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Abstract. Many engineering materials exhibit anisotropic mechanical behaviour. The use of advanced and en-
gineered materials to replace conventional engineering materials has triggered the requirement of many complex
anisotropic mechanical models. Despite the elastic response of structures composed of anisotropic materials be
studied since the last century, its failure analysis remains a significant challenge. In this study, the Extended
Lumped Damage Mechanics (XLDM) approach addresses the material nonlinear behaviour of anisotropic mate-
rials. The XLDM combines fundamental concepts of fracture and damage mechanics and has proven effective in
analysing structural failures. Besides, it has been implemented within a position-based finite element framework,
which enables the failure analysis accounting for geometric nonlinearities.

Keywords: anisotropic materials, nonlinear behaviour, damage mechanics, finite element analysis, geometric
nonlinearity.

1 Introduction

In light of growing environmental concerns, the use of low-carbon materials—such as timber—has become
increasingly relevant in structural applications. This trend has renewed interest in modelling failure in anisotropic
materials, particularly under complex loading conditions. Classical theories underpinning failure modelling in-
clude plasticity, continuum damage mechanics (CDM), and fracture mechanics, each offering complementary
perspectives for representing nonlinear material behaviour.

Plasticity theory describes irreversible deformations once a yield threshold is reached, with well-established
formulations for computational modelling of inelastic behaviour [1, 2]. CDM introduces internal variables to
capture progressive stiffness degradation resulting from microstructural deterioration and has been formalised
within the framework of thermodynamically irreversible processes [3, 4]. Fracture mechanics explicitly represents
crack formation and propagation, whether through linear elastic models, cohesive fracture models [5, 6], or more
recent phase-field approaches that allow for diffused crack representation without the need for discrete tracking
[7, 8]. Despite their success, CDM and phase-field models may suffer from mesh dependency [9, 10] or demand
fine spatial discretisation [11] unless enhanced by non-local or gradient-based regularisations [12–15].

To address some of these limitations, Lumped Damage Mechanics (LDM) was proposed by Flórez-López [16]
to simulate localised degradation at discrete regions in frame structures. Drawing from both CDM and fracture
mechanics, LDM has been successfully applied to nonlinear failure analysis in various structural configurations
[17–22]. Building on this idea, the eXtended Lumped Damage Mechanics (XLDM) framework has been devel-
oped to handle failure in two-dimensional continua by introducing numerical extensometers into a finite element
context [23, 24]. This strategy has proven effective in modelling failure in quasi-brittle materials using exponential
stress-based degradation laws [25], reinforced composite structures [26], and isogeometric boundary element for-
mulations [27]. Comparative studies with cohesive fracture models have demonstrated XLDM’s mesh-objective
behaviour due to its intra-element failure mechanism [28].
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Recently, Teles et al. [29] extended the XLDM formulation within a position-based finite element method
(FEM) framework [30, 31], enabling geometrically exact analysis with intrinsic treatment of large displacements
and rotations. That study also included compressive damage modelling and embedded reinforcement via an in-
tuitive implementation. The position-based FEM has demonstrated robust accuracy across several nonlinear ap-
plications [32–34]. This numerical framework serves as the computational basis for the contributions proposed
herein.

This study advances the XLDM methodology in two main frontlines. First, it proposes an extensometer-
free formulation, which eliminates the need for computing extensometer elongations and associated trigonometric
projections, thereby improving computational performance and implementation clarity. Second, the XLDM frame-
work is generalised to support the failure modelling of anisotropic materials.

2 Extensometer-free anisotropic XLDM within Position-based FEM

This study builds upon previous developments in the XLDM framework formulated within a position-based
FEM [29]. Further details regarding the original XLDM formulation can be found in that reference. The present
section focuses on two specific contributions: the extension of the XLDM to anisotropic materials and the formu-
lation simplification by eliminating the need for numerical extensometers.

In XLDM, all material degradation is concentrated along the sides of each finite element. For each side, a
localisation band is defined with thickness perpendicular to the element edge, as illustrated in Figure 1(a). These
bands are then converted into displacement increments using trigonometric projections, and subsequently summed
with the initial damaged configuration to obtain the current damaged configuration. In the extensometer-free ver-
sion proposed herein, the Green–Lagrange strain tensor is computed directly from the nodal initial and current
damaged configuration, bypassing the need to compute extensometer elongations. These three steps are sum-
marised in Eq. (1):
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in which eiji and eijj are the localisation bands at nodes i and j, respectively, in the side ij, and so on for the
element sides; X⃗d and Y⃗ d denote the initial and current damaged nodal positions, respectively; Ad is the damaged
deformation gradient tensor and Ed is the corresponding Green–Lagrange strain tensor.

The evolution of the localisation bands is governed by a damage criterion. In this study, a bilinear softening
law is adopted, as illustrated in Figure 1(b) and defined in Eq. (2):

g(σ, e) = σ − h(e) ≤ 0 ; h(e) =
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(
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)
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(2)

In this formulation, the stress has been taken as the normal projection of the Cauchy stress vector in the
perpendicular direction to the element side, as damage evolution occurs along this direction. The criterion is
evaluated independently for each band at the nodal level as follows:

giji (σij
i , eiji ) = σij

i − hij
i (e

ij
i ) ≤ 0 and gijj (σij

j , eijj ) = σij
j − hij

j (e
ij
j ) ≤ 0 (3)

where giji and gijj are the local damage criteria, and hij
i and hij

j are the corresponding softening functions for
nodes i and j of the localisation band ij; σij

i and σij
j are the projected Cauchy stress tensors; and eiji and eijj are

the respective localisation band values.
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Figure 1. Localisation bands (a) and bilinear damage law (b).

A predictor–corrector scheme solves the damage evolution problem, as the band openings are not known a
priori. Further details of the algorithmic implementation can be obtained in Teles et al. [29].

The Saint-Venant–Kirchhoff (SVK) constitutive model is adopted in this study, with the anisotropic stiffness
tensor and its inverse, defined for a plane state, expressed respectively as:

C =


C11 C12 C16

C12 C22 C26

C16 C26 C66

 and D = C−1 =


D11 D12 D16

D12 D22 D26

D16 D26 D66

 (4)

where Cij and Dij represent the components of the stiffness and compliance tensors, respectively, with tensor
symmetry already enforced. The components of the compliance tensor are given by:
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1
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, D12 = −ν12
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, D16 =
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2E1
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1
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2E2
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1
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(5)

in which E1 and E2 are the Young’s moduli in the directions 1 and 2, respectively, ν12 is the Poisson’s ratio, G12 is
the shear modulus, η12,1 and η12,2 are the mutual influence coefficients in the directions 1 and 2, respectively. These
last two coefficients are zero in isotropic and orthotropic materials. It is worth noting that the same parameters
appear in the classical Hookean elasticity model.

In the present study, different parameter values are also assigned to the damage laws along each material
direction to capture the anisotropic behaviour. This is consistent with the treatment of anisotropy in elasticity,
where direction-dependent moduli are defined.

3 Applications

Two numerical applications are carried out to assess the performance of the XLDM formulation without the
use of numerical extensometers in anisotropic problems. For all simulations, the convergence thresholds adopted
for both the global equilibrium and local correction stages are set to 10−8. Computations are performed on a
personal computer with AMD RyzenTM 9 7950X 16-Core @ 4.50 GHz processor and 64 GB of RAM.

3.1 Elastic anisotropy validation

The first application considers an anisotropic plate under uniform traction in plane stress condition, with ge-
ometry and boundary conditions shown in Figure 2. This case validates the proposed formulation in anisotropic
elasticity, where strains are computed directly from nodal positions without extensometers. The analytical dis-
placement field, according to Lekhnitskii et al. [35], is:

u1 =
1

E1
px1 +

η12,1
E1

px2 and u2 = −ν12
E1

px2 (6)

Material properties are: E1 = 124.04 GPa, E2 = 10.09 GPa, ν12 = 0.344, G12 = 6.03 MPa, η12,1 = 1.255,
and η12,2 = −0.031. A traction of 10 MPa has been applied within 100 steps to a mesh with 108 elements.
Displacement results at the boundary coordinates (xb) are shown in Figure 3, and the deformed shape in Figure 4
reflects the expected anisotropic response. The results exhibit excellent agreement with the analytical solution,
confirming the correct implementation of anisotropic tensors in the XLDM framework.
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Figure 2. Geometry and boundary conditions.
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Figure 3. Displacement responses. Boundary coordinate starts at the lower left corner and runs in anticlockwise
sense.

u1 u2

Figure 4. Final deformed shape

3.2 Three-point bending test

The second application examines the three-point bending behaviour of a Norway spruce (Picea abies) spec-
imen. A pre-crack is introduced at the mid-span, and the specimen consists of three wooden sections: two outer
parts bonded to a central portion with ARALDITE® AW106/953U epoxy resin, following the wood fibre ori-
entation (Figure 5). This configuration ensures that principal stresses near the supports do not align with the
longitudinal fibre direction, thus avoiding undesired crack propagation in those regions. The bonding interface is
assumed to exhibit perfect adhesion. Details regarding the experimental setup can be found in Dourado et al. [36].

The material properties adopted are: E1 = 9900 MPa, E2 = 334 MPa, ν12 = 0.018, G12 = 610 MPa,
and fracture energy Gf = 0.14481 N/mm. Dourado et al. [36] recommend using an effective flexural modulus to
account for shear deformation in larger specimens and based on the experimental compliance of 0.00465 mm/N
and the specimen dimensions, an equivalent modulus E2 = 273.03 MPa is obtained.

The problem is solved using a bilinear damage law, which yields more realistic behaviour for timber struc-
tures. The parameters used are: σcr = 0.80 MPa, σs = 0.30 MPa, es = 0.13 mm, and eu = 0.58 mm.

Four meshes under plane stress condition discretise the domain. As shown in Figure 6(a), the central region
is refined to better capture the damage localisation. The notch is represented by duplicating the central nodes along
the notch depth. Numerical and experimental responses are shown in Figure 7(a), where the improved solution with
mesh refinement is evident. In Figure 7(b), the two finest meshes yield nearly identical results, closely matching
the experimental envelope. To highlight the localisation bands only central region are depicted in Figure 6(b),
where consistent crack paths are observed in all meshes, demonstrating the robustness of the XLDM formulation.
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Figure 5. Geometry and boundary conditions of the three-point bending test.
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Figure 7. Numerical results: (a) all meshes; (b) comparison of the two finest meshes.
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4 Conclusions

In the present study, the Extended Lumped Damage Mechanics (XLDM) approach is extended to account for
anisotropic materials. The XLDM formulation is implemented within a position-based finite element framework,
allowing for the analysis of structural failures while considering geometric nonlinearities. The accuracy of the
proposed approach has been verified through two numerical applications: an elastic anisotropy validation and a
three-point bending test on a Norway spruce specimen. The results demonstrate the effectiveness of the XLDM
in capturing the nonlinear behaviour of anisotropic materials without relying on numerical extensometers, thus
simplifying the computational process while maintaining accuracy.

Acknowledgements. The first author thanks the Conselho Nacional de Desenvolvimento Cientı́fico e Tecnológico
(CNPq) for the financial support of his D.Sc. studies.

Authorship statement. The authors hereby confirm that they are the sole liable persons responsible for the au-
thorship of this work, and that all material that has been herein included as part of the present paper is either the
property (and authorship) of the authors, or has the permission of the owners to be included here.

References

[1] J. C. Simo and T. J. Hughes. Computational inelasticity. Springer Science & Business Media, 2006.
[2] E. A. Souza Neto, D. Peric, and D. R. J. Owen. Computational methods for plasticity: theory and applications.
John Wiley & Sons, 2008.
[3] J. L. Chaboche. Continuous damage mechanics — a tool to describe phenomena before crack initiation. Nucl.
eng. des., vol. 64, pp. 233–247, 1981.
[4] B. Sun. A continuum model for damage evolution simulation of the high strength bridge wires due to corrosion
fatigue. J. Constr. steel res., vol. 146, pp. 76–83, 2018.
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Vitória, Brazil, November 24-27, 2025



Daniel V. C. Teles, David L. N. F. Amorim, Edson D. Leonel

[20] D. V. C. Teles, M. C. Oliveira, and D. L. N. F. Amorim. A simplified lumped damage model for reinforced
concrete beams under impact loads. Eng. struct., vol. 205, pp. 110070, 2020.
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