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Abstract. In the Oil & Gas industry, the replacement of gas turbines by electric motors as drivers of large rotating 

equipment is a growing tendency. When the process equipment is a turbomachinery, the use of Variable Frequency 

Drive (VFD) motors enable effective and efficient operation over a wide speed range. VFDs also generate torsional 

excitations, that if not properly addressed in the design phase, can lead to catastrophic failures of critical 

equipment. This work presents the application of the finite element method on the torsional analysis of geared 

turbomachinery trains based on the guidelines of the API (American Petroleum Institute). The procedure is applied 

for a fixed-speed electric motor driven compressor and its modified variable-speed version by the inclusion of a 

VFD. The system torsional natural frequencies (TNFs), mode shapes, Campbell Diagrams, steady-state alternating 

shear stresses and transient response caused by 2-phase and 3-phase motor short-circuits are predicted in the 

analysis. The results are used for the mechanical integrity assessment of the turbomachinery train.   
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1  Introduction 

In different industries, there is a growing tendency towards the application of more efficient process control 

methods aiming to save energy and reduce greenhouse gas emissions. In the offshore Oil & Gas (O&G) industry, 

plant electrification has been recommended as one strategy for companies to reduce their Greenhouse Gases 

emissions, which can be achieved by replacing the gas turbines that drive large rotating equipment by electric 

motors, that can be fed by the grid supplied with renewable sources (e.g., power from shore) or by a more efficient 

centralized offshore power generation facility, IOGP [1]. When the process equipment is a turbomachinery such 

as a compressor and the driver is a motor, the use of Variable Frequency Drive (VFD) motors enables effective 

and efficient operation over a wide speed range, which is not the case when the machine is driven by a constant 

speed motor, since their capacity is controlled by recycling, or variable inlet guide vanes or throttling, which are 

effective but inefficient. Therefore, VFD motors have gained relevance as drivers for large turbomachinery 

recently, Corcoran [2] and Kita [3].  A typical geared motor driven compressor train scheme is shown in fig. 1. 

The use of VFDs in turbomachinery trains can also pose a threat to the mechanical integrity of the train. Since the 

VFDs use AC-DC-AC conversions of the supplied voltage and current electric waves, the resulting VFD output is 

not perfectly sinusoidal, but contains harmonic distortion, which leads to air-gap torque pulsation, with multiple 

harmonics of the VFD output frequency and inter-harmonics (functions of the difference between line frequency 

and VFD output frequency) being generated, causing torsional vibration along the train rotors and making it 

virtually impossible to completely eliminate torsional resonance, which occurs when an excitation frequency is 

coincident with any train torsional natural frequency (TNF) within operational range, Kita [3].  
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Figure 1. Typical geared motor driven compressor train scheme 

Torsional vibration can be defined as the oscillatory twisting of the shafts that is superimposed to the running 

speed, being evidenced as an oscillatory variation of the speed. In general, TNFs of individual rotors are above the 

range of torsional excitations, but when the rotors are connected by couplings (relatively low torsional stiffness) 

and gears, system TNFs are reduced, Vance [4]. Besides, multibody and geared trains have increased likelihood 

of suffering torsional problems due to the increased number of TNFs, Corcoran [2]. Another important 

characteristic of torsional vibration is the small damping level, often negligible and limited to the material internal 

friction. For a typical O&G train compressor, 0.6-1.7% of critical damping is frequently assumed, Corcoran [2].  

Torsional measurement devices are not typically installed in turbomachinery and the mechanical factory accepting 

test (FAT) does not cover entire train testing due to the costs and project schedule impact, Corcoran [2]. During 

operation, torsional vibration seldom produces noise or transmit vibration to the base and frequently, the first sign 

of a torsional problem is a broken coupling, shaft or gear tooth, Vance [4]. Many authors, such as Corcoran [2] 

and Kita [3], report cases of failures caused by torsional vibration, most of them VFD-related.  

Torsional behavior prediction of turbomachinery trains in the design phase is essential to ensure train integrity, 

especially in the O&G industry, where lost production costs might be enormous. To this end, American Petroleum 

Institute (API) provides in its Rotordynamic Tutorial (API [5]) guidelines regarding modeling and analysis of 

torsional vibration in turbomachinery trains, which is even more critical in VFD driven trains.  This work presents 

the application of finite element method to the torsional analysis of geared turbomachinery trains based on API 

guidelines. The code is applied to a case study of a fixed-speed and VFD driven compressor train. 

2  Mathematical modeling using the Finite Element Method (FEM) 

A single-speed turbomachinery train under torsion can be represented as a finite element model which contains N 

nodes and N-1 torsional shaft elements connecting the nodes, as shown in fig. 2. Each node has one degree of 

freedom (DOF), represented by an angular displacement 𝜃𝑖(𝑡). For the model with N nodes (DOFs), N second-

order differential equations result. All rotary inertia such as impellers, gears, couplings, etc. are lumped into 

discrete disks located at the nodes (𝐽𝑖), containing inertia but no flexibility, while the shaft elements contain 

flexibility and inertia (𝐸𝑙𝑖). Dissipation of energy is represented by dampers connecting a node to the “ground” 

(𝐶𝑖) if the damper causes an absolute velocity-dependent torque (e.g., bearings) or two nodes (relative twisting 

motion). Torque loads can be applied to any node. The equations of motion of the system subjected to forced 

vibration can be described by eq. 1, which can be obtained by the application of Lagrange method, Inman [6]: 

[𝐽]{𝜃̈} + [𝐶]{𝜃̇} + [𝐾]{𝜃} = {𝑇(𝑡)} (1) 

where [𝐽], [𝐶] and [𝐾] are the polar mass moment of inertia, damping and torsional stiffness matrices; {𝜃̈}, {𝜃̇} 

and {𝜃} are the angular acceleration, velocity and displacement vectors; {𝑇(𝑡)} is the excitation torques vector. 

For geared turbomachinery trains, the determination of global inertia, stiffness and damping matrix can be 

conveniently obtained by the application of the FEM to an equivalent single speed model, accounting for the 

differences in kinetic and strain energies associated with different speeds, that is capable to describe the equations 

of motion for each element separately and then combine all by the superposition principle of the direct stiffness 

method, Walker [7]. The components of the element matrices are added to the global matrices in the row and 

column that correspond to the two global end nodes of each element. Additionally, lumped inertias are added to 

the main diagonal of the inertia matrix at the node locations where they act (same for “ground” dampers). 
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Figure 2. Single speed turbomachinery model (left) and shaft torsional element (right) 

Assuming linear angle of twist along each element, inertia, stiffness and damping element matrices are defined as: 

[𝐽]𝑒 =
𝑛²𝐽

6
[
2 1
1 2

] ; [𝐾]𝑒 = 𝑛2𝑘𝑡 [
1 −1

−1 1
] ; [𝐶]𝑒 = 𝑛²𝐶 [

1 −1
−1 1

] . (2 − 4) 

where 𝑛 is the speed of the element relative to the reference shaft and 𝐽, 𝑘𝑡 and  𝐶  are the polar mass moment of 

inertia, torsional stiffness and damping of each shaft element. Besides, the torques applied to the actual model 

shall be converted to the equivalent model and the angular displacement calculated using the equivalent model 

shall be converted back to the actual model. This can be accomplished with eq. 5-6, where the subscript “eq” 

denotes equivalent model and “a” actual model: 

𝑇𝑒𝑞 = 𝑛𝑇𝑎;   𝜃𝑎 = 𝑛𝜃𝑒𝑞 (5 − 6) 

3  Torsional vibration analysis overview 

According to API [5], torsional analysis is based on the solution of eq. 1 in three different forms: 

Undamped torsional analysis: since damping in almost all practical turbomachinery is very small, for practical 

purposes, undamped natural frequencies are no different from the damped ones. This analysis consists of solving 

eq. 1 ignoring the damping and with no torque applied (free vibration), which results in the Eigenvalue problem, 

where the eigenvalues are the TNFs squared and the eigenvectors are the mode shapes. Detailed solution procedure 

can be found in Inman [6]. TNFs can be plotted along with excitation sources on Campbell Diagrams to determine 

if there is any interference point within train operational range. For geared machines, Corbo [8] recommends using 

one diagram for each rotor or alternatively, to plot all information on a single diagram with all excitations 

referenced to the system equivalent speed, typically, the motor speed. The second method is applied in this work.  

Steady-state torsional response analysis: if there is any interference point (resonance) in the operating region, then 

a steady-state torsional analysis is required. In this case, eq. 1 is solved for each resonance point, applying the 

excitation torque and damping and calculating the cyclic torques and stresses in all train components, that shall 

demonstrate infinite fatigue life. Corbo [2] and API [5] provide guidelines for fatigue assessment, which is not 

discussed here. According to Inman [6], if [C] can be written as a linear combination of [J] and [K], Modal Analysis 

procedure can be applied, which consists of using the principle of orthogonality of the modes to transform [J], [C] 

and [K] to diagonal matrices, decoupling the equations of motion in a new modal coordinate system, solving them 

as independent differential equations and converting back to the physical coordinate system. Corbo [8] states that, 

in practice, most torsional analyses are performed with an empirical modal damping ratio (% of critical damping) 

applied to all elements and this method can be applied. Relevant individual damping sources cannot be 

incorporated in the model in this approach. If [C] is not a linear combination of [J] and [K], then the equations of 

motion need to be solved simultaneously. In this work, this was accomplished by rewriting the N 2nd order ODEs 

of eq. 1 as 2N 1st order ODEs using the state variable modeling and applying Laplace Transform to convert the 2N 

ODEs to algebraic equations, that is, time to frequency domain, that can be more easily solved. 

Transient torsional response analysis: for turbomachinery trains driven by induction motors, API [5] states that 

short circuit is the most relevant transient analysis and it is required when the associated excitations generate 

resonance with one of the train modes having relevant activity at the motor air-gap (usually the first mode). 

Transient simulation is run to determine torque vs time for each element in the model, the design being acceptable 
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if the maximum shear stresses in the elements are below the shear yield strengths since fatigue is not a concern 

(rare event of short duration).  In this work, the state variable equations are numerically integrated in the time 

domain using an adaptative stepsize Runge-Kutta method based on Dormand-Prince. According to Aho [9], short 

circuit torques can reach 3-15 times motor rated full load torque and have the form of eq. 7:  

𝑇𝑠𝑐(𝑡) = −𝑇𝑟𝑎𝑡𝑒𝑑 (𝑇1𝑒−
𝑡

𝑎1 sin(𝜔𝑓𝑒𝑒𝑑𝑡) − 𝑇2𝑒−
𝑡

𝑎2 sin(2𝜔𝑓𝑒𝑒𝑑𝑡)) (7) 

where 𝑇𝑟𝑎𝑡𝑒𝑑 is the motor rated torque, 𝜔𝑓𝑒𝑒𝑑  is the electrical feed frequency and 𝑇1, 𝑇2, a1, a2 are constants 

dependent on motor design. For 3-phase short circuits, 𝑇2 = 0 while for 2-phase, typically, 𝑇2 = 𝑇1/2.  

4  Computational code for torsional analysis of geared turbomachinery trains 

The computational code for modeling and analyzing geared turbomachinery trains was developed in MATLAB. 

Code assumptions and input data required are: 

Code assumptions: continuous system can be modeled using discrete elements; coupling between torsional and 

lateral vibration is not considered; gears are assumed rigid, without backlash or damping; for determination of 

TNFs and mode shapes, damping is negligible; for forced response calculations, forcing torques are harmonic; for 

forced steady-state response, the system is linear, a consequence of small angular deflections; if VFD is used, there 

is no feedback signal from mechanical system to VFD (no electro-mechanical interaction). 

Input data: mass-elastic data (nodes and elements definition), speed ratio of each node and element, operating 

speed, driver type (fixed or variable speed), damping, excitation orders (1x, 2x, etc.), steady-state torque applied 

to each node (magnitude, phase and frequency); short circuit initial conditions (angular position and speed), eq. 7 

parameters and ode45 absolute and relative errors allowed per step (ode45 is a MATLAB ODE solver for equations 

in the form 𝑦′ = 𝑓(𝑡, 𝑦) based on an adaptative stepsize Runge-Kutta method, the Dormand-Prince). 

The code was validated by comparison with other works. One case of a multiple branched geared system from Wu 

[10] is presented here, the original train scheme and the equivalent single speed model are shown in fig. 3, detailed 

train data is omitted. Eigenvalue analysis was performed, five first non-zero TNFs were calculated, considering 

and neglecting shaft inertia. Damping was modeled as discrete dampers and Newmark Direct Integration Method 

was applied by Wu [10] to directly solve 2nd order ODEs. Forced response due to a torque applied at node 1 was 

calculated using 3 different values for the dampers. A comparison between the results obtained by Wu [10] and 

the code presented in this paper is provided in table 1. Results agreement is obvious. 

 

 

 

 

 

 

 

Figure 3. Single speed turbomachinery model (left) and shaft torsional element (right) 

Table 1. Results comparison between Wu [10] and this work – undamped and steady-state analysis 
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5  Case study – Electric Motor Driven Compressor 

The application of the code to the torsional analysis of a geared turbomachinery train is demonstrated with a case 

adapted from Vance [4]. The train scheme is the same of fig. 1, with the following mass-elastic data: Motor: J = 8 

kgm²; Motor output shaft: Ø80mm x 180 mm (AISI 4140). Gears: Low speed gear: J = 0.7 kgm²; High speed gear: 

J = 0.06 kgm². LS Coupling: J = 0.25 kgm², 𝑘𝑡 = 1.2*106 Nm; HS Coupling:  J = 0.05 kgm², 𝑘𝑡 = 3.4*106 Nm. 

Compressor: J = 0.8 kgm²; Compressor input shaft: Ø60mm x 300 mm (AISI 4140). 

The train is driven by a 2-pole induction motor at 50 Hz line frequency, 1550 kW, gear ratio (n) = 2.0 (teeth 

number: 30 and 15 for gear and pinion). Equivalent single speed model referred to motor speed is shown in fig. 4:  

 

Figure 4. Simplified single speed torsional model schematic 

The undamped torsional analysis was performed and natural frequencies calculated: 0 Hz (rigid body mode), 

TNF1=69.5 Hz, TNF2=223.3 Hz, TNF3=786.6 Hz and TNF4=2024.4 Hz. 

Two cases were considered: case 1, fixed speed motor and case 2, VFD motor with speed variation from 70-110% 

of the nominal speed (10% separation margin required by API [5] included). The following excitation orders are 

plotted in the Campbell Diagrams: Case 1 (fig. 5): mechanical sources (unbalance, misalignment, blade passing 

frequency, gear meshing frequency): 1x, 2x, 4x, 12x, 30x of the motor speed; electrical: 1x and 2x of electrical 

line frequency. Case 2 (fig. 6): mechanical sources: 1x, 2x, 4x, 12x, 30x motor speed; VFD harmonics: 1x, 2x, 6x, 

12x, 18x, 24x electrical frequency supplied to motor by the VFD, which is equal to motor speed for a 2-pole motor.  

 

 

 

 

 

 

 

Figure 5. Campbell Diagram, complete (left) and zoomed view (right) – fixed speed motor 

In fig. 5, TNFs are represented as continuous horizontal lines, operation speed range (separation margin included) 

by vertical lines, mechanical excitations by inclined lines and electrical excitation by dashed horizontal lines. Since 

there was no interference in the operation range, steady-state forced response analysis was not required.   

For the VFD motor (fig. 6), the wider operation range combined with extra VFD harmonics caused interference 

points identified as I1, I2 and I3. Besides, an extra interference point I4 with TNF1 at maximum continuous speed 

was considered to account for possible inter-harmonic excitation, as recommended by API [5]. Steady-state 

response analysis shall be performed for each interference point, here only the results for point I2 and I4 are 

presented in table 2. For point I2, the TNF2 can be excited by the 6x VFD harmonic when the motor is operating 

at 2233 rpm (1/6*TNF2). During the design phase, VFD torque harmonics shall be provided by the VFD 
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manufacturer, here a conservative value of 10% motor rated torque recommended by Corbo [8] was used. For 

point I4, it was assumed an 1% motor rated torque exciting the TNF1 with the motor operating at max speed (3250 

rpm), as recommended by API [5]. Conservative modal damping ratio of 1% for all modes was applied. 

Figure 6. Campbell Diagram, complete (left) and zoomed view (right) – VFD motor 

Table 2. Calculated twisting angles, torques and nominal cyclic shear stresses for the train elements 

 

 

 

 

 

For each interference point, the forced response was determined, i.e. magnitude and phase of each node angular 

displacement. With this result, each element twisting angle, transmitted torque and cyclic shear stress were 

calculated (table 2). Even though excitation torque for I4 was only 1/10 of the torque applied for point I2 analysis, 

shear stresses were much higher for the motor shaft and of similar magnitude for the compressor shaft since the 

1st mode was excited.  Shear stresses were not calculated for the couplings because they have complex geometry 

(flexible elements, bolted connections, spacers, etc.), which requires coupling manufacturer advice to define 

maximum cyclic torque allowed.  With torques and cyclic stresses calculated, fatigue analysis, which is not 

presented here, shall be performed for all elements, safety factor shall be higher than 2.0, as per API [5].  

Short circuit torque has 1x and 2x electrical feed frequency components (eq. 7). For the fixed speed motor, these 

frequencies are constant and were represented by dashed lines in fig. 5, far from TNF1. However, when VFD 

motor is used, these excitations become speed-dependent and appear as sloped lines, the 2x component causes 

resonance with the TNF1 (point I3) when the motor is at 2085 rpm (1/2*TNF1), as shown in fig. 6. Short circuit 

in this condition might be severe and API [5] requires a short circuit response analysis. The following parameters 

were adopted in eq. 7: 𝑇𝑟𝑎𝑡𝑒𝑑=5.0 kNm, 𝑇1=6.0, 𝑇2 = 3.0 (for 3-phases short circuit, 𝑇2 = 0), a1=0.030, a2=0.026 

and 𝜔𝑓𝑒𝑒𝑑=218.3 rad/s (1/2*TNF1). Initial angular speed of each node was the operational speed (2085 rpm) and 

initial angular positions were defined based on the mean torque transmitted at the operational speed. The state 

variable equations of motion were numerically integrated using ode45. Angular displacement response as function 

of time for each node was calculated and actual twisting angle of each element obtained (corrected by gear ratio), 

along with respective transmitted torques and shear stresses. 3-phase and 2-phase short circuit excitation and 

response torques generated at the motor shaft are presented in fig. 7, normalized by the motor rated torque (per 

unit, p.u.).  

As shown in fig. 7, the maximum 3-phase short circuit response torque achieved 2.96 p.u. (abs) and decreased to 

less than 1.0 p.u (abs) in few cycles, while 2-phase short circuit achieved 5.46 p.u. (abs) and took multiple cycles 
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to achieve 1.0 p.u (abs), due to the resonance condition. With the calculated torque, maximum shear stresses and 

safety factor against shear yield can be calculated for the motor shaft. API [5] acceptance criteria is simply survival 

(maximum shear stresses lower than shear yield strength), there is no minimum safety factor recommended. 

Figure 7. 3-phase (left) and 2-phase (right) short circuit excitation and response torques at motor shaft  

6  Conclusions 

The basis of torsional integrity assessment of geared turbomachinery train was presented, following API guidelines 

for modeling and analysis. The FEM computational code developed can be applied to the torsional analysis of 

single or multi-branched systems to obtain the equations of motion and perform all the calculations required by 

API: natural frequencies, mode shapes, Campbell Diagrams, steady-state and transient forced responses. The case 

study demonstrated that VFD driven trains require careful torsional vibration analysis due to the wider operation 

range, harmonics and inter-harmonics excitations caused by the VFD and the increased likelihood of a short circuit 

triggering a resonance with first mode due to the variation of the electrical frequency fed to the motor.  
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