
Parallel Reservoir Simulation of Oil Flow Using PETSc and Implicit Schemes
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Abstract. We employ the Portable, Extensible Toolkit for Scientific Computation (PETSc), a numerical library
designed for high-performance parallel computing, to solve the algebraic systems arising from the discretization of
the governing equations for slightly compressible two-dimensional oil flow in porous media. This computational
step, being the most resource-intensive, is optimized through parallelization to reduce execution time while pre-
serving solution accuracy. Our methodology integrates an implicit time-stepping scheme and Picard linearization
to model reservoir pressure evolution and well production, including well-reservoir coupling. We perform a mesh
refinement study and sensitivity analyses by varying key reservoir parameters and fluid properties. PETSc’s par-
allel solvers yield substantial performance gains, validating the efficiency of our approach. This work highlights
the applicability of PETSc in reservoir simulation and emphasizes the role of parallel computing in accelerating
large-scale subsurface flow simulations.

Keywords: Implicit Time Integration, Parallel Computing, PETSc, Reservoir Simulation, Slightly Compressible
Flow

1 Introduction

The numerical solution of engineering problems has been enabled by the advent of computers since World
War II. Progress in computational capabilities has allowed for the study of increasingly complex scenarios, in-
cluding subsurface flow simulation, where petroleum reservoir simulation is crucial for optimizing hydrocarbon
recovery. This work is dedicated to reservoir simulation utilizing the Portable Extensible Toolkit for Scientific
Computation (PETSc) [1], a library designed for high-performance parallel computing, to address the challenge of
solving the large-scale algebraic systems inherent in these simulations.

Field-scale petroleum reservoir simulation [2] often requires solving nonlinear algebraic systems with mil-
lions of unknowns in three dimensions. This computational step consumes the majority of the simulation effort.
Given that real-world reservoir simulations can take weeks even on high-performance machines [3], employing
efficient numerical methods and parallelization techniques for solving these algebraic systems is essential for the
oil and gas industry to rapidly evaluate different production scenarios and determine optimal operational plans.

To tackle these computationally intensive problems, libraries like PETSc [1] have been developed, providing
efficient and flexible tools for solving systems of the form Ax = b. PETSc offers data structures and routines for
large-scale applications, with built-in support for parallel execution using the Message Passing Interface (MPI).
This facilitates the development of scientific computing codes in languages such as C, C++, Fortran, or Python,
and allows for integration with existing software.

The PETSc library has been successfully applied in various engineering and scientific domains requiring
high computational performance. Examples include geothermal system simulation [4], thermal energy storage [5],
geodynamics [6], optical flow computation on GPU clusters [7], and as a parallel linear solver within reservoir
simulators like TOUGH2 [8]. It has also been used in challenging problems such as cardiac electrophysiology [9],
fluid dynamics [10], and fluid-structure interaction [11]. The coupling of PETSc with other libraries, such as
ADOL-C for derivative evaluation [12] and HPDDM for advanced Krylov subspace and domain decomposition
methods [13], further extends its capabilities. Its application in diverse areas like free surface flow simulation
with over 100 million particles [14] and image processing [15], as well as in aerospace applications using Newton-
Krylov-Schwarz methods [16], underscores its versatility and efficiency in parallel computing. The use of PETSc’s
parallel solvers for the pressure correction in multiphase flow simulations also highlights its importance in reducing
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computational costs [17]. Several other works, including [18, 19], further demonstrate the broad applicability and
impact of the PETSc library in computationally intensive simulations.

Given the scale and complexity of algebraic systems arising from the discretization of reservoir flow equa-
tions, particularly for field-scale simulations and those involving intricate well configurations, the computational
demands can be substantial. Parallel computing offers a pathway to overcome these limitations by distributing the
computational workload across multiple processors, significantly reducing execution time and enabling the simula-
tion of more realistic and larger-scale scenarios. The PETSc is specifically designed for high-performance parallel
computing, providing a robust suite of data structures and scalable numerical solvers optimized for distributed
memory architectures. Its inherent parallel capabilities make PETSc an ideal choice for tackling the resource-
intensive algebraic systems encountered in reservoir simulation, allowing for efficient exploration of different
production strategies and detailed analysis of subsurface flow behavior.

2 Governing equation for single-phase oil flow in a reservoir

The mathematical modeling of isothermal single-phase oil flow in a petroleum reservoir, under the assump-
tions of a heterogeneous and isotropic permeability field, slightly compressible rock and Newtonian fluid, negligi-
ble chemical reactions and gravitational effects, and a two-dimensional laminar flow regime in the xy-plane, leads
to a governing partial differential equation for the oil pressure. Starting from the mass conservation equation and
incorporating Darcy’s law (neglecting gravity), we arrive at [20]:

∂

∂t

(
ϕ

B

)
−∇ ·

(
k

Bµo
∇p

)
− qsc

Vb
= 0. (1)

Here, k is the absolute permeability tensor, p is the pressure, qsc is a source term at standard conditions, and Vb is
the total volume. The oil formation volume factor (B) and porosity (ϕ) are considered slightly pressure-dependent:

B =
B0

1 + co(p− p0)
, ϕ = ϕ0[1 + cϕ(p− p0)], (2)

where B0 and ϕ0 are reference values, and co and cϕ are the compressibilities of oil and rock, respectively.
By applying the chain rule, the accumulation term can be rewritten, leading to the final governing equation

for pressure:

Γp
∂p

∂t
− Vb∇ ·
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)
− qsc = 0, (3)

where the pressure-dependent coefficient Γp is given by:

Γp = Vb

(
ϕco
B0

+
ϕ0cϕ
B

)
. (4)

As a simplifying assumption, the viscosity was considered constant.
This non-linear partial differential equation for oil pressure requires appropriate initial and boundary condi-

tions for its solution. The initial condition is a known initial pressure distribution p(x, y, t = 0) = pini(x, y) =
pini. For the reservoir boundaries, length Lx and width Ly , a no-flow condition is applied:(

∂p

∂x

)
x=0,Lx

=

(
∂p

∂y

)
y=0,Ly

= 0. (5)

2.1 Well-reservoir coupling

If the source term qsc is used to represent the production rate via a well-reservoir coupling technique, it can
be expressed as [20]:

qsc = −Jw (p− pwf ) ,

where Jw is the productivity index and pwf is the wellbore pressure. The numerical determination of the produc-
tivity index in reservoir simulation will be discussed in the numerical solution section. This coupling allows for
the calculation of wellbore pressure if the production rate is prescribed, and vice versa. In this work, a prescribed
production rate condition is employed.
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3 Numerical solution

The governing partial differential equation for oil pressure is solved numerically using the Finite Volume
Method and Picard iteration [20], employing a fully implicit time discretization and three-point centered differ-
ences for spatial derivatives [21]. This results in a system of non-linear algebraic equations.

For a two-dimensional problem, the discretized form of the governing equation is [21]:

Tn+1
x,i+1/2,j

(
pn+1
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where the transmissibilities in the x and y directions, Tn+1
x,i± 1

2 ,j
and Tn+1

y,i,j± 1
2

, incorporate reservoir geometry,
permeability, fluid viscosity, and formation volume factor. Rock and geometry properties in transmissibilities are
typically handled with harmonic averages, while fluid properties (for uniform grids) use arithmetic averages [21].
The transient term coefficient, Γn+1

i,j , is derived using a conservative expansion [20]:
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]
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. (7)

To solve the resulting system of non-linear algebraic equations, Picard iteration is employed. This involves
linearizing the transmissibility and source terms by using values from the previous iteration level (v) to solve for
the current iteration level (v + 1) [21]:
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This linearized system is then solved iteratively utilizing the capabilities of the PETSc library to obtain the
pressure distribution at each time step.

4 Determination of well productivity index

Well-reservoir hydrodynamic coupling is crucial for this study. For a given production rate, the wellbore
pressure can be determined once the productivity index Jw and the reservoir pressure p are known. This section
focuses on the transient hydrodynamic coupling, where the productivity index is time-dependent, Transient Well
Index (TWI), due to the transient flow behavior near the wellbore.

The wellbore pressure pwf is related to the production rate qsc through the discretized coupling equation:

(qsc)
n+1
i,j = − (Jw)

n+1
i,j

[
pn+1
i,j − (pwf )

n+1
i,j

]
, (9)

where the transient productivity index (Jw)
n+1
i,j is given by [22]:
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Here, rw is the wellbore radius, req is the time-dependent equivalent radius, ηt = k/(ϕctµ), k =
√

kxky ,
ct = co + cϕ, and Ei is the exponential integral function. The equivalent radius req is determined using the
Newton-Raphson method:

(req)i+1 = (req)i −
f(reqi)

f ′(reqi)
, (11)

with for the hydrodynamic case being:
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qsc

4πκLz
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(
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2
i
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)
−△p, f ′(reqi) =

qsc
2πκLzreq

exp

(
req

2
i

4ηtt

)
. (12)

This leads to the iterative formula for the transient equivalent radius for the hydrodynamic coupling:
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reqi+1 = reqi

[
1− qscEi(σ)− 4πκLz△p

2qscexp(σ)

]
, (13)

where ∆p = pini−pi,j (pi,j is the pressure in the cell containing the well), and σ =
(
req

2
i /4ηtt

)
. The exponential

integral E1(u) = −Ei(−u) is approximated using a polynomial fit for accurate evaluation over a wide range of
arguments [22].

The formula for calculating the equivalent radius is given by the time required to reach the pseudo-steady-
state regime. Based on the concept of dimensionless time and considering the normal area A, which represents the
drainage area of the well in a developed reservoir [22],

tDA =
kt

ϕµctA
. (14)

Considering the well located at the center of the reservoir and that its drainage area has a square shape, for
values of tDA below 0.09, the reservoir’s behavior is similar to that of an infinite system, indicating a transient
regime in the porous medium. On the other hand, starting from tDA =0.1, the pseudo-steady-state regime is
reached [22] and it is assumed that the equivalent radius no longer varies with time. The value of the product ϕµ
was computed based on the initial pressure, assuming that this product remains approximately constant.

5 Numerical results

The numerical simulations were performed using PETSc 3.21 to solve the algebraic systems generated by
the discretization of the governing equations. The computational work was conducted on a single node from a
cluster, utilizing the following hardware and software configuration: Operating System OpenSUSE 15.5; Processor
Intel(R) Xeon(R) Silver 4316 CPU @ 2.30GHz; Model R750; CPUs 40 (80 threads); and RAM 126 GB.

We began our analysis with a mesh refinement study to ensure the spatial discretization was sufficient. Sub-
sequently, we conducted several sensitivity analyses to investigate the impact of key reservoir parameters and fluid
properties on the simulation results. A summary of the parameters and properties utilized for the simulations can
be found in Table 1, in which, ∆ini the initial time step, which is successively multiplied by F∆t throughout the
time steps until the final time step, ∆final, is reached. The simulation ends when the final time, tfinal, is reached.

Table 1. Rock, fluid, and geometry general parameters

Parameter Value Unit Parameter Value Unit

B0 1.3 m3/std m3 qsc -1,000 m3/day
co 8.0×10−7 kPa−1 tfinal 100 day
cr 5.0×10−7 kPa−1 tol 1×10−6 kPa
F∆t 1.1 – ∆tini 0.0001 day

kx = ky = k 0.01 µm2 ∆tfinal 5 day
Lx = Ly 1,000 m µ0 0.001 Pa · s

Lz 50 m ρref 840 kg/m3

pini = p0 69,000 kPa ϕini = ϕ0 0.2 –

In the mesh refinement study, we not only verified numerical convergence but also highlighted the appearance
of a numerical artifact resulting from the adopted well-reservoir coupling model. Five mesh configurations were
employed: 41 × 41 (M1), 81 × 81 (M2), 161 × 161 (M3), 321 × 321 (M4), and 641 × 641 (M5). As a result,
the 641 × 641 mesh was deemed sufficiently refined to ensure both numerical convergence and the acquisition of
accurate results. Consequently, all subsequent sensitivity analyses were performed using this mesh.

5.1 Computational performance

In terms of physical CPU count, we started with one and progressively doubled this value to investigate if the
performance improvement would tend toward a limiting value, as is typically the case in many parallel computing
scenarios. An analysis of computational performance was conducted to evaluate the scalability of the proposed
methodology using PETSc. Table 2 summarizes the execution times obtained for different physical processor
counts using the most refined mesh.
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Table 2. Computational Performance

Processors 1 2 4 8 16 32

Execution Time (s) 1291.53 813.08 462.21 266.50 178.66 175.05

This performance gain demonstrates the high efficiency of our parallel implementation. However, increasing
the processor count from 16 to 32 resulted in only a marginal reduction in execution time, from 178.66 s to 175.05 s.
This behavior indicates that the performance gain is approaching a saturation limit, a common phenomenon in
parallel systems explained by Amdahl’s Law [23]. Beyond 16 processors, the serial portion of the code and
communication overhead begin to dominate the total execution time, thus limiting further scalability.

We also conducted a comparative analysis of computational performance by varying the number of processors
(1, 16, and 32) and employing the five meshes used in the numerical convergence study. The results can be seen in
Tables 3 to 5.

Table 3. Computational Performance for 1 Processor and 5 Meshes

Meshes 41 × 41 81 × 81 161 × 161 321 × 321 641 × 641

Execution Time (s) 1.203 5.259 28.58 180.22 1291.53

Table 4. Computational Performance for 16 Processors and 5 Meshes

Meshes 41 × 41 81 × 81 161 × 161 321 × 321 641 × 641

Execution Time (s) 5.046 7.107 13.09 36.72 178.66

Table 5. Computational Performance for 32 Processors and 5 Meshes

Meshes 41 × 41 81 × 81 161 × 161 321 × 321 641 × 641

Execution Time (s) 10.302 14.99 25.89 61.71 175.05

The computational performance results in Tables 3-5 show that the optimal processor configuration varies
with mesh size. For coarser meshes (41 × 41 and 81 × 81), single processor performance is superior due to
parallelization overhead. As mesh density increases (161 × 161 and 321 × 321), the 16-processor configuration
becomes most efficient. Only for the finest mesh (641 × 641) does the 32-processor setup (175.05 s) slightly
outperform 16 processors (178.66 s). Overall, except for the finest mesh case, 16 processors consistently provide
the best performance, indicating an optimal balance between computational load distribution and communication
overhead.

In Figure 1 we present the variation of Speedup values (S) as a function of the number of mesh cells (Fig-
ure 1(a)) obtained with 16 processors, as well as the respective values as a function of the number of processors
(Figure 1(b)). As we can verify, there was a significant gain as the number of cells increased, reaching a maximum
value close to eight. On the other hand, we observe that the speedup reaches its maximum value for a number of
processors between 16 and 32. For this reason, we chose to perform the subsequent simulations of the sensitivity
analysis using 16 processors.

5.2 Sensitivity analysis

Beyond computational performance, the focus of this work was also directed toward the implementation
of the well-reservoir coupling model considering the transient regime. Therefore, Figure 2 presents the results
for the variation of pressure in the producer well (pwf ) as a function of time. On the left, in Figure 2(a), we
observe that as the meshes are refined, we successfully eliminated the undesirable effect of numerical storage [22],
using the conventional well index [20]. The importance of calculating the Transient Well Index (TWI) can be
verified when compared with the results obtained with the Steady Well Index (SWI), the conventional well index,
Figure 2(b), for two different values of reservoir permeability and mesh M5. The coupling model considering
steady-state conditions provides values that are overestimated for the initial time steps of production. However, as
time progresses, we observe that the predictions provided by both models tend to yield practically identical values.

CILAMCE-2025
Proceedings of the XLVI Ibero-Latin-American Congress on Computational Methods in Engineering, ABMEC
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Figure 1. Speedup (S) as a function of the number of cells and processors
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Figure 2. Pressure at the producer well (pwf ) as a function of time

6 Conclusions

The present study successfully integrated a Transient Well Index (TWI) formulation with the PETSc library
to mitigate the numerical artifacts arising from our well-reservoir coupling model. By capitalizing on PETSc’s
parallel solvers, we achieved substantial reductions in computational time. Our scalability analysis confirmed that
the speedup is directly proportional to the computational load and the number of processors utilized, though it
inevitably encounters a plateau, a behavior consistent with theoretical parallel computing models. This research,
therefore, validates the efficacy of our simulation approach and emphasizes the importance of parallel computing
in tackling the challenges of large-scale subsurface flow simulation. Future work will focus on exploring alterna-
tive well-reservoir coupling systems and further refining the implementation to take advantage of more extensive
parallel resources, such as a greater number of computational nodes.
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