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Abstract: - Attitude Control of small satellite during detumbling orbit phase is of fundamental importance for the mission's success. In general, the small satellite starts this phase with high angular velocity and the Attitude Control System (ACS) needs to maneuver it to the normal mode of operation, which is has attitude of small angles. The ACS performs this operation between these two phases modes which has nonlinear dynamics due to the high angular velocities and perturbations using cold gas thrusters. As a result, the application of linear control techniques can compromise the performance and robustness requirements of the SAC System. To mitigate this problem, we apply the State-Dependent Riccati Equation (SDRE) method which can deal with such a nonlinear system. The SDRE controller is based on cold gas thruster torques to perform the large-angle maneuver in order to reduce the high angular velocities. The investigation serves to validate the numerical simulator model and to verify the functionality of the control algorithm as well as the signal between the controller and the actuators designed by the SDRE technique. In this study the SDRE controller is designed as a continuous time system for a full Monte Carlo perturbation model to test the adequacy of the control strategy adopted. The ACS is ready for the next step of this study, which is the analysis of discretization techniques, in which the sampling rate should be evaluated for the digital version of the SDRE technique aiming at its implementation in on-board computer.
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1	Introduction
Recent years have witnessed a tremendous increase in interest in Cube-Satellites (CubeSats) among the space community including space agencies, industry, and academia. Indeed, the total cumulative launched CubeSats as of August 2022 is 2068 including launch failures [1].
The requirements for attitude control of such CubeSats had been evolving in a way that a propulsion subsystem had become common [2, 3]. A propulsion subsystem is the primary mobility device of a spacecraft supporting orbit maneuvers and attitude control.
The precision of controlling the attitude of a CubeSat during the injection phase in orbit is of fundamental importance for the success of the mission. In fact, in the majority of missions, the launch and early orbit phase (LEOP) is the most critical phase, in which the demand for actuators is the highest [4]. In general, the CubeSat starts this phase with high angular velocity, and then the controller needs to maneuver the CubeSat to its nominal mode of operation, which is characterized by an attitude of small angles. One way to achieve such a transition between these two modes is by using cold gas thrusters.
Furthermore, the design of a satellite attitude control subsystem (ACS) that involves plant uncertainties, large angle maneuvers, and fast attitude control following a stringent pointing, requires nonlinear control techniques in order to satisfy performance and robustness requirements.
An example is the Nano-satellite Constellation for Environmental Data Collection (CONASAT) [5, 6], a set of remote sensing CubeSats from the Brazilian National Institute for Space Research (INPE), in which the ACS must stabilize the satellite in three-axes in order to maximize the receiving of environment data sent by platforms in the Brazilian territory.
One candidate technique for a nonlinear ACS controller is the State-Dependent Riccati Equation (SDRE), originally proposed by [7] and then explored in detail by [8]. SDRE provides an effective algorithm for synthesizing nonlinear feedback control by allowing nonlinearities in the system states while offering great design flexibility through state-dependent weighting matrices. The SDRE can be considered the nonlinear counterpart of the linear-quadratic regulator (LQR) control technique [9,10]. SDRE is based on the arrangement of the system model in a form known as state-dependent coefficient (SDC) matrices.
Accordingly, a suboptimal control law is carried out by a real-time solution of an algebraic Riccati equation (ARE) using the SDC matrices by means of a numerical algorithm. Therefore, SDRE linearizes the plant about the instantaneous point of operation and produces a constant state-space model of the system. The process is repeated in the next sampling steps, producing, and controlling several state dependent linear models out of a nonlinear one.
In this paper, we investigate, by simulation, the Attitude Control System (ACS) algorithm during Launch and Early Orbit Phase which has nonlinear dynamics due to the high angular velocities and perturbations. As a result, the application of linear control techniques can compromise the performance and robustness requirements of the appointment. To mitigate this problem, we evaluate the State-Dependent Riccati Equation (SDRE) technique which can deal with such a nonlinear system. The SDRE controller is based on cold gas thruster torques to perform the large-angle maneuver in order to reduce the high angular velocities.
It is beyond the scope of the present paper the following related topics: orbital dynamics simulation [11,12], attitude estimation based on noisy sensor measurements, and optimal thrusters’ geometry.
A good survey of the SDRE technique can be found in [8] and its systematic application to deal with a nonlinear plant in [9]. The SDRE technique was applied by [13,14,15] for controlling a nonlinear system like the six-degree of freedom satellite model considered in this paper. [19] extended an open-source project and defined an open-source simulator based on Euler angles. Finally, regarding CONASAT, [6] applied the SDRE as a filter technique together with a PID controller while [20] compared the performance and robustness of an SDRE with a PID controller.
The application of the SDRE technique, and, consequently, the ARE problem that arises, have already been studied in the available literature, e.g., [16] investigated the approaches for ARE solving as well as the resource requirements for such online solving. In fact, the intensive resource requirements for online ARE solving is the major drawback of SDRE. Nonetheless, the SDRE technique has three major advantages: (a) simplicity, (b) numerical tractability, and (c) flexibility for the designer, being comparable to the flexibility in the LQR [17,18].
The SDRE controller is designed as a continuous time system for a full Monte Carlo perturbation model in order to test the adequacy of the adopted control. The next step of this study is the analysis of the discretization techniques, in which the sampling rate should be evaluated for the digital version of the SDRE technique [21].
To the best of our knowledge, CONASAT is not planned to have inertial actuators, so the evaluation presented here used the available data of the CubeSat augmented with the minimal thrust to be obtained from a propulsion subsystem based on cold gas. Such evaluation is in accordance with a trend in the CubeSat industry, to use inertial actuators for LEOP and orbital maneuvers.
The investigation through a Monte Carlo perturbation model serves to evaluate the numerical simulator model and to verify the functionality of the control algorithm designed by the SDRE technique. Furthermore, it indicates that SDRE can yield gains in the missions developed by INPE, in particular, CONASAT.
This paper is organized as follows. In Section 2, the problem description is presented. In Section 3, the satellite physical modeling in the simulator is reviewed. In Section 4, we explore the state-space models and the controllers. In Section 5, we share simulation results. Finally, the conclusions are shared in Section 6.

2	State-Dependent Riccati Equation
The SDRE technique entails factorization of the nonlinear dynamics into the state vector and the product of a matrix-valued function that depends on the state itself. In doing so, SDRE brings the nonlinear system to a nonunique linear structure having SDC matrices given by:
	x˙ = A(x)x + B(x)u
	y = Cx	
where x ∈ Rn is the state vector and u ∈ Rm is the control vector. The SDC form has the same structure as a linear system, but with matrices A and B being functions of the state vector x. The non-uniqueness of the SDC matrices creates extra degrees of freedom, which can be used to enhance controller performance, however, it poses challenges since not all SDC matrices fulfill the SDRE requirements, e.g., the pair (A, B) must be pointwise stabilizable. The system model in Eq. (1) is subject to the cost functional described given by: 
[image: ]
where Q(x) ∈ Rn×n and R(x) ∈ Rm×m are the state-dependent weighting matrices. To ensure local stability, Q(x) is required to be positive semi-definite and R(x) to be positive definite [6].
The SDRE controller linearizes the plant about the current operating point and creates constant state space matrices so that the LQR can be used. This process is repeated in all sampling steps, resulting in a linear model from a non-linear model, so that an ARE is solved and a proportional gain is computed in each step. Therefore, according to LQR theory applied to Eq. (1) and Eq. (2), one obtains the state-feedback control law in each sampling step given by u = −K(x)x, where the state-dependent gain K(x) is: 
K(x) = R−1(x)BT (x)P(x)	                           3
and P(x) is the unique, symmetric, positive definite solution of the ARE given by:

P(x)A(x) + AT (x)P(x) –
P(x)B(x)R−1(x)BT (x)P(x)+Q(x) = 0      		(4)


Considering that Eq. (4) is solved in each sampling step, it is reduced to an ARE.

3	Satellite Physical Modeling
The simulator model is designed based on a typical mission developed by INPE, in which the ACS must stabilize a satellite in three-axes so that the optical payload can point to the desired target. In particular, this paper is focused on the Launch and Early Orbit Phase (LEOP) of the CONASAT, a CubeSat configured in an 8U structure. Therefore, it is a CubeSat with a side length of 0.2 meters.
Focusing on the sensors, there are two principal types of attitude determination hardware: attitude sensors and angular velocity sensors [12]. The simulator models these two types of sensors: (1) a set of attitude sensors, a set of Sun sensors (quite common on earth-orbiting satellites), and (2) an angular velocity sensor, a gyroscope. The sensors, available in the simulator, are ideal and simplified, in the sense that they can read the physical quantities at any moment with perfect accuracy and no noise. Additionally, the set of Sun sensors provides through the entire simulation the measure of the Sun versor in the body-fixed frame so there is no eclipse, the Sun is not moving in the Earth-centered inertial (ECI) reference frame, and the Sun is always visible by each sensor. Indeed, ECI is a quasi-inertial reference frame generally used in ACS.
The next subsections explore the propulsion subsystem, the kinematics, and the rotational dynamics of the satellite attitude evaluated.

3.1	Propulsion Subsystem
Since an active control system is required, it is worthwhile to explore the techniques available to produce torques for attitude control. There are two types of actuators: (1) the inertial actuators - they change the overall inertial angular momentum of the satellite, in other words, they generate external torques, as cold gas propulsion subsystems; (2) the momentum exchange actuators - they do not change the inertial angular momentum; or, a symmetrical rotating body produces torque when accelerated about its axis of rotation since such change in the momentum is internal to the satellite, it transfers the momentum change to the satellite with negative sign (angular momentum is a conservative quantity).
The simplest cold gas propulsion subsystem is roughly composed of a cold gas propellant tank and thrusters controlled by solenoid valves. The simplified operation principle is as follows: (A) the propellant tank is filled with a highly pressurized gas propellant; and (B) the gas flow is controlled by the solenoid valves before the thrusters; (C) once the solenoid valves are activated, high pressurized propellant gas is expanded and accelerated through the nozzle, obtaining the desired thrust.
The minimalist design of such propulsion subsystems has a lower mass, a lower power requirement, and a higher robustness. Nonetheless, the tank pressure decreases over the course of the mission due to the use of the propellant stored in the tank, and, consequently, the maximum thrust produced by the subsystem decreases.
An important step in the design of the propulsion subsystem is the propellant selection since it directly affects both the propellant tank and thruster selection. There are many options for gaseous propellants with different specific impulses, including helium (GHe), nitrogen (GN2), and xenon (GXe). Due to the low specific impulse of the propellant, typically, the thrust obtained is in the range of 10mN and 4N.
The cold gas propulsion subsystem is modeled by three thrusters’ pairs, one for each rotation: yaw, pitch, and roll. The thrusters of a pair are mounted in the opposite faces of the satellite, so they are 0.1 meters from the respective principal axis of inertia of the satellite, moreover, they are positioned back-to-back so that the nozzles are able to generate symmetric torques. Hence, the external torque is defined by Eq. (5).
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where 𝑔𝑐𝑚 is the external torque obtained in the center of mass of the satellite, 𝑇𝑛 is the magnitude of the thrust obtained in the symmetry axis 𝑎𝑛 by each pair of opposite nozzles, and 𝑟𝑛 is the position vector, which is a vector from the center of mass of the satellite about which the torque is being computed to the symmetry axis 𝑎𝑛 of the nozzles.
Recall due to the nature of solenoids, the type of control of such a propulsion subsystem is an ON-OFF, which leads to an impulsive control [22]. 

3.2	Kinematics
Given the inertial reference frame (Fi) and the body reference frame with origin at the satellite center of mass (Fb), then a rotation matrix represented by a unit quaternion Q = [q1 q2 q3 | q4] T can define the attitude of the satellite. Defining the satellite angular velocity ω = [ω1 ω2 ω3] T, the kinematics can be modeled using the Gibbs vector Q = [g | q4] given by 
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where ω× is the skew-symmetric matrix and 1 is the identity matrix.

3.3	Rotational Dynamics
In order to know the history of the change in the angular velocity, it is necessary to understand the history of the change in the angular acceleration of the satellite. According to the Euler-Newton formulation of the is rotational motion, angular acceleration is caused by torques, in other words, the change in the angular momentum  equal to the net torques  applied in the satellite, see Eq. (7) (the present subsection is derived based on the center of mass of the satellite, for the general case, see [11].

                                   	                                  7
Taking into account the motion of the body-fixed frame Fb with respect to the ECI Fi and the angular velocity ω, the derivative of the angular momentum in Fb is defined by Eq. (8).
                         	                             8
Furthermore,   and   , where 𝐼 is the time-invariant inertia tensor. The combination of this definition and Eq. (8) results in Eq. (9).
                      	                9
Recall the satellite has three thrusters’ pairs, each pair aligned with the principal axes of inertia of the satellite, moreover, such type of actuator, inertial actuators, generates external torques.
Therefore, the motion of the satellite is described by Eq. (10).
                 	               10
where 𝑔𝑐𝑚 is the external torque produced by the thrusters.

4	Controller Design
In a zero-bias-momentum system, two dynamics states must be controlled: (1) the attitude (perhaps described by unit quaternions 𝑄) and (2) its stability , in other words, the angular velocity 𝜔 of the satellite). Taking into account the simulator, the following high-level requirements are derived: (1) is refined in "the attitude must be stabilized and must follow the Sun according to a given Sun versor in the satellite" and (2) is refined in "the angular velocity read by the gyroscope must be as close as possible of 0". These are typical requirements of the LEOP, in the majority of missions the most critical phase, in which the demand for actuators is the highest [4].
The state and the control vectors, for the control loop, can be defined by Eq. (11).
                 	  [image: A mathematical equations and formulas
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The control regulator problem requires that the errors in the attitude and angular velocity must be obtained. The error in the angular velocity is directly obtained from the gyroscope readings, nonetheless, the error in the attitude must be computed. The applied approach to computation of the error in the attitude is: given two versors, namely (a) the actual Sun versor in the satellite frame obtained by the proper transformation of the Sun versor in the ECI; and (b) the reference versor in the satellite frame; to compute a rotation (there are many) from the actual Sun versor to the reference versor. The computed rotation can be described by a unit quaternion 𝑄.
The following subsections explore the state-space modeling and the controllers’ synthesis. Table 1 shows the satellite characteristics and references used in the simulation results presented in Section 5.

4.1	Design of the SDRE Controller
For small and slow maneuvers, a linear controller can be used, however, for large and fast maneuvers, the linearized equations do not hold and discontinuities compromise the system (e.g., impulsive torques of the actuators since they do not allow intermediate control torques). In order to avoid linearization, the SDRE technique is applied [23].
SDRE is based on the arrangement of the system model in a pseudo-linear form given by Eq. (1) and then solving an ARE in each sampling step.
Assuming that the net external torques (𝑔𝑐𝑚) are solely defined by the thrusters, the rotational dynamics is defined in Eq. (10). Taking into account the state and control vectors defined in Eq. (11), the state space model can be defined using Eq. (6) and (10), which leads to Eq. (12).
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Eq. (12) has been shown to satisfy SDRE conditions. Therefore, the state-dependent gain 𝐾 is computed using Eq. (3), which in turn supports the computation of the control vector . The next section shares the simulation results.

5	Simulation Results
A simulation test was conducted with a full Monte Carlo perturbation model described as follows: (1) the initial Euler angle errors of the nonlinear spacecraft system were randomly selected using three independent uniform distributions 𝑋 : 𝑈(−180.0, 180.0), 𝑌 : 𝑈(−90.0, 90.0), 𝑍 : 𝑈(−180.0, 180.0) degrees; and (2) the initial angular velocity errors were randomly selected using three independent uniform distributions 𝑋 : 𝑈(−0.1, 0.1), 𝑌 : 𝑈(−0.1, 0.1), 𝑍 : 𝑈(−0.1, 0.1) rad/s. The Monte Carlo model ran 15 times, in which the simulation time was 1000 seconds, fixed step 0.1 seconds, the data presented in Table 1 and the SDRE controller (𝑅 = 1 and 𝑄 = 1) defined by Eq. (12). Fig. 1 shows the collection of all quaternion errors computed during simulations, particularly the scalar part of quaternions (𝑞4) (yellow) converged in time to ±1 as well as the vectorial part of the quaternion converged in time to 0 ([𝑞1 𝑞2 𝑞3 -] 𝑇 → [0 0 0] 𝑇) (green, blue and red) in the sense that the target attitude of the satellite was reached in all executions. Nonetheless, due to the nature of the applied impulsive control, there was an error in the steady state so the system is marginally stable.
Table 1 - Satellite characteristics  and references
	Name
	Value

	Satellite Characteristics

	unit
	8U

	size (m)
	[0.2 0.2 0.2] T

	mass (kg)
	8.2

	inertia tensor (kg.m2)
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	Actuators Characteristics - Thrusters

	Maximum thrust (mN)
	10

	References for the controller

	Solar vector in the body (XYZ)
	[1 0 0] T

	Angular velocity (radians/second)
	[0 0 0] T



Regarding the satellite’s angular velocities, Fig. 2 shows the respective collection of angular velocities (one for each axis). The angular velocities converged in time to 0 ([𝑋 𝑌 𝑍] 𝑇 → [0 0 0] 𝑇) rad/s (green, blue and red) in the sense that the target angular velocities of the satellite were obtained in all executions. Once, due to the nature of the cold gas propulsion subsystem, there was an error so the system is marginally stable.Indeed, Fig. 3 shows the torques obtained from the cold gas propulsion subsystem for each axis corroborating that the system is marginally stable due to its periodicity. In such a way that torques were periodically necessary in order to stay close to the target attitude and the target angular velocities.  All obtained torques had the same magnitude (10mN × 0.1 meters = 1mN.m) (and as time went by the frequency of torques was reduced (in fact, a periodic system). Such simulation results are neither valid for the general case nor for initial conditions out of the range of the Monte Carlo perturbation model due to the underlying nonlinear dynamics.

6	Conclusion
To the best of our knowledge, CONASAT is not planned to have inertial actuators, so the evaluation presented here used the available data of the CubeSat augmented with the minimal thrust to be obtained from a propulsion subsystem based on cold gas (10mN). Such the evaluation is in accordance with a trend in CubeSat, to use inertial actuators for LEOP and orbital maneuvers. Regarding the discussion of whether the application of the SDRE technique in ACS can yield gains in the missions developed by INPE since performance in the LEOP is critical to the success of a mission and the simulation results show that the performance of the SDRE controller satisfies the requirements; SDRE can yield gains. 
Although in this study the the SDRE controller is designed as a continuous time system for a full Monte Carlo perturbation model in order to test the adequacy of the adopted control. The next step of this study is the analysis of the discretization techniques, in which the sampling rate should be evaluated for the digital version of the SDRE technique.
Nonetheless, its implementation requires more computing resources and tends to exhibit difficulties in verification. Therefore, it is too early to draw a definitive conclusion. In conclusion, the evaluation of the control of CubeSats through inertial actuators is a trend. Furthermore, the simulation results indicate that SDRE can yield gains in the performance of INPE CubeSat’s missions, in particular, CONASAT. In spite of that, research is required to address the difficulties of verification focusing on a priori assessment of the resulting marginal stability.               
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Quaternion error of the satellite.
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Angular velocities of the satellite.
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Thrusters’torques.
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