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Abstract. Closed-cell foams are lightweight cellular materials widely used in applications that require high me-
chanical strength, low density, and excellent energy absorption capacity. These materials are used in impact absorp-
tion systems in the automotive industry, thermal and acoustic insulation in civil construction, structural components
in the aerospace sector, biomedical prosthetics and implants, and functional elements in sensors, microactuators,
and precision engineering devices. At the micro- and nanoscale, they are particularly relevant in the design of
microbeams for emerging technologies. Due to scale effects that significantly influence the mechanical behavior
of such structures, classical models become inadequate, necessitating the use of higher-order continuum theories
for a more accurate representation. This study proposes a high-order laminated beam model based on the Modified
Strain Gradient Theory, incorporating thickness-direction deformation (quasi-3D effect), a uniform distribution
model for graphene nanoplatelets, and three distinct porosity distributions. The Halpin-Tsai model is employed
to estimate the effective material properties. The governing differential equations and boundary conditions are
derived through a variational approach, and the analytical solution is obtained using the Navier method. The re-
sults demonstrated excellent agreement with data from the literature, confirming the accuracy and robustness of
the proposed model.

Keywords: Closed-cell foams, microbeams, strain gradient theory, porous materials, analytical modeling (up to 5
keywords)

1 Introduction

Metallic foams, especially those based on copper and aluminum, stand out for their low density, high specific
stiffness, thermal performance, and energy absorption under low stress (Kulshreshtha and Dhakad [[1]). This
versatility enables the use of engineered foams with controlled porosity in functionally graded porous materials
(FGPs) to optimize structural performance (D. Chen and Zhang [2], H. Rassoli and Temel [3]], Keleshteri and
Jelovica [4]).

Among recent nanoreinforcements, graphene nanoplatelets (GPLs) have emerged as highly effective, en-
abling improved mechanical, thermal, and electrical properties. More recently, GPL reinforced composites have
been developed in functionally graded configurations (FG-GPLRC), with improved load tolerance and tunable
through-thickness behavior (J. Yang and Kitipornchai [Sl], Z. Zhao and Yang [6], A. Lakel and Madan [7]).

The combination of FGP porous cores and GPLRC faces has resulted in advanced sandwich structures with
superior mechanical performance. This combination mitigates issues like interfacial delamination and has been
analyzed through analytical and numerical methods under bending, buckling, and vibration (W. Songsuwan and
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Wattanasakulpong [8, 9]). Wattanasakulpong and Chaikittiratana [10] investigated the bending, buckling, and
vibration responses of sandwich beams with FG-GPLRC faces and FGP cores using a generalized quasi-3D beam
theory, showing that smooth or multilayered GPL and porosity distributions enhance structural performance and
mechanical property continuity throughout the thickness of the beam.

To capture size-dependent behavior at the micro/nano scales, several non-classical continuum mechanics
theories have been proposed (H. T. Thai and Kim [11]), including Modified Strain Gradient Theory (MSGT)
introduced by D.C. Lam and Tong [12]], which incorporates higher-order strain gradient metrics. Based on MSGT,
the present study proposes a higher-order laminated beam model with transverse deformation (quasi-3D effect)
and three porosity distributions. The effective material properties are estimated via the Halpin-Tsai model, and
the governing equations and their boundary conditions are derived using a variational formulation. An analytical
solution is obtained through the Navier method, which shows excellent agreement with the results of the literature,
validating the accuracy and robustness of the model.

2 Mathematical Development
2.1 Kinematics and effective properties

Figure 1 shows a size-dependent simply supported beam with a porous core and faces reinforced with a
uniformly dispersed pattern of graphene nanoplatelets (U-GPLRC), with the z and z axes representing the abscissa
and ordinate axes, respectively. The beam has a total height h and length L, layer height 2*, and is subjected to a
load g(x).
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Figure 1. Beam with a porous core and faces U-GPLRC

The displacement field is expressed by eq. (I).

uﬁ (x,2) =ug () — 2wo + f(2) P (z) + CIJIZCZ )Y (x), k=1,....,N; u, (z,2) =wo (x) + g (2) p(x), (1)

where the comma denotes the differential operator; u* and u, represent the axial and transverse displacements,
respectively. The indices k£ and IV refer to the kth layer and the total number of layers, respectively. The axial
displacement at the midplane of the beam is denoted by ug, and the function f(z) = z — % corresponds to
high-order beam theory proposed by Reddy [13]. ¢ denotes the shear angle, and ®%_ is the zigzag function,
which can incorporate any admissible function, such as those adopted in this work [14H16]. The parameter i
represents the amplitude of the zigzag function. The function g(z), defined as the derivative of f(z), accounts for
transverse deformation (quasi-3D effect) and satisfies the transverse shear stress-free conditions on the upper and
lower surfaces. Finally, ¢ is the unknown variable associated with the quasi-3D effect.

The material properties are determined according to the formulations presented in egs. (Z) to ), correspond-

ing to porosity distribution types 1, 2 and 3, respectively.

U4

cpF(2) = plf {1 — e,k;l cos (?ﬂ , 2)

CILAMCE-2025
Proceedings of the XLVI Ibero-Latin-American Congress on Computational Methods in Engineering, ABMEC
Vitéria, Brazil, November 24-27, 2025



F. C. Rocha et al.

k() _ ok k TN ey ERGR) k T= 7
E" (2) = By {1*€0COS(%+Z)}7H (Z)*maﬂ (2) = p1 [1*€mCOS(%+Z>}7 3)
EF = BFab; ik = E* Lok = pFa/ @)
o 2[1 4 vF]’ U

Here, E¥ and 1/* denote the homogenized Young and shear moduli, respectively. The Young modulus of the
FG-GPLRC is estimated using the Halpin-Tsai model E¥, while the Poisson’s ratio is obtained from the closed-
cell model proposed by Roberts and Garboczi [17] (eq. (6)). The coefficients e} and ek, represent, respectively,
the porosity and mass density, both for Type 1 and Type 2 distributions, whereas a* and o/* are the porosity
parameters for the Type 3 distribution.

gk -3 e i VEpy, | 5 106G P Vi,
1 8 1-mpVip 8 1-nyVip,

o (EerifE)a T e e

L (EGPL/Efn)"‘gE(cPL) ' (EGPL/Efn)""ESV(cPL)

EGPL _ 2Lgpr. ¢GPL _ 2Wgpr
L tgpr ' SW tgprL °

S

GPL GPL
L

The parameters & , nf, W, and n"fV depend on the GPL’s geometric properties, length (Lgpr, =
2.5um), width (Wgpr, = 1.5um), and thickness (tgpr, = 1.5nm), as adopted in this work. The Young’s modules
of the GPL and the matrix are (Egpr, = 1.017'Pa) and (E,,), respectively.

k
V¥ (2) = 0.221 (1 _ L 9) + o 7 (6)

P1

0.342(1— o Sf)>2—1.21 (1— i Sﬁ) +1

P1 P1

where v/§, p} are determined using the rule of mixtures, and the volume fraction V%, € [0, 1], associated with the
uniformly distributed GPL pattern (U-GPLRC), is defined in eq. . In this expression, A%, denotes the GPL
weight fraction, while pgpr, = 1062.5kg/m? and pF, are the mass densities of the GPL and matrix, respectively.

Jire ’
Afpy + PoRE (1-AépL)

k_ ok k kik. k_ k k kirk. vk
i =vaprVarr + Vi p1 = pariVarr + Vs Varr =

2.2 Minimum total potential energy

The modified strain gradient elasticity theory (MSGT) D.C. Lam and Tong [12] is adopted to evaluate strain
and stress in isotropic linear elastic materials. The corresponding strain energy U and external energy W are given

by eq. (8).

1 L h
U= 5/Q (aijsij + ;v + TSL?)E;L + 2mfjxfj> dv; W = —/0 <w0 (x)+g (2) %) (x)) q(z)dz, (8)

. . . 1 . .
where o;; is the classical stress tensor, while p;, Tz(j,z and mfj are higher-order stresses. ¢;; denotes the strain
(1)

tensor, ; dilatation gradient tensor, 7, the deviatoric stretch gradient tensor, and x7; the symmetric rotation
gradient tensor. The strain and stress fields are shown in eq. (9) and eq. (I0), respectively.
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er = U0 — 2Woz0 + [bsw + P 0s 268, = (flods + X, W+ gp.);

€. = 0205 Vh = Uowa — 2W0paa + [Dsaa + Ph oo + 92003

VE = —wo g+ fobsw + PE U0+ g2

192k = L (2u0 40 — 2200 naw + 2 Borvn + 2050 40 — fanths — ®F, 0 —290.) ;

3SRk = 1 (—dwopn + 8f 2ths e + 8PF, 04 + 490 00 — 39,2290) ; ©)
305y = 1 (=3uo w0 + 32W0 40 — 3f Pspw — 3OK A 40 — fanths — K, 0 —29.0.);
SEF = L (4f 220 + 40K, 00+ 8900 — U000 + 32Wo 500 — 3f B x — 3PK, W 0s) ;
30yek = L (wo,00 — 2f 20 — 208, 00 — 90 00 — 39.220) ;
NSk = L (w000 — 2f ntbse — 208, 00 — 9000 +29.20) ;
2x5y " = 3 (~ 900 — 20000 + faben + L 00) 2X5.0 = 3 (~020 + frats + OF, 0),
ok, = (KF = 2pk) (eh, +e..) +2ukeh; 20k, = dpek ; ok = (kF — 2p¥) (eh, +¢..);
of, = (K5 = 3uF) (ehy +e.0) +2uFe; Pl = 20F(I5)%v8; Pk = 26*(16)*75; (10,

1 1 1 1 1 1 1 1
Tgcx):rk = 2ﬂkl%77§cz)rk§ 3T;z)xk = 6ﬂk(llf)277gﬁz)rk§ 37'gy)yk = GNk(llf)Qngﬁy)yk; 37—5&’2)2’6 = 6ﬂk(llf)277§0z)zk§

1 1 1 1 s s s s
BTyt = Ok (1) 2miys s TULE = 2R (1)L 2ma, = 4k (15)2xz, 5 2mg. R = 4uk(i5)2g.

where " is the bulk modulus of the kth layer, given by k¥ = 3(%% The parameters [5, I¥ and 15 denote the
additional independent material length scale parameters.

By substituting Eq. eqs. (9) and (I0) into eq. (8) and applying the minimum total potential energy principle,
Euler’s equations (eq. (I2))) are obtained.

dug: — Az g — 24400 0 + (—As + A18) s 20 + (—A1s + Aza) Yy
— Aoy w0 gzz + A170 230 + 2A10U0 gz T A320s wrzr + A8V paze + A4aW0 pazes =0,
dps: 24105 + (A5 — A7)pe + A1oY + (A1g — Ag)uo zz + 2(A31 — Ag)Ps za
+ (As7 — A1s + A3D)Y g + (Auz — A22)Wo zae + (—A2s + A30) P .0aa
+ A32u0 graz + 2433Ps zaze + A9V zzes + AasWo grzze = 0,
0 Arods + (A1l — A13)p.0 + 24190 + (Azs — A14)U0 20
+ (Ass — Ais + As7) s w0 + 2(Aa0 — A16)V 20 + (Ass — A23)W0 32z
+ (— A2 + A36) P pes + A3sU0,zawe + A39Ps zwas + 2400 poze + A47W0 sezes = 0, (11
dwo: —2¢(x) + A209 20 + A21U0 gwa + (A22 — Au3)Ps zax + (A2z — As6)V zan
+ 24200 paze + (A2s — A42)0 pows — A4aUo pozer — A45Ps sevar

- A47w,xacch - 2A48w0,xacacncmc =0,
h
dp: —2g <2> q(z) + 2420 + Azug o + (A7 — A5) s .o + (A3 — A1)z

+ Agowo za + 2(A27 — Ag) 0 50 + (—As0 + A25) s wwe + (—As6 + A26)V 32
- Al’?”(),xmz + (*A42 + AZS)wo,mrxz + 2A29S0,:vmrx =0.

Here, the terms A; (i € {1,...,48}) are given as follows:

Zk

dron (2) domag (2)

. 12
P (12)

M;
Z Qi (lgv l]fa ll2€a K‘k7/’4k)

Zk—1 =1

Nc
Ai=b>
k=1
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Table 1. Parameters composing the coefficients A; in eq. 1;

A omi(z) mf(z) Mo (rissia) Qi (riz, si2) @z A mi(z)  mf(z) Mio (rin,sin) e

1 f f 2 (1.1) LT (2.2) 55 (32(1%)% + 15(15)?)u* 25 fe g 1 (0,0) 30(64(11)* — 15(15)*)
2 9 g9 2 (1.1) KF 4 % (2.2) 2(5(1)% + 205" 26 ¢k 9 1 (0,0) 30(64(1F)* — 15(15)*)
3 9 z 1 (L.1) S(3k% —24%) - - 27 ge- g 1 (0,0) N

4 1 11 (0,0 R - - 28 g 1 (0,00 E(—16(5)% + 15(15)2)
5 g £ 2 (0,0) 2heq (1,1) 25(64(1%)? — 15(15)?)u* 29 g g 1 (0,0) 55(32(1%)% + 15(15)?)u*
6 g g 2 (0,0) kegu® (2.2)  g5(120(15) + 128(15)2 + 15(15)*) k30 g f 1 (0,0) (5(18)% — 2(1%)*)uk
7 f 9. 2 (0,0) S(3k% —247) (1.1) 3(5(15)% — 2015w 31 fe f 1 (0,0) —5(1f)*u"

8 f 1 1 (0,0) 2(3k" +4pk) - - 32 f 1 1 (0,0) H(B(I5)2 + 205) )"

9 f ! 2 (0,0) Kb+ 2 (L,1)  g(12006)* +128(F) + 15(15)*)u* 33 f f 1 (0,0) 2(5(18)% + 215"

0 f ok, 2 1,1) 2k, pi* (2,2) (32(1%)% + 15(15)?)u* 34 4. 1 1 (0,0) 42k

1n g k. 2 (0,0) 2k, pi* (1,1) H(64(1%)% — 15(15)?)u* 35 ¢k f 1 (0,0) —4(1k)2uk

12 ¢k, of, 2 (1,1) kgu® (2,2) &5 (32(15)? — 15(15)*)u* 36 ¢k, 9. 1 (0,0) H(5(15)? = 205) )"
13 ¢k g. 2 (0,0) Sk —24F) (1,1) 3(5(I5)7 —2(t5)*) 37 ¢k, fee 1 (0,0) —5(If)*u"

14 ¢k, 1 1 (0,0) 2(3KF + 4pb) - - 38 b, 1 1 (0,0) H(5(I5)2 + 205) )"
15 f ok, 2 (0,0) 2(3k" +4pk) (1,1)  55(120(1§) + 128(1%)% + 15(15)%) > 39 ¢, 1 (0,0) 2(5(I5)? + 205) ) pu”
16 ¢.. 6. 2 (0,0) wk A (L,1)  g(120(6)* + 128(1F) + 15(15)*)u* 40 ok, 1 (0,0) —3(f)2u*

17 g 1 1 (0,0)  F(5(1§)* — 2(1})*)u* - - 41 ok, 1 (0,0) 2(5(15)2 + 2(15) ) pu*
18 f 2 1 (2,2) —3()? - - 2 =z 9.z 1 (0,0) 5 (=55 +2(1)*)u”
9 1 1 L (0,00 (20§)*+ 2(H)Hu* - - 3 2 fe= 1 (0,0) HGIRT

20 g 2 (1,1) 2(—3kF + 2u") (2,2) (=582 + (15)*)uk 4z 1 1 (0,0) (5(18)% +2(1%)* )k
21 2 1 1 (0,0) —2(3kF + 4p®) - - 45 z f 1 (0,0) L(5(18)% + 2(1%)*)uk
2 oz f 2 (0,0) —2(3kF + 4p®) (1) —(60(15)2 + 32(15)2 + 15(15)>) k46 = ok, 1 (0,0) HGPA
23z ok 2 (0,0) —5(3rF + 4pF) (L,1)  —75(60(I)* +32(1)* + 15(15)*)u* 47 = ok, 1 (0,0) —3(5(16)7 +2(15)*)
24z z 2 (0,0) K+ 4‘—‘ (1,1) (2I5)2 + S () + (15)*)u* 48 z z 1 (0,0) 2(5(18)% + 2(1%)?)uk

2.3 Analytical solution

The Navier procedure was used to solve the differential equations in eq. (I2), approximating the response
fields by periodic functions with separated variables. Furthermore, the uniformly distributed load ¢(x) was repre-
sented by Fourier series. For a simply supported beam, the boundary conditions are defined by w(0) = w(L) = 0,
which corresponds to the imposition of zero deflection on the supports, that is, at both ends of the beam, where the
vertical displacements are zero and the solution is expressed as in eq. (I3).

NT NT NT
ug (z) = 3 ug, cos (UF2) (o, (@) = Y. s, cos (F2) b (z) = 3 o cos (272,

=) =1 n=1 (13)
wo (x) = 21 wp, sin (T) yo(z) = Zl ; sin (%) ,q(x) = iqﬂ? sm(%)j =1,3,5,..

where N'T represents the number of terms in the series. The coefficiente ug,, ¢;, ¥;, wo, and ¢; are determined
by substituting eq. (I3) into eq. (I2) and solving the resulting system of algebraic system.

2.4 Results and discussions

A sandwich microbeam subjected to a uniformly distributed load is analyzed, where the outer layers consist
of copper uniformly reinforced with graphene nanoplatelets (Cu + GPL) and the core is copper metal foam (Cu +
porous). The beam is assumed to have length L, with equal layer depths h! = h? = h? = %h, where the total depth
is h = 1. The width is b = h, and the aspect ratio is L/h = 10. The volume fraction of graphene nanoplatelets in
the outer layers is AL, p; = A%, = 0.01. The core of copper metal foam has the porosity parameter eq = 0.5 for
the symmetric (Type 1) and asymmetric (Type 2) pore distributions, and o = 0.6722 for the uniform distribution
model (Type 3), all with equivalent mass density. The metallic matrix common to all layers has elastic modulus
E,, = 130G Pa, Poisson ratio v,,, = 0.34, and density Pm = 8960kg/ m3. The maximum deflections shown in
Table[2|are normalized according to: |w| = m%fTbh 2(%,0).
able 2] presents the deflection values reported by [10]], obtained using an advanced beam model (RED) from
Reddy [13]] that incorporates quasi-3D (Q3D) effects in its kinematic formulation, together with the plane stress
constitutive model.
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Table 2. Maximum deflection for a sandwich beam with faces (Cu + U-GPLRC) and copper foam core

Porous distribution  [10]* PW* (I = 0) PW#*(l =0) PW**(l = 0.5h%) PW** (I = h*) PW** (| = 2hF)

Type 1

REDQ3D 10.7514 10.7484 9.6233 7.6637 47717 1.9080
RED 9.6588 9.6559 7.4488 5.8917 3.6290 1.4341
REDQ3DMUR - 10.7951 9.6698 7.6685 4.7843 1.9713
REDQ3DZHEN - 10.8046 9.6793 7.7371 4.8499 1.9693
REDQ3DZZHE - 10.7949 9.6697 7.7218 4.8199 1.9291
Type 2

REDQ3D 10.7786 10.7757 9.6479 7.6799 4.7785 1.9093
RED 9.6838 9.6809 7.4692 5.9053 3.6347 1.4351
REDQ3DMUR - 10.8206 9.6926 7.6844 4.7914 1.9728
REDQ3DZHEN - 10.8309 9.7028 7.7522 4.8556 1.9701
REDQ3DZZHE - 10.8255 9.6975 7.7397 4.8269 1.9302
Type 3

REDQ3D 10.7880 10.7850 9.6572 7.6887 4.7853 1.9126
RED 9.6930 9.6900 7.4790 5.9136 3.6405 1.4377
REDQ3DMUR - 10.8301 9.7029 7.6933 4.7983 1.9769
REDQ3DZHEN - 10.8417 9.7138 7.7622 4.8631 1.9734
REDQ3DZZHE - 10.8373 9.7093 7.7499 4.8340 1.9335

Present Work (PW); * Plane Stress ; * ™ Plane Strain

In addition, the table includes results obtained with the kinematics proposed in the present work (PW), em-
ploying the same PT constitutive model as [10], but neglecting the zigzag (ZZ) effect by setting ®*_ = 0.

Furthermore, the table shows the deflections corresponding to the complete model proposed here, which
combines unified kinematics with the Q3D effect and enriches ZZ functions as introduced by [14-H16] (MUR,
ZHEN, and ZZHE, respectively). These results consider both the classical continuum theory I[f = I¥ =15 =0
and the strain gradient theory [% = [¥ =I5 = [ under a plane strain assumption.

When using the plane stress constitutive model combined with the unified kinematic formulation developed
in this study, the results exhibit good agreement with those reported by [10]. Conversely, employing the consti-
tutive model proposed in this plane strain study without accounting for micromechanical effects leads to smaller
deflections, consistent with the increased stiffness inherent to the adopted modeling approach.

A clear relationship between the parameters [X, ¥, and I% and the layer depth h* is observed in Table
As these relationships increase relative to h*, an apparent increase in flexural stiffness occurs. Conversely, as the
relationship values approach zero, the stiffness tends to converge to that predicted by classical continuum theory.
Among the porosity distribution models in the central layer of the sandwich microbeam, the uniform distribution
exhibited slightly higher deflections compared to other models. However, it was observed that the choice of
porosity distribution had minimal influence on the deflection results.

Additionally, when considering the zigzag kinematic models (REDQ3DMUR, REDQ3DZHEN, and RED-
Q3DZZHE), the sensitivity of the deflection results was also small. This limited influence of the ZZ models is
attributed to the relatively high L/h ratio employed in this analysis.

3 Conclusions

The beam model developed in this work, based on unified kinematics, strain gradient theory, and higher-order
zigzag theories, proved effective both in reproducing results from the literature and in comparing beam theories
coupled with zigzag models and with quasi-3D effects. In the analysis of micromechanical effects, the length scale
parameter significantly influenced flexural stiffness, demonstrating the scale effect. Furthermore, for the aspect
ratio L/h=10, the influence of pore distribution in the copper foam core, combined with copper faces reinforced
with uniformly dispersed GPL, was shown to have little effect on deflection values. Preliminary studies in progress,
although not presented in this work, suggest that for lower values of the L/h ratio, the type of zigzag function and
the porosity distribution exert a moderate influence on the results, indicating the need for further investigation of
these variables.
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