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Abstract. We present a two-dimensional GPU-accelerated implementation of the lattice Boltzmann method
(LBM) using CUDA, tailored for computational fluid dynamics applications. The numerical framework employs
the D2Q9 velocity stencil combined with a regularized Bhatnagar-Gross-Krook collision operator. Our primary
objective is the systematic evaluation and optimization of distinct LBM formulations through detailed compar-
isons between second-order and high-order regularization, extending the analysis to include implementations up
to fourth-order moments. Such high-order regularization are instrumental in enhancing numerical stability and
accuracy. Additionally, the impact of different boundary condition approaches is rigorously assessed through com-
parative studies between regularized boundary conditions and incompressible regularized boundary conditions.
The computational performance and numerical accuracy of each approach are investigated using the classical lid-
driven cavity flow configuration as a standard benchmark problem. Exploiting the computational advantages in-
herent in two-dimensional simulations, we utilize high-resolution grids consisting of 1024 and 2048 lattice points.
These simulations are conducted across a comprehensive range of Reynolds numbers (3,200, 10,000, 50,000, and
100,000), thus demonstrating the robustness of the solver and capability in accurately resolving complex flow
features typical of highly inertial regimes.
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1 Introduction

The study of fluid mechanics plays a fundamental role in understanding natural phenomena, as it is widely
applicable across various branches of science and technology [1, 2]. To improve the understanding and prediction
of fluid behavior, the field of computational fluid dynamics (CFD) has been developed. In the present research, the
lattice Boltzmann method (LBM) is employed due to its proven effectiveness in simulating turbulent flows, which
are often challenging to model with conventional methods [3].

In order to improve computational efficiency, a GPU-based implementation using CUDA was developed,
allowing the exploitation of massive parallelism to accelerate simulations without compromising accuracy or sta-
bility [4]. The lattice Boltzmann method (LBM) is inherently parallel due to its localized operations: computations
at each lattice site are performed independently, and inter-site communication only occurs during the streaming
step. This step can be efficiently handled using domain decomposition strategies, in which subdomains—referred
to as blocks in GPU implementations—are distributed across the device, as proposed by Ferrari et al. [4]. There-
fore, it becomes evident that the LBM is particularly well-suited for high-Reynolds-number simulations on GPUs,
fulfilling both performance and scalability requirements.

The collision step governs the evolution of the distribution function at each lattice site. Among all collision
methods, the Bhatnagar-Gross-Krook (BGK) collision operator is employed in the present study. The BGK model
assumes that the distribution function relaxes toward its equilibrium state at a rate determined by a relaxation time
constant [5, 6].

Several techniques are employed to enhance computational efficiency in comparison to the classical LBM
scheme. The main objective of this work is to evaluate the impact of such approaches in terms of computational
effort, accuracy, and stability within a two-dimensional implementation. We begin by outlining the strategies
already implemented.

Two key approaches are considered. The first is the regularized LBM, in which the distribution functions are
expressed as functions of moments and microscopic velocities, leading to improved numerical stability [3, 7]. The
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second is the moment-based LBM, where only the moments are stored and used in the collision process instead of
the distribution functions, which significantly increases computational efficiency in the simulations [8].

On the other hand, this work also investigates the effects of high-order regularization and varied boundary
treatments, specifically regularized boundary conditions (RBC) and incompressible regularized boundary con-
ditions (IRBC), on the simulation results. All boundary conditions are prescribed in terms of velocity, a type
commonly referred to as Dirichlet conditions. For this purpose, the lid-driven cavity (LDC) flow is chosen as the
benchmark geometry [3, 9–12].

A compelling reason for choosing the lid-driven cavity (LDC) flow as the reference geometry lies in its
ability to capture complex and turbulent bounded flow behavior, while maintaining a relatively simple boundary
configuration. In this setup, all walls are treated as no-slip boundaries, with the exception of the top wall, which
moves at a constant velocity; the remaining walls are stationary.

Moreover, the LDC flow has been extensively investigated using a wide range of numerical methods, in-
cluding lattice Boltzmann formulations, making it a well-established benchmark for validating and comparing
simulation results [3, 4, 9].

2 Methods

To address the proposed problem, the lattice Boltzmann method (LBM) is employed to generate the results
presented in this work. This method models fluid behavior by discretizing the domain into a set of points, referred
to as lattice nodes. Each node holds a set of distribution functions, denoted by fi, which represent the particle
density in predefined discrete velocity directions. These directions vary according to the chosen velocity set,
commonly referred to as velocity stencils [13–15]. The entire process, consisting of streaming and collision, is
expressed as:

fi (x+ ci∆t, t+∆t) = fi (x, t) + Ωi (x, t) , (1)

where ci denotes the microscopic velocity vector, and x represents the spatial position within the lattice. In
this work, the Bhatnagar-Gross-Krook (BGK) collision operator is employed. This model assumes that each
distribution function relaxes toward its equilibrium value, with the relaxation governed by a time constant τ ,
known as the relaxation time [6]. The BGK collision operator is defined as:

Ωi (x, t) = −∆t

τ
(fi (x, t)− feq

i (x, t)) . (2)

The relaxation time τ can be determined through its correlation with the kinematic viscosity ν. This relation-
ship is derived from the Chapman–Enskog expansion, which establishes a formal connection between the Lattice
Boltzmann Equation (LBE) and the Navier–Stokes Equations (NSE) [16]. Accordingly, the kinematic viscosity is
given by:

ν = a−2
s

(
τ − ∆t

2

)
, (3)

In the previous equation, as denotes the scaling factor, which is defined to ensure that the microscopic velocity
vectors ci are normalized. In the LBM framework, macroscopic moments can be directly associated with the
distribution functions by combining them with the microscopic velocities [3, 9]. In the classical formulation, three
fundamental moments are commonly defined: the zeroth-order moment, first-order moment, and second-order
moment. These correspond physically to the fluid density, momentum, and the strain rate tensor, respectively. The
first-order moment is represented by ρ, followed by ρuα and ρm

(2)
αβ . These moments are expressed as:{

ρ, ρuα, ρm
(2)
αβ

}
=

∑
i

fi

{
1, ciα, H

(2)
αβ,i

}
, (4)

where Hαβ = ciαciβ − δαβ/a
2
s is the Hermite polynomial function, employed in the LBM due to its orthogonality

property. and the term δαβ denotes the Kronecker delta. Since the present work adopts a regularized LBM formu-
lation, this representation becomes particularly important. Both the regularized distribution functions, denoted by
f̂i, and the equilibrium distribution functions are expressed in terms of their respective moments [7], as follows:

f̂i = ρwi

(
1 + a2suαciα +

a4s
2
m

(2)
αβH

(2)
αβ,i

)
, (5)

feq
i = ρwi

(
1 + a2suαciα +

a4s
2
uαuβH

(2)
αβ,i

)
. (6)
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The variable wi represents the weighting factor associated with a given lattice direction. This weight cor-
responds to the probability of particle propagation in that direction and plays a crucial role in predicting flow
behavior at each lattice node. The values of wi are determined using Gauss quadrature and depend on the chosen
velocity stencil [17].

The primary objectives of this work are to investigate the computational behavior of two-dimensional flows
under high-order regularization and to analyze the impact of different boundary condition treatments. To achieve
these goals, the lid-driven cavity (LDC) flow is employed as the reference geometry, due to its well-established use
in benchmarking complex fluid flow behavior with relatively simple boundary conditions [3].

Since this study is focused on a two-dimensional case, the D2Q9 stencil is adopted for all simulations. The
following sections present the approaches used to address the proposed problem.

2.1 Moment representation

The moment representation is a technique used to reduce the computational cost of simulations. This ap-
proach is based on storing only the relevant moments at each lattice site, rather than the full set of population
functions. In a two-dimensional simulation, such as the one presented in this work, the memory savings are di-
rectly proportional to the number of variables stored per lattice node [8, 18].

To compute the collided moments, we use eq. (1) in combination with eq. (2), where the post-collision values
are denoted by an asterisk (*). Under this formulation, the collision step in moment space can be expressed as:

m∗
αβ = (1− ω)m

(2)
αβ + ωuαuβ , (7)

where ω = ∆t/τ . Once the collided moments are computed, the distribution functions can be reconstructed using
Eq. (5), after which they are streamed to neighboring nodes, repeating the process.

2.2 High Order Regularization

A high-order expansion is obtained when the distribution function is not truncated at the second-order term.
In this context, the full definition of the regularized distribution function can be exploited to improve accuracy
[11, 12, 17].

We uses the approach proposed by Malaspinas [11], higher-order moments—such as third or fourth or-
der—can be expressed as functions of second-order moments through the use of non-equilibrium distribution
functions. The thrid and fourth order moments can be expressed as:

m(neq)
α1α2α3

= uα3
m(neq)

α1α2
+ uα2

m(neq)
α1α3

+ uα1
m(neq)

α2α3
, (8)

m(neq)
α1α2α3α4

= uα4
m(neq)

α1α2α3
+ uα1

uα2
m(neq)

α3α4
+ uα1

uα3
m(neq)

α2α4
+ uα2

uα3
m(neq)

α1α4
. (9)

2.3 Boundary Conditions

Regularized Boundary Condition (RBC) method offers a robust framework for addressing the physical con-
straints of the flow. This approach was first introduced by Hegele Jr et al. [3], who applied the regularization
process to reconstruct the missing distribution functions at the boundaries. The expressions proposed for this
system of equations are given by:

ρI =
∑
i∈Is

fi = (1− ω)
∑
i∈Os

f̂i + ω
∑

feq
i , (10)

ρIm
(2)
αβ,I =

∑
i∈Is

fiH
(2)
αβ,i =

∑
i∈Is

f̂iH
(2)
αβ,i, (11)

where I represents the incoming moments at a given lattice site, and Is and Os denote the sets of incoming and
outgoing distribution functions, respectively, at each boundary node. Further details on the definition of incoming
and outgoing directions can be found in [3].

An incompressible flow assumption is also adopted in this work. Under this assumption, the system can be
further simplified, as the second-order moments can be directly expressed as functions of the velocity components.
For example, m(2)

xx = u2
x and m

(2)
yy = u2

y [9].
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3 Validation

To validate the results, comparisons are made with the benchmark data provided by Ghia et al. [19]. As
the objective of the present study is to evaluate the model under more demanding conditions, only high Reynolds
numbers are considered. Specifically, simulations are performed for Re = 3200 and Re = 10000.

To determine when the flow reaches a steady state, the evolution of the total kinetic energy is analyzed. This
quantity is computed per unit mass using the expression

∑
u2/(2U2

lidNxNy), where it serves as a valuable indicator
of both flow behavior and computational accuracy.We uses non-dimensional time measured by t∗ = tUlid/Nx.
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(b) Re = 10,000

Figure 1. Total kinetic energy per unity of mass normalized

Figure 1 presents the total kinetic energy (TKE) evolution for both validation cases, corresponding to Reynolds
numbers of 3,200 and 10,000. As no significant variations in kinetic energy are observed over time, it can be as-
sumed that the flow has reached a steady state. Consequently, the velocity field can be extracted for comparison
with benchmark results from the literature.

It is important to note that, since the present study involves a two-dimensional simulation, the turbulent
features typically associated with these Reynolds numbers are not expected to develop. This explains why the
kinetic energy stabilizes, a behavior that would not generally occur in three-dimensional simulations.

In addition to verifying the steady state, grid convergence is analyzed with respect to mesh refinement. This
can be qualitatively observed when the kinetic energy curves for different grids overlap or intertwine, indicating
that the flow behavior is being similarly represented across varying resolutions.
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(a) Re = 3,200
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(b) Re = 10,000

Figure 2. L2 error for both Reynolds number

Because visual inspection is qualitative, a quantitative assessment is introduced through the L2 norm of the
error, computed between the kinetic energy profiles of coarser grids and the reference case, represented by the
finest grid. This error corresponds to the square root of the sum of squared differences between each profile
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and the reference. As shown in Fig. 2, the error decreases noticeably with increasing grid resolution, reflecting
improved solution accuracy—a trend both expected and desirable. The slopes of the error curves are approximately
−1.12 for Re = 3,200 and −1.04 for Re = 10,000, evaluated over the interval from t∗ = 600 onwards in order to
minimize numerical artifacts such as the oscillations observed in Fig. 1. When the error is instead evaluated only
at the final value of the TKE, the slopes become −1.21 for Re = 3,200 and −1.07 for Re = 10,000.

An additional test was performed by excluding the coarsest grid (128 × 128) from the slope calculation. In
this case, the average approach yields slopes of −1.18 for Re = 3,200 and −1.21 for Re = 10,000. The single-
point comparison at the end of the TKE further increases the slopes to −1.30 and −1.21 for Re = 3,200 and
Re = 10,000, respectively.

Although these slopes remain below the ideal value of −2, they are acceptable for the present study. A plausi-
ble explanation for the reduced convergence rate is that the grid resolution is already sufficiently fine for moderate
Reynolds numbers, limiting the gain in accuracy with further refinement. To complement this validation analysis,
velocity profiles were extracted after 12,000 non-dimensional time steps, ensuring that steady-state conditions had
been fully established.
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(a) Re = 3,200
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Figure 3. Velocity profile on the centerline, on the horizontal centerline velocity on y direction, on vertical center-
line the value of the velocity on direction x

Figure 3 demonstrates excellent agreement between the velocity profiles obtained in this study and those
reported by Ghia et al. [19]. This is particularly relevant in validating the consistency of the LBM, as the benchmark
data in the literature are based on direct solutions of the Navier–Stokes equations (NSE). The ability of the proposed
LBM formulation to reproduce these reference results highlights its accuracy and effectiveness.

To ensure a proper comparison, both the velocity and spatial coordinates were normalized and scaled. Veloc-
ities were halved and coordinates were shifted by half the total domain size, allowing all curves to fit within the
normalized range of −0.5 to 0.5.

These investigations also confirm that the quality of the results improves with grid refinement, in agreement
with all previous observations. This supports the motivation behind the present work: to explore high-resolution
simulations at elevated Reynolds numbers and analyze the computational behavior of the method under such con-
ditions.

4 Results

To evaluate the effects of high-order regularization and different boundary condition treatments, simulations
were performed at a Reynolds number of 10,000. This choice provides a challenging yet meaningful benchmark
for comparison, allowing for the extraction of reliable and insightful observations.

On the other hand, the high Reynolds number simulations are also intended to explore how such flows can be
effectively approached and evaluated. The techniques adopted in this study can be extended to three-dimensional
schemes in a straightforward manner.

In the following section, we present the velocity fields corresponding to the high-order regularization and
boundary treatment results.
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Figure 4. The blue plot represents the value of ux along vertical centerline, while the red plot represents the value
of uy towards the horizontal centerline

Figure 5a allows for the evaluation of the high-order regularization performance. From a computational per-
spective, the high-order formulation does not introduce any significant performance degradation, with simulation
times remaining nearly equivalent to those of the second-order case.

However, the velocity fields reveal noticeable deviations, particularly in the central region of the cavity. In
contrast, the results near the boundaries show excellent agreement with the second-order solution, indicating that
high-order regularization maintains good accuracy at the walls.

One striking feature of the high-order simulations is the behavior of the total kinetic energy. Unlike the
second-order results, the high-order formulation exhibits substantial fluctuations in kinetic energy over time, as
illustrated in Fig. 5.
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Figure 5. Total kinetic energy per unity of mass normalized

The observed results may be attributed to numerical instabilities, or alternatively, they may reflect distinct
flow behavior introduced by the high-order formulation. This uncertainty necessitated the use of a time-averaged
velocity field, rather than relying on a single snapshot after the flow reaches steady state. This time-averaging
procedure helps to explain the discrepancies observed when comparing high-order results to those obtained using
second-order formulations.

When analyzing the results shown in Fig. 4b, it is evident that the velocity fields obtained using RBC and
IRBC boundary conditions are very similar. In fact, IRBC yields slightly better agreement with the expected
solution. Since IRBC is a simplified version of RBC, it offers a more computationally efficient implementation,
making it a favorable choice for future simulations.

Based on these findings, the subsequent simulations were performed using second-order regularization com-
bined with the IRBC boundary condition. Flows at Reynolds numbers Re = 50,000 and Re = 100,000 were
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Vitória, Brazil, November 24-27, 2025



B.Y. dos Anjos, G. Choaire, L.A. Hegele Jr.

simulated under this setup. At such high Reynolds numbers, the flow becomes significantly more unstable com-
pared to the validation cases, as illustrated in Fig. 1.

To analyze these flows, it is necessary to consider the concept of a statistically stationary regime, in which
the overall behavior of the flow remains statistically constant over time. Once this condition is identified, a time
average of the velocity field can be performed to extract the centerline velocity profiles.
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(a) Re = 50,000
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Figure 6. The blue plot represents the value of ux along vertical centerline, while the red plot represents the value
of uy towards the horizontal centerline

The results shown in Fig. 6 exhibit consistent and physically reasonable behavior. In particular, the velocity
peak near the bottom wall decreases as the Reynolds number increases. This is attributed to the increasing chaotic
motion within the cavity at higher Reynolds numbers, which shifts the dominant flow structures toward the center.
This phenomenon is also discussed by Hegele Jr et al. [3] in the context of three-dimensional cavity flows at high
Reynolds numbers.

It is important to note that true turbulence cannot be accurately represented in two-dimensional simulations
due to the absence of vortex stretching, a fundamental mechanism in turbulent flows, which is inherently linked to
the third spatial dimension.

Another noteworthy observation involves the performance analysis based on the mega lattice updates per
second (MLUPS) metric. In the two-dimensional implementation on a GeForce RTX 4090, with single-precision
floating-point arithmetic, MLUPS values vary significantly with grid resolution. Coarser grids, such as 128× 128,
exhibit relatively poor performance ( 400 MLUPS), while performance increases dramatically with refinement,
reaching over 20,000 MLUPS for grids of size 1024 × 1024. Finer grids consistently achieve around 13,000
MLUPS across multiple simulations, indicating stable computational performance at higher resolutions.

5 Conclusions

This study presented a numerical investigation of two-dimensional lid-driven cavity (LDC) flows using the
lattice Boltzmann method (LBM), with particular emphasis on high-order regularization and boundary condition
treatments. The implementation was designed to balance accuracy and computational efficiency through CUDA-
based GPU acceleration, moment-based collision modeling, and regularized formulations.

Validation against the benchmark results of Ghia et al. [19] confirmed the accuracy of the proposed approach
for Reynolds numbers up to 10,000, with excellent agreement in both steady-state behavior and velocity profiles.
Grid refinement studies further demonstrated the convergence of the method, supported by kinetic energy plateau
analysis and L2 error metrics.

The application of high-order regularization revealed increased numerical complexity and energy fluctuations,
requiring time-averaged velocity fields for consistent interpretation. Nevertheless, the technique showed promising
accuracy near the boundaries and offers potential for extension to three-dimensional turbulence modeling.

Comparison between RBC and IRBC boundary conditions indicated that IRBC provides similar results while
being computationally more efficient, making it the preferred option for future studies.
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Finally, the performance analysis showed that finer grids lead to higher and more stable MLUPS values,
indicating that the implementation scales well with resolution. The combination of second-order regularization
and IRBC treatment proved suitable for simulating higher Reynolds numbers (Re = 50,000 and 100,000), with
velocity profiles obtained under statistically stationary conditions.
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