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Abstract. Since its development, the lattice Boltzmann method (LBM) has proven to be an excellent tool for
simulating multiphase/multicomponent fluid flows through porous media. Rooted in the kinetic theory of particles,
the method effectively models the interactions at fluid interfaces between different phases. However, in the LBM
literature, the multiphase/multicomponent multiscale approaches usually keep the fluid segregation term within the
porous-continuous media (PCM), thereby clearly identifying the immiscible fluid interface. This aspect eliminates
the relative permeability resistance and the capillary pressure effects during fluid-fluid displacement, making it
solely dependent on absolute permeability. Therefore, the present work proposes a multiscale multicomponent
modeling by incorporating the non-linearity of relative permeability resulting from fluid—fluid interactions within
the PCM region. To achieve this, the study combines pore-scale immiscible flow, represented by the Navier-Stokes
equations, with the Buckley—Leverett equation to describe the non-linear mass balance of the two components. Ad-
ditionally, the generalized porous continuous Navier-Stokes equation proposed by [1] is employed to account for
the momentum balance. By integrating these equations, the present work provides a comprehensive framework for
modeling the PCM region, effectively capturing both mass and momentum dynamics influenced by non-linear rel-
ative permeability (described by Corey [2] correlation) and capillary pressure effects (described by Van Genuchten
[3] correlation).
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1 Introduction

The lattice Boltzmann approaches to describe multiphase/multicomponent multiscale [4H8]] must retain the
fluid segregation term within the porous continuous media(PCM) region, thereby clearly identifying the immiscible
fluid interface. This aspect eliminates the relative permeability resistance during fluid displacement, making it
solely dependent on absolute permeability.

Therefore, the present work aims to extend multiscale multiphase/multicomponent modeling by incorporat-
ing the non-linearity of relative permeability resulting from fluid—fluid interactions within the PCM region. To
achieve this, the study combines pore-scale immiscible flow, represented by the Navier-Stokes equations, with
the Buckley—Leverett equation to describe the non-linear mass balance of the two components. Additionally, the
generalized porous continuous Navier-Stokes equation proposed by Nithiarasu et al. [1] is employed to account
for the momentum balance. By integrating these equations, the present work provides a comprehensive framework
for modeling the PCM region, effectively capturing both mass and momentum dynamics influenced by non-linear
relative permeability.

2 Multiscale Binary Mixture Modeling

A multiscale binary mixture model couples mass and momentum balance equations to describe transport
phenomena within both the pore-scale and PCM domains, aiming to represent immiscible fluid—fluid displacement.
The system is characterized by a binary mixture of two Newtonian fluids, a wetting (w) and a non-wetting (nw),
both maintained at a constant temperature.
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2.1 Pore-Scale Domain

In describing pore-scale transport phenomena, the mass balance equation is expressed as
0ip™ + 9o (pMua) + da(m{) =0, ()

where p(*) is the fluid density, u,, is the mixture velocity vector, m., is the mass diffusive vector, and the superscript
k indicate the fluid, w or nw. The momentum balance of the mixture can be described by

O(pua) + ag(puauﬁg) = —0g (Ps(sag + Saﬁ) + pr0g (&ﬂtﬁ + Opgug — 23aua5a5/3) )

where P = p — (8a(8ap2) — 8ap8ap) /2 is the scalar pressure, p is the fluid thermodynamic pressure, & is
the molecular interaction potential, which is directly related to the interfacial tension between the fluids. The term
Sap = K0a(p)9s(p) is the Korteweg stress tensor.

2.2 PCM Domain

In the PCM domain, the Buckley—Leverett equation is used to model mass balance, while the generalized
Navier—Stokes equation governs momentum balance. The Buckley—Leverett equation, originally proposed by
Buckley and Leverett [9]], is a nonlinear partial differential equation derived from the mass balance of a binary
mixture, employing the concept of fractional flow. In its extended formulation, the Buckley—Leverett equation is
given by

05 4 0B + 0, (N (G4 5, (X)) =0, G
s 1, B — 3, () () — g, (X gm0 )) =0, @

where s(¥) is the fluid saturation, B((lk) convective fractional flux vector, A(¥) is diffusive constant, C&k) diffusive
capillary vector, and ) is the dynamic pressure constant. By definition, the terms Bék), AR C((lk), and ) are
described as:
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where ¢ is the porosity, (uf) = (uflw)> + <u((;"w)> is the mixture average velocity vector, <a£f)> is the average
buoyancy vector, F(¥) is the fractional flux term, o is the interfacial tension, x(¥) is the dynamic viscosity, K
is absolute permeability, g¢ is an external acceleration vector, and the superscript k denotes the fluid different
from k. The term p.(sy) represents the dimensionless capillary pressure, typically specified through correlations
(e.g., Van Genuchten 3| correlation). The dimensionless term of relative permeability K® is likewise given by
correlations dependent on saturation (e.g., Corey [2lcorrelation). The parameter ¢ is the damping or non-equilibrium
coefficient, which controls the dynamic capillary effect and can also vary with fluid saturation. The present work
follow the definition of average and intrinsic velocities defined by Whitaker [10]:

1 1
(k)y — — *)qy = 7/ k) gy = (k) 6
W) =5 [y = o [ ulav = gt ©

where <u>(ak) is intrinsic average velocity. Summing over all fluids in PCM region, the relation between the average

and intrinsic average is given by (u2) = (u{")) + W™y = (W)™ + W)T™)) = p(u)e.

The momentum balance in the PCM domain is described by the generalized Navier—Stokes equation proposed
by Vafai and Tien [[11], which governs the momentum evolution of the mixture. However, in the present we employ
an adapted form of the generalized Navier—Stokes equation proposed Nithiarasu et al. [1]] in terms of average

velocity:

Oulplut))+05 (p{ul) (uh)/0) = =05 (9 (p)")+preds (Dalut) + Da(ut) ) —%mm—%uuzw& )

where v, effective viscosity, F, is geometric factor term from inertial effects in porous media. When ¢ = 1,
ve = v, and K — oo, the generalized Navier—Stokes equation reduces to the usual Navier—Stokes equation.
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3 Numerical Results: 1D fluid-fluid displacement

To validate the description of the Buckley-Leveret mass transport inside of the PCM domain, a 1D benchmark
is employed to compare the developed saturation profile with analytical and numerical solutions available. The 1D
problem geometry is characterized by a inlet and outlet pore-scale domain with L, length and in the middle a
PCM domain of length L,.,,, as illustrated in the Figure|l} Considering (u£) = 1 m/s constant over all domain,
porosity ¢ = 0.1, dynamic viscosity ratio M,, = 1, and lengths L, = 10 m and L,,, = 20 m. Water is injected
at the inlet (z = 0) under a Dirichlet boundary condition s,,(x = 0) = 1. At the outlet (x = L), a Neumann
boundary condition specifying a zero gradient in water saturation is applied.

sW(z,t=0)=1 ars(k)(x =1L, t) =0
Inlet: Wetting Injection Outlet
Pore-Scale PCM Domain Pore-Scale
NW-Saturated NW-Saturated NW-Saturated
) LpS T chm T LpS -

Figure 1. Geometry of 1D fluid-displacement case across consecutive pore-scale and PCM domains.

As a first scenario, we consider a pure convective formulation where gravitational effects and capillary pres-
sure are neglected,

(s()2
()2 + M, (1 — 502’

P
B,(s™)) + 0, (<“a>F<w>> =0 with P = (8)
2
where K(®) = (s)2, K(mw) — (4(w))2 je g = s . = 0andn, = nn, = 2. The non-linear convective
problem given by the Eq. (§) has an analytical solution dependent of the initial condition (Riemann problem). In
the present case, the solution for the specific initial condition is given by

tF' ™) for <t
st (x,t) = ©)
0 for = >t

where ¢ = F' () (5(®)) = F(w)(5(w)) /5(w) is the shock wave speed, F () = dF(®) /ds, and 53*) = \/M,,/(M,, + 1)
is the sharp front saturation.

Considering Lys = 10 m, Ly, = 20 m, Az = 0.008 m, and As = 0.002 s, these parameters yields
L,s = 1250 lu, Ly, = 2500 lu, and (u?)* = 0.025. The saturation profiles for water and oil and water field
saturation are plot at the time ¢t* = 8000, 20000 , 30000 and 35000 in the Figures E]a), b) c), and d), respectively.

At the inlet scale transition from the pore-scale to the PCM region, both fluids coexist at the same site, as
represented by the Buckley—Leverett equation. Comparing the saturation profile at t* = 20000 to the analytical
solution, we observe good agreement between the numerical and analytical results.

Notice that once the shock wave passes through the outlet porous transition interface, both fluid saturations
are transferred from the PCM to the pore-scale region at the same lattice node. At the pore scale, the segregation
forces begins to act again, segregating the fluid components, as illustrated in Figure [J] ¢) and d). Due to the
one-dimensional nature of the problem, the fluid components separate into layers of water and oil.

4 Conclusions

The present lattice Boltzmann formulation for multiscale multiphase/multicomponent systems is capable of
describing fluid—fluid interactions across different porous media representations, while satisfying mass and mo-
mentum balance at the interfaces between scales. Additionally, for the one-dimensional fluid—fluid displacement
case, the results show good agreement with the analytical solution within the PCM region.
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Figure 2. Numerical solutions of wetting and non-wetting saturation profile for different times steps: (a) t* =
8000 ts, (b) t* = 20000 ts, (c) t* = 30000 ts, and (d) ¢* = 35000 ts. The thick blue and black lines inside of PCM
domain range in the curves of saturation profile describe the predicted analytical solution taking as reference the
time when the wetting fluid enters the PCM domain.
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