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Abstract. Physics-Informed Neural Networks (PINNs) have emerged as a powerful paradigm for solving par-
tial differential equations by incorporating physical laws directly into neural network training. However, scaling
PINNS to large domains and capturing high-frequency solution components remains challenging due to increased
complexity and optimization difficulties. In this work, we introduce a novel nonlinear model merging approach for
PINNSs that extends beyond traditional linear combinations of model parameters. We demonstrate our approach on
the linear damped oscillator problem. The experimental results show consistent improvements over both pretrained
baselines and linear merging approaches, suggesting that the novel technique can effectively assist not only PINNs
on larger domains but also facilitate integration of specialized submodels for large-scale foundation models.
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1 Introduction

Over the past decades, machine learning has experienced remarkable advancements, progressing from sim-
ple linear models and decision trees to sophisticated deep learning architectures capable of addressing complex
tasks in vision, language, and decision-making LeCun et al. [1]]. The increasing availability of large datasets and
computational resources has driven breakthroughs in areas such as image recognition Krizhevsky et al. [2]], natural
language processing Devlin et al. [3]], and reinforcement learning Mnih et al. [4], enabling machines to achieve or
even surpass human-level performance in certain domains.

Among these advancements, model merging has emerged as an effective technique in the machine learning
community, enabling the combination of parameters of multiple trained models into a single model without re-
quiring access to raw training data or significant computational resources Yang et al. [S]. This approach enables
the integration of complementary skills, knowledge, or specializations learned by different models, and has shown
promise in scenarios such as continual learning, federated learning, and multitask adaptation Yang et al. [6]. As
its application expands across diverse domains, it becomes increasingly important to understand model merging
methods.

In parallel with these developments, researchers have been exploring machine learning’s potential beyond
traditional applications, seeking to address challenges in scientific and engineering disciplines. This gave rise to
the field of scientific machine learning (SciML), which integrates the strengths of machine learning to enhance,
accelerate, or even automate the discovery of physical laws, the solution of differential equations, and the modeling
of complex systems Hao et al. [7]], Karniadakis et al. [8].

SciML techniques have demonstrated remarkable success in areas such as Physics-Informed Neural Networks
(PINNSs), a method that integrates neural networks with physical laws to solve differential equations by training
on data that satisfies the governing equations of the physical system, thereby enabling the models to learn the
underlying physics and make accurate predictions about system behavior Raissi et al. [9].

However, significant challenges remain for PINNSs, particularly when scaling to large problem domains and
capturing high-frequency solution components. As the domain grows, solutions become more complex, requiring
larger networks and making optimization harder and slower. Thus, most successful PINN applications have been
restricted to relatively small domains and problems with limited frequency content, while multi-scale and large-
domain problems remain a major open challenge Moseley et al. [[10].

In this work, inspired by the concept of model editing using task vectors introduced by Ilharco et al. [11]], we
introduce a nonlinear model merging scheme for PINNs. Our goals are to assist PINNs on larger domains, and to
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empirically assess and extend task-vector techniques, demonstrating consistent improvements over pretrained and
linear-merge baselines.

2 Methodology

Problem Definition. Let a general system of partial differential equations (PDEs) be defined in a domain
[ c RY):

Fly(z)] =0, x:(xl,xQ,...,xd)eQ, (D

= (yl(x)va(x)v""yn(m)) eR", 2

with boundary conditions specified by:
Bly(z)] =0, z¢€0Q. 3)

The fundamental idea of PINNS is to approximate y(x) using a multi-layer feed-forward neural network with
Ny(x) layers, parameterized by weights and biases collected in 6, i.e.,

y(z) = No(z). “4)

The training of the hyperparameters € that best satisfy the governing equations is performed by minimizing
the residual resulting from not exactly fulfilling these equations. In the context of structural dynamics, based on
the problem’s information, the PINN optimizes a loss function that considers the structural equilibrium equations
and boundary conditions:

['total = Lnet + Econstrained- (5)

During the training process, the neural network adjusts its parameters to minimize this loss function. This
approach provides an efficient alternative for solving structural analysis problems, as it eliminates the need to
explicitly formulate the global stiffness matrix, making it particularly useful for complex or nonlinear problems.

Proposed Method. Let 6. € R? be the parameters of a pre-trained base PINN, and let Ot € RY be the
parameters after fine-tuning on subdomain ¢. Following the approach of Ilharco et al. [11], we propose to merge
multiple specialized PINNs — each trained on a different subdomain or task — by nonlinearly combining their
parameter updates, weighting each with scaling coefficients \;, Ay:

K Order N
Orr = Ope + ) A ( Z A (6 = b ) : (©6)

k=1

Experiments. We solve the linear damped oscillator
u’(t) +2du’ (t) +wiu(t) =0, tel0,1], (7)

with initial conditions u(0) = 1 and u/(0) = 0. We set d = 2 and wp = 20 (so u = 2d and k = w?). The exact
solution is available in closed form and is used for evaluation.

Training protocol. We first pretrain a single PINN on the whole domain using a physics loss on the collocation
points plus the initial conditions. Next, we split the time interval into & = 10 subdomains and fine-tune one copy
of the network per subdomain, enforcing the ODE residual inside each subdomain, the boundary conditions at
t=0andt =1, and CY/C" continuity at all internal interfaces.

Model merging. After fine-tuning, we merge parameters by expanding per-parameter deltas Ay, = 9 — Opre
up to a chosen Order (see Figures [[]and [2). In our implementation, A6, is taken element-wise and we con31der
two families of scaling coefficients:

 Taylor: one small Multi-Layer Perceptron (MLP) produces, per parameter, model-wise weights A\, and Ay
coefficients are taken as the fixed Taylor coefficients 1/N! up to the chosen order.

e Learned 2 MLPs: two small MLPs produce, per parameter, (i) order-wise weights Ax and (ii) model-wise
weights Ag; both are softmax-normalized and trained jointly to minimize validation Mean Squared Error
(MSE).
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3 Results and Discussion

The results demonstrate the effectiveness of our proposed nonlinear model merging approach compared to the
linear approach of Ilharco et al. [11]]. Figures[I]and 2] show that the merged models achieve excellent convergence
to the exact solution across different polynomial orders. Even for low orders (e.g., 1-3), the models significantly
outperform the pre-trained baseline, capturing both the amplitude and phase of the oscillatory dynamics with
high fidelity. As the order increases, phase lag and amplitude errors are progressively reduced, with orders 5-7
producing curves that are visually indistinguishable from the exact solution.
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Figure 1. Taylor model merging results for orders 1-9.
Order | Pre-Trained (%) | 2 MLPs (%) | Taylor (%)
1 151.56 63.97 63.97
2 151.56 36.53 39.06
3 151.56 50.19 62.55
4 151.56 22.48 58.55
5 151.56 12.70 53.52
6 151.56 12.22 51.00
7 151.56 12.01 54.30
8 151.56 21.09 55.32
9 151.56 58.57 68.95

Table 1. Comparison of error rates for the models by order.

This trend is corroborated by Figure[3] which summarizes the performance of the different merging strategies.
Both merging strategies massively outperform the pre-trained baseline and the linear approach, with the learned
merging using two small MLPs consistently achieving the lowest relative mean error — reaching an optimal range
for orders 5-7. Very low orders underfit, while very high orders (> 8) begin to degrade, most notably order 9 for
the learned method. We attribute this high-order degradation to:
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Figure 2. Learned 2 MLPs model merging results for orders 1-9.
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Figure 3. Performance comparison and improvement analysis by order.

« Tll-conditioning of powers of the update: (A#)" magnifies outliers and drives small entries toward ma-
chine zero, producing poorly scaled merged weights;

* Local-approximation breakdown: the expansion is only valid near 6y, so high-order partial sums fail to
approximate accurately when fine-tuned solutions lie farther away;

* Layer/scale mismatch: differences in magnitude and sensitivity between layers are amplified by high-order
terms, overshadowing beneficial lower-order structure.

Additionally, from Table [T] and Figure [3] it is evident that the Learned approach yields an improvement of
approximately 85% — 92% for orders 4-7, peaking around orders 5-7, whereas the Taylor merging method plateaus
at roughly 58% — 66%. This performance gap underscores that learning both the model weights and the per-order
coefficients enables the capture of non-linear corrections that fixed Taylor coefficients cannot. The 1/N! schedule
implicitly assumes a true Taylor expansion in weight space — an assumption that the merge map generally does not
satisfy — limiting its capacity to adapt to the complex, non-linear structure of the fine-tuned parameter updates.

Finally, it is possible to visualize in Figure[da direct comparison between fine-tuned PINNs trained indepen-
dently on individual subdomains and the merged global solution. The merged model closely matches the fine-tuned
predictions within each subdomain while maintaining continuity across interfaces, highlighting the effectiveness
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Figure 4. Visual representation of the fine-tuned PINNs for the subdomains.

of the merging strategy in synthesizing localized expertise into a coherent global model.

4 Conclusions

In this work, we introduced a novel polynomial fask vector merging approach for Physics-Informed Neural
Networks (PINNs) that fundamentally extends beyond traditional linear parameter combinations. By incorporating
nonlinear terms up to a specified polynomial order, our method captures significantly richer interactions between
specialized model parameters trained on different subdomains or tasks. This approach leverages the mathematical
structure of power series expansion in parameter space to systematically combine the learned adaptations from
multiple fine-tuned networks, enabling more sophisticated knowledge integration than simple weighted averaging
schemes.

Our experimental evaluation on the linear damped oscillator problem demonstrates that nonlinear merging
substantially outperforms both linear merging approaches and pretrained baseline models. The findings suggest
that polynomial task vectors with learned weights offer a computationally efficient and theoretically grounded al-
ternative for merging specialized neural network models. Unlike traditional ensemble methods that require main-
taining multiple full models, our approach produces a single merged model that inherits the specialized knowledge
from each subdomain-specific network while maintaining global coherence and continuity constraints.

The practical implications extend well beyond PINNs to broader machine learning applications. Such non-
linear merging techniques could significantly benefit large-scale foundation models in natural language processing
and the recently released PhysiX framework for physics simulations. These methods enable efficient integration
of specialized submodels or domain-adapted experts without the computational costly retraining from scratch,
making them particularly valuable for scaling neural networks to complex, multi-domain problems.

Future work should explore the theoretical foundations of polynomial task vector spaces, investigate optimal
order selection strategies, and extend the approach to more complex PDE systems and higher-dimensional domains.
Additionally, developing regularization techniques to mitigate high-order degradation could further enhance the
robustness and applicability of this merging paradigm.
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property (and authorship) of the authors, or has the permission of the owners to be included here.

References

[1] Y. LeCun, Y. Bengio, and G. Hinton. Deep learning. Nature, vol. 521, n. 7553, pp. 436-444, 2015.

[2] A. Krizhevsky, I. Sutskever, and G. E. Hinton. Imagenet classification with deep convolutional neural net-
works. In Advances in Neural Information Processing Systems, volume 25, pp. 1097-1105, 2012.

[3] J. Devlin, M.-W. Chang, K. Lee, and K. Toutanova. Bert: Pre-training of deep bidirectional transformers for
language understanding. arXiv preprint arXiv:1810.04805, 2019.

CILAMCE-2025
Proceedings of the XLVI Ibero-Latin-American Congress on Computational Methods in Engineering, ABMEC
Vitoria, Brazil, November 24-27, 2025



Advances in Model Merging for Physics-Informed Neural Networks (PINNs)

[4] V. Mnih, K. Kavukcuoglu, D. Silver, A. A. Rusu, J. Veness, M. G. Bellemare, A. Graves, M. Riedmiller, A. K.
Fidjeland, G. Ostrovski, S. Petersen, C. Beattie, A. Sadik, I. Antonoglou, H. King, D. Kumaran, D. Wierstra, S.
Legg, and D. Hassabis. Human-level control through deep reinforcement learning, 2015.

[5] E. Yang, L. Shen, G. Guo, X. Wang, X. Cao, J. Zhang, and D. Tao. Model merging in llms, mllms, and beyond:
Methods, theories, applications and opportunities. arXiv preprint arXiv:2408.07666, 2024a.

[6] E. Yang, Z. Wang, L. Shen, S. Liu, G. Guo, X. Wang, and D. Tao. AdaMerging: Adaptive Model Merging
for Multi-Task Learning. In International Conference on Learning Representations (ICLR). Poster presentation,
2024b.

[7] Z. Hao, S. Liu, Y. Zhang, C. Ying, Y. Feng, H. Su, and J. Zhu. Physics-informed machine learning: A survey
on problems, methods and applications. Revised version (v2) submitted on March 7, 2023, 2022.

[8] G. E. Karniadakis, I. G. Kevrekidis, L. Lu, P. Perdikaris, S. Wang, and L. Yang. Physics-informed machine
learning. Nature Reviews Physics, vol. 3, pp. 422-440, 2021.

[9] M. Raissi, P. Perdikaris, and G. Karniadakis. Physics-informed neural networks: A deep learning framework
for solving forward and inverse problems involving nonlinear partial differential equations. Journal of Computa-
tional Physics, vol. 378, pp. 686-707, 2019.

[10] B. Moseley, A. Markham, and T. Nissen-Meyer. Finite basis physics-informed neural networks (fbpinns): a
scalable domain decomposition approach for solving differential equations. Advances in Computational Mathe-
matics, vol. 49, n. 3, pp. 62, 2023.

[11] G.Ilharco, M. T. Ribeiro, M. Wortsman, L. Schmidt, H. Hajishirzi, and A. Farhadi. Editing models with task
arithmetic. In International Conference on Learning Representations (ICLR), 2023.

CILAMCE-2025
Proceedings of the XLVI Ibero-Latin-American Congress on Computational Methods in Engineering, ABMEC
Vitéria, Brazil, November 24-27, 2025



	Introduction
	Methodology
	Results and Discussion
	Conclusions

