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Abstract. In a kinetic model, the mean velocity of a particle is a function of the temperature and molecular
mass. For a kinetic-based model, the introduction of a non-unitary mass ratio for multicomponent systems is
relevant to LBM discretization, presenting a challenge for physically consistent model formulation. The purpose
of this work is to explore the use of non-unitary molecular mass ratios on the lattice Boltzmann method starting
from the continuous Boltzmann equation. Keeping the kinetic theory-based LB model with prescribed abcissas
quadrature of the Maxwell-Boltzmann equilibrium distribution, the authors reached mass ratios of 10° for the
layered Poiseuille flow.
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1 Introduction

In a multicomponent flow, portraying fluids with different masses is essential for accurately representing
fluid behavior, where variations in density and composition significantly affect flow dynamics. However, this
presents a major challenge in numerical simulation, as it requires solving sharp density gradients, often demanding
sophisticated algorithms and significant computational resources. The lattice Boltzmann method, already known
for its efficiency and accuracy, has been improving in representing fluids with different densities over the last
decades.

Describing a non-unity density ratio requires either varying the molecular mass or adjusting the molar vol-
ume for each component. From a simulation perspective, these are achieved by modifying the scale factor cs or
introducing a non-ideal equation of state (EOS), respectively. This work focuses on the mass ratio approach. Intro-
ducing a non-unitary mass ratio usually alters the model discretization [1]]. The sound speed c;, commonly used as
a scale factor in LBM, is directly related to the mass m, as ¢ = \/kT'/m, where k is the Boltzmann constant and
T is the temperature. Consequently, for an isothermal multicomponent system, the mass ratio between components
implies an effective sound speed ratio.

In the literature, many authors use ad hoc procedures, adding tunable free parameters and solving linear
systems to achieve an equilibrium distribution function representative for the macroscopic moments of fluids with
different masses [2H6]. Nevertheless, the final effect of these procedures is the modification of the sound speed, as
it can be shown algebraically. These procedures modify almost arbitrarily the equilibrium, distancing it from the
Maxwellian distribution.

It has already been established that the Maxwell-Boltzmann equilibrium distribution (MBD) aligns with
thermodynamic equilibrium, corresponding to the maximum entropy state, as described by the H-theorem [7]]. The
present work proposes an approach without ad hoc impositions in the discretization of the equilibrium distribution
function, keeping the usual kinetic-based Hermite polynomial quadrature [[1]. This work uses the color gradient
model[8]] with the segregation operator proposed by Latva-Kokko and Rothman [9]], achieving density ratios of
106 in the layered Poiseuille flow.
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2 Multicomponent equations for the Continuum

From the continuum space of mesoscopic binary collisions, the balance equations governing the interactions
among different fluid components can be represented by the Boltzmann equation. Considering a multi-component
system with /N immiscible fluid components, the Boltzmann equation is represented by:

OS® + €ada f) + gl 0, f* =Y 00, (1)

where ¢ is the time, f (%) is the distribution function for component k, &, is the molecular velocity vector, g((f) is

the acceleration resulting from a external body force, and Q(%*) is a collision operator usually modeled using the
Bhatnagar-Gross-Krook (BGK) collision operator [[10]. To account for the immiscibility of fluids, collisions be-
tween particles of different components can be disregarded, which implies that Q(**) = 0 for k # s. The BGK col-
lision operator represents the relaxation of the populations around an equilibrium state f(*)-€4 (n(k), Ug, T, m ) ) ,
that depends on particle density n(*), macroscopic velocity u,, temperature 7' and molecular mass m(*). The
equilibrium distribution function is frequently modeled by the Maxwell-Boltzmann distribution:

n(k) (fa - ua)2
fk).eq (n(k),ua,T,m(k)> =D |~ | @)
KT \? —_—
<2W m(k) ) Qm(k)

where D denotes the number of spatial dimensions under consideration.

3 Proposed equilibrium discretization

Aiming to keep the thermodynamic representation of the MBD, we develop our modeling keeping the usual
Gauss-Hermitian quadrature. Equation (2)), can be written as:

f(k) eq (k)W Z (2)7(77) (UQ, Q(k)) H,L(n) (ei,a) ) (3)

where aéﬁ)’(") (ua, @(k)) are the macroscopic moments, (" (e; ) are the Hermitian polynomial and N is the

order of truncation. In this representation the sound speed is given as cz = kTo/mo, where Ty and my are the
temperature and mass of reference, respectively The macroscopic moments are a function of u, and ©*) an
energy deviation term given by: %) = ﬁ — 1, where 7(®) = m(k) /mo and @ = T/T, are related to the mass
and temperature of reference. The mass deviation term contributes to the energy representation of each component.
For a system at isothermal conditions, heavier particles move more slowly compared to lighter ones, reflecting the

inverse relationship between the particle mass and the mean peculiar kinetic energy. Consequently, the modified
2

sound speed of the component is defined by c? k) = Tf—k)
In the discrete domain, the conservation moments are recovered by:

3OS = S = S = @
k i k i k
S S e = S A= ®
k i

Z (k)Zf(ke —Zr(k Zf(Ne)q e? = pu* + Dnc2 (© +1). (6)
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It has been demonstrated in the literature that at least third-order Hermite moments are required to correctly
recover the hydrodynamic moments when varying the speed of sound [1} [11} [12]. Using a second-order velocity
set, Huang et al. [11]] and Leclaire et al. [13] proposed correction terms to mitigate this discretization error. A
third-order representation of the D2Q9 helps to reduce these errors, once it can retrieve non-diagonal third-order
moments[14]. Nevertheless, these moments are incomplete and still require correction for representing complex
flow, once it may add error terms that may be relevant depending on the mass ratio. However, this discretization
allows for an effortless extension to higher-order lattices, which can naturally recover third-order moments and
directly eliminate the source of this error.

The mass range reached by this model is intrinsically associated with the velocity space discretizaton, once

the truncation of Eq. may result in negative populations arising from ©*), when r(*) exceeds a given rgfgm

or falls below a certain 7"

min’

Considering an isothermal fluid in a static condition (v, = 0), an equilibrium

distribution where N = 2 or 3 will only be non-negative when a,(j];)’(z)Hi(Q) > —QaEZ)’(O)Hi(O). Consequently,

for specific lattice directions, when rk) > rﬁ,’f()m or r(k)<rf,]fzn, the equilibrium leads to negative populations and
possible numerical instabilities. For the D2Q9 lattice, the mass range is (0.5, 2), while for the D2V 17 this interval
is approximately (0.5,1.1). On the other hand, a fourth-order representation of the D2Q9 velocity set holds, in

theory, non-negative populations for %) € (0.5, +00).

4 Results

The layered Poiseuille flow became an important benchmark for models with a non-unitary mass ratio. A
fully developed two-dimensional layered Poiseuille flow describes the steady, laminar flow of immiscible fluids
confined between two parallel, static walls. In here, the velocity field is considered along the y-axis, with a wetting
fluid adhering to both walls and a non-wetting fluid occupying the central region. The flow is driven by a constant
pressure, resulting in a parabolic velocity profile within each fluid layer.

According to the Navier-Stokes equations for steady flow, the velocity profile for a non-unitary density ratio
is given by[15]:

Ax?+C for 0 < |z| < a,
Uagna (.’E) = 2 (7)
Asxz? + Box + Cy fora < |z| <b,
where the coefficients are given by: A; = —2;;/, Ay = —2’3%, By =2(A1y— Ay)a, Cp = (Ay — Ay)a® —

By (b—a) — Axb?, Cy = —Ayb? — Byb, in which v = 2—; is the density ratio and P is the pressure.

The simulations were made using the color gradient segregation model, considering half-way bounce-back
on the static walls and periodic boundaries on the remaining ones. For the simulation parameters, it was used
2b = 4a = L, where L is the length of the simulation domain, G = 1.5 X 108 and Latva-Kokko and Rothman
[9] segregation parameter 3 = 0.7. The results are illustrated in Fig. |1} for a D2Q9 velocity set, using a 4*"-
order equilibrium distribution, for v = 107%,1073,1071,10, 103, along with the errors obtained comparing the

analytical and numerical solutions, Error(%) = 2o u‘lz"“ g)—ng;m(m) x 100%. The present work was able to

simulate mass ratios up to 105, while most color gradient models in literature are restricted to mass ratios up to
10~ [16]. A good fit was obtained even for smaller meshes of 2b = 50.

5 Conclusions

The Gauss-Hermitian quadrature is able to represent mass variation correctly in LBM. Nevertheless, choosing
a velocity space that represents well the relevant moments to the intended problem and which can reach the mass
ratio of interest is key. In future work, results for more complex flows will be presented as, for example, for the
Rayleigh-Taylor instability.

Acknowledgements. The authors would like to thank CAPES and FEESC for the financial support.

Authorship statement. The authors hereby confirm that they are the sole liable persons responsible for the au-
thorship of this work, and that all material that has been herein included as part of the present paper is either the
property (and authorship) of the authors, or has the permission of the owners to be included here.

CILAMCE-2025
Proceedings of the XLVI Ibero-Latin-American Congress on Computational Methods in Engineering, ABMEC
Vitoria, Brazil, November 24-27, 2025



A kinetic theory-based LBM for non-unitary molecular mass ratios

o vy =1.0e+01or 1.0e — 01 A
o 4 =1.0e+03or 1.0e — 03

o vy =1.0e—06

Analytical Solution 10° A

Xx

Error (%)

>

1078 102
v =ma/m

10

u/CY

Present work, Mesh = 50
Present Work, Mesh = 100
Present Work, Mesh = 200

x  Baet al. (2016), Mesh = 100

A Huang et al. (2013), Mesh = 100

Figure 1. Steady velocity profile for a layered Poiseuille flow for v = 107,107,107, 10, 103, comparing the
present work, for 2b = 100 with the analytical solution given by Eq. (7)) in the solid black line. The error between
the analytical and numeric solutions are given on the right side for different meshes.
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