODE-WO (32.54%) and SHAMODE (21.05%). The
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Figure 4. Arrangement of the bars for the MTD solutions of the 60-bar truss dome - MOSOP 1.
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0 10 20 30 40 50 80 70
Displacement (cm)

Figure 5. Load x displacements curves (node 1) for the MTD solutions of the 60-bar truss dome - MOSOP 1.

Hypervolume (HV) [[16] was used as the performance indicator to analyze the efficiency of the meta-heuristics in
solving MOSOP 1. Observing the relative HVs of the algorithms (HV;,, normalized by the HV of the total Pareto
front, with all non-dominated solutions), the HV-metric indicated MM-IPDE as the best performer (HV;, =0.9576),
and then SHAMODE-WO (HV,, = 0.6092) and SHAMODE (HV,, = 0.5285). Regarding the computational costs
for solving the MOSOP, MM-IPDE presented the highest average execution time per run (15 minutes and 23
seconds), slightly longer than the average time obtained for the runs of SHAMODE-WO (14 minutes and 52
seconds) and SHAMODE (13 minutes and 37 seconds).

6 Conclusions

The application of MOSOPs is an efficient method to find the desired configurations for a truss structure, with
the characteristics, stability, and safety intended by the decision-maker. The MOSOPs provide the designer with a
set of solutions that meet the constraints and reach the proposed objectives, allowing the DM to select those that
best meet their preferences and intentions. Thus, these multi-objective problems provide a broad and diversified
view of possible structural solutions, considering various demands and requirements, without the need to solve
multiple single-objective problems individually. The chosen objective functions are very useful and important for
obtaining lighter and more economical solutions while maintaining the structure’s safety and usability. The results
obtained for the proposed MOSOP clearly show that minimizing the weight is a conflicting objective concerning
maximizing the first natural frequency of vibration. As for the number of different cross-sections, a slight decay
of W(x) is observed when increasing ncs(x), while f;(x) and A;(x) don’t show clear trends.

The MTD method proved to be very efficient in finding structures that met the DM’s criteria according to
the importance (weight) attributed to each objective function. Analyzing the extracted MTD solutions, it can be
observed that the MTD(sc3) structure was able to present a much lighter configuration with a higher value of Ay (x),
despite the lower frequency of vibration and larger displacements compared to the other MTD scenarios. The low
weight and high stability of MTD(sc3) can be attributed to a favorable arrangement of the bars, with a layout
that places the largest cross-sectional areas in the central region (where the load is applied and the constraint is
analyzed) and the smallest cross sections at the peripheral bars of the truss. Observing the “Load x displacements”
graphs for these solutions, it’s possible to note the intense nonlinear behavior of the analyzed dome. This behavior
emphasizes the importance of the geometrically nonlinear analysis to define the deformed configuration in this
type of structure, calculating the objective functions and constraints with greater accuracy, despite the higher
computational costs, when compared to linear evaluations. Regarding the algorithms, the MM-IPDE presented the
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best performance, providing more non-dominated solutions and the best hypervolume, followed by SHAMODE-
WO and SHAMODE, despite having an average execution time slightly higher than the other meta-heuristics.

Therefore, the paper fulfilled the objectives of proposing and solving a new MOSOP, including important ob-
jective functions and the geometrically nonlinear analysis of the shallow dome. Future work is expected to propose
new MOSOPs that consider the inclusion of more objective functions (many-objective optimization problems), ap-
plying these problems to structures of different types and complexities. Finally, machine learning algorithms will
be applied to minimize the high computational costs required to perform the nonlinear analysis and evaluate the
objective functions and constraints.
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