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Abstract. This paper presents a geometric nonlinear space frame formulation for nonprismatic Timoshenko-like
elements with heterogeneous cross sections. The kinematics of deformation of the element and the cross-sectional
constitutive relationships are referenced to an arbitrary reference axis. The element axis may be any simple straight-
line segment intersecting the element’s cross-sections at any position, regardless of the position of their centroid.
Such a noncentroidal and nonprincipal axis requires a consistent consideration of the interaction between axial and
flexural effects. The formulation uses a flexibility-type method based on the principle of virtual forces to obtain
the structural property coefficients. This method avoids solving the complex differential equations that govern the
nonprismatic space frame problem. The Euler-Rodriguez’s finite rotation transformation is adopted to determine
the natural rotations associated with the nodes of the frame elements along the nonlinear incremental-iterative
process. Boundary integrals are adopted to compute the cross-sectional rigidities, which facilitates the modeling
of heterogeneous cross sections of complex shapes. All resulting integrals are evaluated using low-order Gauss-
Legendre quadrature (3-4 points). The proposed formulation is validated by comparing the nonlinear equilibrium
paths, stresses, and internal forces with the ones determined by using highly refined 3D ANSYS models.

Keywords: Geometric nonlinear analysis, nonprismatic space frame element, Timoshenko beam theory, noncen-
troidal and nonprincipal axis.

1 Introduction

To reduce material consumption, engineers have commonly designed framed structures having long clear
spans by adopting shape-optimized, nonprismatic members. In fact, the use of this type of members has not been
restricted to reinforced-concrete structures, where the maximization of the strength and stiffness per unit weight is
very relevant. Today’s evolution in steel technology has made indeed possible the manufacture of custom-designed
nonprismatic steel elements. Thus, nonprismatic members are nowadays more commonly seen in Metal Building
Frames.

In recent years, many researchers [1H3] investigated nonprismatic beams with curved centroidal axes. Such
a nontrivial characteristic, along with varying element rigidity, may raise difficulties for their geometric nonlin-
ear analysis, particularly when formulations based on centroidal axis are employed. Consequently, studying the
geometric nonlinear behavior of composite nonprismatic elements with generic cross sections has motivated the
development of new effective approaches to describe the equilibrium trajectory of structural systems containing
such elements [4-7]].

de Aradjo and Ribeiro [S]] derived exact expressions for geometric and elastic stiffness coefficients of a planar
frame element referenced to the centroidal axis. The formulation was based on the Unit Load Method, a particu-
larized form of the Principle of Virtual Forces (PVF). The cross-sectional rigidities were evaluated using boundary
integrals. Subsequently, de Aradjo et al. [6]] extended this work to incorporate constitutive relations for simulating
linear semi-rigid connections between elements.

Pillon et al. [8] utilized the Timoshenko Shape Functions (TSFs) presented by de Aradjo and Ribeiro [3] to
determine the mass and damping matrices of a nonprismatic planar frame element. The authors investigated the
dynamic response of a structure subjected to seismic excitation represented by synthetic accelerograms.

Recently, de Aratijo and Mageveske [3] expanded the formulation previously introduced by de Aratijo and
Ribeiro [5] to elements referenced to any noncentroidal axis. The interaction between normal and flexural forces
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has been included. This formulation allowed modeling elements with curved centroidal axis, which are usual in
nonprismatic structures. Additionally, novel expressions for the TSFs were presented.

This paper aims at expanding the formulation proposed by de Aradjo and Mageveske [3] to perform geo-
metrical nonlinear analysis of heterogeneous nonprismatic space frame elements with cross sections of any shape.
These elements, described by the Timoshenko Beam Theory, will be referenced to noncentroidal and nonprincipal
axis. The exact expressions for the structural-property coefficients and the equivalent nodal load vector will be
deduced based on the PVF.

To incorporate both primary (uniform) and higher-order (nonuniform) torsional effects, the method proposed
by de Aradjo et al. [13] will be adopted. Finally, to validate the proposed formulation, a comparison of results will
be presented with a 3D ANSYS [14] simulation.

2 Timoshenko Beam Theory

The approach presented in [5] and [[16] will be here extended to space frames. Exact expressions for evalu-
ating structural-property coefficients will be deduced for a space frame element referenced to a noncentroidal and
nonprincipal axis. Cross-sectional rigidity values will be evaluated by converting domain integrals into boundary
integrals.

2.1 Kinematics of deformation

The displacement field of a space frame element may be described by three translational and three rotational
functions. According to the kinematics of deformation of the Timoshenko Beam Theory, based on these func-
tions, the normal displacement wu;('z1,x) of an arbitrary cross-sectional point x = lzg, lz3, referred to any
noncentroidal axis, is given by

uy(tar,x) = u(twy) = twoB3(Mwr) + twseBa(tar) + 00 (x), ey

where u (') is the axial component, 25 and x5 the cross-sectional location of the point, 82(*2;) and B3(1x1)
the bending rotations, wo(*2;) and w3 ('x1) the vertical components on the respective axis, #; the torsional cur-
vature, and v(x) the warping function. Notice that, the superscript indicate the deformed configuration which the
variable is referred to, i.e., the C; (last determined) configuration [17]]. The updated Lagrangian formulation is then
adopted to describe the body motion along the incremental-iterative process. Thus, the linear e;; and nonlinear
1745 parts of the updated Green-Lagrange strain tensor can be defined as follows:

1 6’[11 8uj
i = = 2
164 5 (81xj + 813@-) 2
i =5 y L=70= 1727 . 3
177] 5 61331- 81$j 1 J 3 ( )

By considering the relationship of Equation (1)) and applying the Generalized Hooke’s Law (011 (*21,X) =
E(tx1,x)-u)( tr1,%)) to the isotropic materials composing the cross sections, we derive the following constitutive
relationship:

1N (M) 1ha( ') thsto(Pw1)  —1kses(Mxy) uh(try,x)
IMa(tzy) ¢ =1 1kao(lz1)  1kea(lz1)  —1kos(lan) By(tr,x) ¢ 4
1Ms(tay) —1kas(tz1) —1kos(tz1)  1kes(ta) Bi(txy,x)

K

where 1 Ny(1z1), 1 Ma(txy) and 1 M3(12y) are the internal forces, and 1kq(*21), 1ksti(121), 1kii(121), and
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1kij(*x1),1, 5 = 2,3 denotes the cross-sectional rigidity values, given by:

nmat
1ka(1$1) = Z Em/ dQ:/ 71:2']2'712 dr’
' O T

nmat nmat

1kst2( 1:131) = Z Em/ 1:L'3dQ = Z Em/ — 1;53» 11’2~TL2 dF
m=1 Qm m=1 Im
nmat
kas(te) = > Em/

LpodQ = Z Em/ Lo 11:%-713 dar
m=1 Im
nmat nmat
1]%2(1331) = Z Em/ 1m§dQ = Z Em/ —1m2~1x§-n2 dar’
m=1 Lo
nmat
1k‘b3(1x1) = Z Em/ 1m§dQ= Z Em/ 1x3-1x§~n3dF
m=1 Im
vhas(Twr) =1 ksa(m) = ) Em/

nmat

Yoo LasdQ = Z Em/ 2. 133%- Lgsng dl
m=1 Im

®)

Note that rigidity values for heterogeneous cross sections may be expressed using boundary integrals [3].
In addition, the system expressed by Equation (@) indicates the couple between axial and flexural deformations
by the presence of 1k (121,x),i = 2,3. Consequently, this formulation does not require the knowledge about
the cross-sectional principal axes, since the coefficients 1k23(1x1,x) are considered. The shear deformations are
expressed by w!(1z1,x)=1Q;(*x1)/1ksi(121),i = 2, 3.

2.2  Uniform Torsion

The procedure for determining primary (Saint-Venant) torsion is based on the strategy proposed by de Aratjo
et al. [13]. In [13], a generalized formulation was proposed to describe nonuniform torsion in nonprismatic
heterogeneous elements. The authors developed sets of differential equations to describe the torsional phenomena
in elements with variable rigidity of polynomial orders (nonprismatic). At the element level, a weighted residuals
strategy is adopted for solving the corresponding differential equations. At the local (cross section) level, boundary
value problems (BVPs) are solved using the Boundary Element Method (BEM).

These computational techniques allow the determination of the relevant physical quantities in the analysis of
structural elements subject to torsion, such as torsional stiffness, warping stiffness, and the shear and normal stress
fields.

2.3 Linear stiffness coefficients

For a nonprismatic space frame element referred to any nonprincipal and noncentroidal axis, the Unit Load
Method gives:

H 1 1 1
fj’uji = / Nlj duli +/ le dat +/ sz dﬂQz +/ ng dﬂgz
0 0 0 0
N 1
+/ Q2j dws; +/ Q3; dws; + ujq, (6)
0 0
where szl represents the nodal displacements u;; concerning the deformation mode i=j=1,...,12 (see de

Aratjo and Mageveske [3] for details); Nlj, le, ng, ng, QQj, and ng are the generalized stresses; and, w4
are the nodal displacements due to any loading field 'q = ['q1, '¢2, 'g3]". Consequently, from Equation (4), the
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linear expressions for the PVF based on the Updated Lagrangian formulation may be written as follows:

/ Nyi(“a1)-Nyj (Y1) dla 1+/l le‘(lk )Ty (ta) d'a

IK|(*z1) (tz1)
Mai(Yar)-Maj(*x / Msi(*ay)-Ms; (*ay)
+ dx
/ INED) 1 K] (11 ) '
/ Qai(* 171 ) Qo (11) 1+/ Qsi(tz 1ng( 1) d'z1 + g %
{I,‘l) kg3 xl)

The flexibility coefficients can be obtained rewritten the Equation (7)) in the following algebraic form:

1 k1
Z ajk'lf/m‘ = Uj; — Z gjki'lfk» — Ujq, ko = [(m — 1)-nd0fn]+1, kl = m-ndofn. (8)
k=ko k=ko

where, j,i = 1,...,6(m = 1), j,i = 7,...,12(m = 2), i = ¢, and 'ndofn’ is the number of the degree of
freedom. To obtain the expression for the elastic stiffness coefficients 1kx; = 1f; the nonlinear and element
loading terms should be neglected, i.e. Zl,?:ko Gjkit fr = ujq = 0.

Details regarding the derivation of the aforementioned formulation are presented in [3} 6] for both linear and
geometric nonlinear terms. The strategy proposed in [[13] will be utilized to include both primary and higher-order
torsional effects. In [18] a finite element formulation for space frame elements referenced to the centroidal axis
and nonprincipal axis is presented. This formulation will be expanded to include noncentroidal axis.

2.4 Second-Order geometric effects

By definition, geometric stiffness results from changes in the configuration equilibrium of a structural system
with no increment in the external work, i.e., fWextf%Wext:O. Thus, the Principle of Virtual Displacements [[17]]
give us

%Wexl_ %Wext - / 1C7nnkl' 1ekl'6(lemn)d19+/ 1Tmn'5(1nmn)d19 =0 (9)
10 10

where 1C,,, 1 is the constitutive matrix for a isotropic material and jeg; and 17),,,,, are the linear and nonlinear
parts of the Green-Lagrange increment tensor - Equation (2). In this paper, following the methodology presented
in [16] for plane frames, we use relationship[9]to derive the expressions for the geometric nonlinear internal-force
increments for space frames when it moves from C1 to C2. Including these terms in Equation (8], we obtain

k1 " g 1 i
> aperfr = / NY; duy; +/ TY; db; +/ M3; dfs; +/ M3; dBsi
Pl 0 0 0 0
N N
+/ Q3 dws; +/ Q3 dws;. (10)
0 0

Notice that the right-hand side of the Equation @ represents the g;; terms presented on Equation (@) Then,
once the g;; terms are known, one may obtain the geometric stiffness coefficients by solving Equation (10) (see
[6] and [3] for details).

2.5 Euler-Rodriguez formula

To update the nodal coordinates of the space frame element we adopted the concept of finite rotation presented
by Euler-Rodriguez [17]]. The transformation of a vector r to a vector r’ due to a rigid rotation ¢ about OS axis
are described by
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r =rcos¢+ (n x r)sing + (1—cos ¢)(n-r)n, (11)

where n is the unit vector along the axis defined by the segment O.S. This formula is used to determine the natural
rotations of the frame element end nodes during the incremental step from C; to C5 configuration. Once the
natural deformations are known, we can eliminate the rigid body motion from the incremental displacement vector
to determine the element internal forces.

2.6 Nonlinear solver

This study adopted the Generalized Displacement Control Method (GDCM) with the generalized stiffness
parameter (GSP) as a load increment [[19].

3 Monosymmetric heterogeneous I-beam with variable web and bottom flange

In this section is analyzed a nonprismatic, monosymmetric I-beam with the web made of structural steel
(material 1) and flanges made of an aluminum alloy (material 2) - Figure [Ta] Material 1 has Young’s modulus
E1 = 200 GPa and a shear modulus G; = 76.9 GPa, while material 2 has F» = 71 GPa and G> = 26.7 GPa.
The cross-sectional geometry is assumed to vary linearly. The corresponding measures are presented in Figure [Ta]
The obtained results were validated using highly accurate 3D numerical simulation conducted with the commercial
finite element package ANSYS - Figure[Ib] The arc-length method was employed within the minimum arc-length
of 10”7 and a maximum arc-length of 1 with 500 load steps.

200

1

X clamped end ==

)21 — P noncentroidal axis location | 10 gEl’gl
i X1 and ANSYS referece line 500 - 100| 6 o
< T »

SR S QX 10

________________ 200 - 100

cross-sectional measures [mm]

.............................. free end

(a) I-beam geometry and cross-sectional description

26,330 quadratic tetrahedral
finite elements (solid187) with
55,913 nodes (167,739 DOFs)

(b) 3D ANSYS solid 187 finite element mesh

Figure 1. Monosymmetric I-beam with heterogeneous cross section

The axis location remains at the same position at half the height of the beam. The loading case adopted in
the study was P = 10 kN. The nonlinear problem was solved with the following parameters: 9 finite space frame
elements, initial load A\j=10"2 and force and displacement tolerance equal to 10~3. The number of load steps
was 1,237 with 3-4 iterations per load step. Finally, Figure 2a] 2b] and [2c| portrait the results, where are observed
excellent agreement with 3D ANSYS results.
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Figure 2. Equilibrium trajectories

4 Conclusions

This paper proposed an extension of the method previously investigated by de Aratjo et al. [[16], incorpo-
rating the coupling between axial and flexural effects. Structural-property coefficients were derived based on the
PVF in the form of the Unit Load Method. To validate the robustness of the proposed formulation, a monosymet-
ric, heterogeneous I-beam with a curvilinear centroidal axis was analyzed. The results obtained from this study
demonstrated excellent agreement with 3D ANSY'S simulations.
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