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Abstract. This work presents a monolithic computational framework for simulating free-surface incompressible
non-Newtonian flows with multiple immersed solid bodies. The methodology combines a particle-position-based
formulation of the Particle Finite Element Method (PFEM) for the fluid phase with a total Lagrangian finite el-
ement formulation for the solid phase. Both fluid and solid models use nodal positions as primary variables.
This unified treatment enables direct and consistent coupling between the fluid and solid domains. Interactions
between immersed solids are handled using a node-to-surface contact formulation enforced via Lagrange multi-
pliers. The fluid behavior is described by the Herschel-Bulkley-Papanastasiou (HBP) constitutive model, while
the solid is modeled by the Saint-Venant-Kirchhoff (SVK) constitutive model. For temporal discretization, the
implicit Generalized-a time-marching scheme is adopted, providing second-order accuracy and enhanced stability
through controlled numerical dissipation of high-frequency components. The proposed methodology shows strong
potential for applications such as simulating concrete flow, where the mortar is treated as a non-Newtonian fluid
and the coarse aggregates as immersed solid particles.
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1 Introduction

Modeling the dynamics of multiple solid bodies immersed in a fluid domain presents significant challenges
in computational mechanics. It typically requires the simultaneous treatment of fluid-solid interaction (FSI), solid-
solid contact, and, in most applications, free-surface flows.

From the point of view of fluid dynamics, the challenges are the representation of problems with topological
changes in the fluid domain. In this regard, Idelsohn et al. [1]] introduced a hybrid approach known as PFEM, which
combines the advantages of particle-based methods with the robustness of mesh-based techniques. This method-
ology uses particles to represent the fluid domain, which are then employed to generate a finite element mesh for
solving the governing equations, with periodic remeshing to maintain mesh quality throughout the simulation.

Building upon this method, Avancini et al. [2] proposed a particle-position-based PFEM formulation for sim-
ulating free-surface incompressible Newtonian flows, using nodal positions and pressures as the primary unknowns
instead of the more common velocities and pressures. This choice naturally incorporates geometric nonlinearities,
eliminates the need for a separate step to compute displacements from nodal velocities, and is well suited for
monolithic coupling of fluid and solid phases. Subsequently, Teodoro et al. [3] extended this framework to the
Bingham fluid, demonstrating its effectiveness in fresh concrete flow simulations.

To address the problem of flows interacting with multiple immersed solid bodies, Onate et al. [4] employed
a combination of the PFEM, to model the fluid domain, along with the Finite Element Method (FEM) and the
Discrete Element Method (DEM) for the solid domain. The authors presented various applications, including
landslides impacting houses and rocks being dragged by a water stream.

The present work builds upon the particle-position-based PFEM by adopting a more complete constitutive
model and incorporating multiple immersed solid bodies. The HBP model is employed to describe the fluid phase,
which is more suitable for simulating materials with non-linearity after the yield stress, such as fresh concrete. The
solid phase is described by the SVK constitutive model, allowing for large displacements. The interaction between
immersed solids is handled through a node-to-surface contact formulation enforced via Lagrange multipliers, al-
lowing for accurate representation of contact forces and preventing interpenetration. The coupling between the
fluid and solid phases is achieved through a monolithic approach.
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2 Continuum mechanics

In this section, we briefly describe the kinematic measures, governing equations, and constitutive models.

2.1 Kinematic measures and governing equations

In the total Lagrangian description adopted for the solid, its initial configuration is taken as reference (£2,, =
Q). For the fluid, due to the recurrent remeshing in the PFEM, the reference configuration 2, needs to be updated,
so that we adopt a partially updated Lagrangian description, setting the reference to the last known equilibrium
configuration (solution from previous time step n) (2, = £2,). In this section, all equations are written with
variables carrying the subscript r, but shall be interpreted according to each domain’s own reference configuration.
This is only possible because for the considered fluid constitutive model, there is no strain energy storage.

The reference and current configurations are represented by the coordinates x,. and y, respectively, and the
deformation gradient tensor F',. is then defined as:

F, = vxTy ()

The governing equations are momentum and mass conservation. The latter can be expressed in terms of the
Jacobian determinant (J, = |F..|), which represents the volumetric change of an infinitesimal element relative to
its reference volume. For an incompressible fluid, the Jacobian is constant in time and equal to one. Therefore, in
the reference configuration these equations can be written as:

py =V, - (SFT) —b, =0 2)
g, =0 3)
P

where p is the fluid density, ¥ is the material derivative of the fluid velocity, S is the second Piola-Kirchhoff stress
tensor, and b,. is the body force vector.
These equations are complemented by the boundary conditions, expressed as:

y=yponlp “)
(SF})n, =h,onIy )

where yp are the positions prescribed at the Dirichlet boundary (I'p), h,. are the tractions precribed at the Neu-
mann boundary (I' ), and n, is the normal vector to I"y.

2.2 Constitutive models

We adopt the SVK hyperelastic model for the solids, expressed in the stress-strain relation as:

S=¢:E,, (6)
with
¢C=MN®I+ 2GII,, 7
and 1
E, =3 (C, - 1), ®)

where € is the fourth-order constitutive tensor, A and G are the Lamé coefficients, I is the identity tensor, I is the
second-order identity tensor, E is the Green-Lagrange strain tensor, and C, = FI F,. is the right Cauchy-Green
deformation tensor.

For the fluid phase, we choose the HBP model. Let T denote the deviatoric stress tensor and p the pressure.
The model is expressed through the Cauchy stress in the current configuration {2 as:

o=T1—pl 9)

The Herschel-Bulkley model includes three parameters that can be experimentally determined: the consis-
tency index k, the yield stress 7y, and the flow behavior index o. To avoid numerical difficulties, we adopt the
regularization proposed by Papanastasiou [5], introducing a regularization parameter m. 7 is then given by:

r2(k|e'||0‘1+ 0 (1emlél))é, (10)

€]l
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with L
T .
=5 (Vyy +Vyy), (11)
where ||€|| = V/2¢ : € is the Eulerian equivalent strain rate and € is the Eulerian strain rate tensor.
The deviatoric stress tensor can be written as the double contraction between an Eulerian constitutive tensor

and the Eulerian strain rate tensor:
T=23:¢, (12)

where ® is a fourth-order constitutive tensor, whose components are
n— 7o _ml|é
Disst — <k e + o (1 . m|e|>) (8ir01 + k) » (13)

with § denoting the Kronecker delta. This constitutive tensor is defined in the current configuration, and a pull-
back operation (details in Avancini et al. [2]]) is required to express it in the reference configuration due to the
Lagrangian descriptions of the domains. Thus, the (9) becomes:

S=®,:E, —pJ,C !, (14)
with 1
S . o
B = (F F, + F? F) , (15)

where E,. is the rate of the Green-Lagrange strain tensor, and F,. is the rate of the deformation gradient.

3 Numerical strategies

Regarding the spatial discretization of the continuum, both fluid and solid domains are discretized using
linear finite elements (triangles in 2D and tetrahedra in 3D). The unknowns are approximated by nodal values and
Lagrange polynomials with linear interpolation. Moreover, in the fluid domain, the pressure is also discretized
using linear finite elements. For the temporal discretization, we employ the Generalized-a method proposed by
Chung and Hulbert [6], which is implicit, second-order accurate, unconditionally stable, and allows control of
numerical dissipation at high frequencies. The equilibrium is evaluated at an intermediate time £, 4.

3.1 Position-based finite element method for elastic solids

The equilibrium equations for solid dynamics are obtained from the stationary energy principle taking the
nodal positions and are given by:

aHn-{—a
a(ya)n+a

.. I(E"

= / poNay ! 0dQ0+ [ Sh ., Mdm — [ Nu.bodQy — [ Nyhodl'g =0, (16)
Qo Qo O(Ya)nta Qo Ty

where II,, 1 is the total mechanical energy functional and hg are the surface forces in the initial configuration.

The supercript h indicates that the variable is approximated by finite elements, the subscipt a denotes the node,

and the subscript n + « indicates that the variable is evaluated at the intermediate time ¢,,,.

3.2 Particle-position-based PFEM formulation

In the work of Avancini et al. [2], the authors present the details of the particle-position-based PFEM formu-
lation, which are omitted here. As with the solid phase, the equilibrium equations for the fluid phase are obtained
from the stationary energy principle, but in this case, the nodal positions and pressures are the unknowns. Applying
this principle taking the nodal positions, we obtain:

3Hn o - (9 E n+o
e :/ prNaYn+adQ Jr/ (Eh)n+a : (Qh)n+a : ﬁdQ
a(ya)nJra Q. Q- a(ya n+a
S(EN) (17)
—/ P (T e (C) 1 - 52240, 7/ N,b,.dS, f/ Ngh,dl', =0,
Q. IYa)nta

where the first term on the right-hand side represents the inertial nodal force, the second and third terms correspond
to the viscous and pressure parts of the internal nodal force, and the last terms represent the external nodal force.
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Applying the principle of stationary energy with respect to the nodal pressures and adding the stabilization
term, we obtain the discrete form of the incompressibility (or continuity) equation:

O, 40 L 1
37+ + ((RS)a>n+a = / Na((J:’ )nJra - 1)er +/ TPSPG*(Fi)nIavera : [
(pa)n-H Q. Q Pr

r

(18)
pryZ-ra - Vx, ((Sh)nﬂ-a(Ff)z:J,-a) - br] dQd. = 0,

where ((Rs)n+a), represents the contribution of the stabilization term to node a, and Tpgpg is a stabilization
parameter. The nonlinear system defined by eq. and eq. is solved using the Newton-Raphson method.

Due to the mandatory use of linear shape functions for both positions and pressure in PFEM, the Ladyzhenskaya-
Babuska-Brezzi (LBB) conditions [7H9] are not satisfied. This can lead to spurious pressure solutions and numer-
ical instability. To address this issue, the formulation employs the Pressure-Stabilized Petrov-Galerkin (PSPG)
method [[10} [11]], which consists of adding to the weak form the residual of the momentum equation, weighted by
the gradient of the pressure test function and multiplied by a stabilization parameter.

Cremonesi et al. [12]] and Avancini et al. [2]] provide an in-depth description of the PFEM technique. Here,
we highlight the main steps of the method:

* Filling the fluid domain with particles containing physical and kinematic properties;

* Generating a finite element mesh using Delaunay triangulation, where particles serve as nodes;

* Defining the domain boundaries using the a-shape technique, as described by Edelsbrunner and Miicke [[13]];
* Deforming the domain following equilibrium;

* Destroying the mesh when significant distortions occur, leaving only the particles.

In the present work, this procedure is cyclic and repeats at each time step, without checking whether it is
necessary to destroy the current discretization. We use GMSH to generate the initial finite element mesh and
employ the open-source library TETGEN [14] for remeshing.

3.3 Solid-solid contact: node-to-surface formulation

The solid-solid contact formulation adopted in this work comprises two main steps: contact detection via a
node-to-surface technique and enforcement of the contact constraints using Lagrange multipliers.

In the first step, it is necessary to define potential contact pairs, each consisting of a projectile node and a
target surface. Each projectile node is represented solely by its position vector y, while the points y g on the
target surface are obtained by interpolating the nodal coordinates of the finite element surface where it is located.
To detect contact, these positions are also interpolated in dimensionless time. Contact occurs when the projectile
trajectory intersects the target surface trajectory, determined by solving the nonlinear equation:

r(w, &) =yy(w) —ys(w, &) =0, (19)

where w is the time parameter (0 for the previous step and 1 for the current), and £ is the dimensionless coordinate
of the target surface element. The solution of this equation is obtained using Newton’s method, and after conver-
gence it is verified whether &€ belongs to the target surface element and w lies within [0, 1], activating the contact
pair if both conditions are satisfied.

In the second step, a Lagrange multiplier Ay is introduced for each contact pair to represent the activated
contact force, thereby increasing the number of degrees of freedom in the system. The contact constraint is imposed
by adding the following term to the energy functional:

e = Angn = AN [(y~n —¥s(§)) -0(§)], (20)

where g,, measures the projected distance between the projectile node and the contact point on the target element,
and ni(€) is the unit normal vector to the target surface at that point.

The energy conservation is then applied with respect to the Lagrange multipliers, the projectile node, and the
target surface nodes, adding the corresponding contributions to the solid equilibrium equations (T6). A contact pair
is deactivated when the contact force exceeds the adhesion force and is positive, thereby reducing the number of
DOFs in the system. Both steps are performed at each time step after updating the solid positions, and when there
is a change of contact state, the Newton-Raphson procedure is restarted before proceeding to the next time step.

The generation and distribution of multiple solid bodies within the fluid domain follow the algorithm proposed
by Wriggers and Moftah [15]. This procedure comprises two stages: (i) solid generation, considering random
mesoscopic geometries, and (ii) random and uniform placement within the domain. For this purpose, Wriggers
and Moftah (2006) proposed the take-and-place method, in which solids are positioned one by one at random
coordinates, ensuring no overlap and full containment within the domain.
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3.4 Monolithic fluid-solid coupling

In the monolithic coupling for FSI, the motions of the fluid and solid are solved in an integrated manner within
a single system. The interaction is enforced through the contributions of both domains at the interface nodes.
During the pre-processing stage, it is necessary to mark the potential interface nodes so that, after the intrinsic
remeshing of the PFEM, interaction can occur if the fluid and solid come into proximity during the simulation.

4 Numerical results

To verify the proposed methodology, we present three numerical examples: Poiseuille flow to verify the
implementation of the HBP model; the impact between two elastic bars to verify the contact algorithm; and,
finally, the spreading of an HBP fluid with immersed solids under gravity to demonstrate the overall framework.

4.1 Poiseuille Flow using the HBP Model

In Teodoro et al. [3], the formulation for Bingham-Papanastasiou fluid was validated using experimental
and numerical data from the literature. Since the implementation of the HBP model is similar, we present here
only a analytical verification by simulating a well-known benchmark: the Poiseuille flow. The configuration
parameters are: channel height » = 0.02 m, density p = 1000.0 kg/m®, consistency index K = 10.0 Pas,
regularization parameter 1000.0, body force (in the horizontal direction) b; = 20000 N/m®, element characteristic
length h, = 0.0005 m, tolerance 10~°, number of steps 2000, and time step At = 0.00005 s. Figure shows a
good agreement between the analytical solution and the numerical results.
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Figure 1. Analytical and numerical velocity profiles for a Poiseuille flow varying flow behavior index

4.2 TImpact of Two Elastic Bars

To verify the implementation of the contact algorithm, we simulate a benchmark consisting of the impact
between two identical bars, each with a length of 25.4 cm, moving towards each other with the same velocity. The
bars have an initial gap of 0.0508 cm, Young’s modulus F = 2.068 MN/cm?, density p = 7.93 x 10~6 kg~sz/cm4,
and a characteristic element size of k. = 0.30 cm. The time step is set to At = 1.0 x 107 s, the number of steps
to 210, and the nonlinear tolerance to 10~6.

The analytical solution corresponds to a constant compressive stress wave propagating along the bar at speed
¢ = v/ E/p, with magnitude 011 = pv;c. The contact time is given by teonaet = 2 X 25.4/510668 == 10~% s, after
which separation occurs. Figure 2] compares the analytical and numerical Cauchy stress o1; over time, showing
good agreement and thus verifying the present implementation.

4.3 Spreading of an HBP fluid with immersed solids under gravity

Finally, we simulate the spreading, under gravity (g = 9.81 m/s?), of a HBP fluid cube with an edge length of
0.1 m containing 10% immersed solid inclusions. The ground is modeled with solid elements to enable solid-solid
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Figure 2. Comparison between the analytical and numerical Cauchy stress 011 for the contact verification

interactions. The inclusions follow the Fuller curve distribution, with diameters from 0.020 m to 0.030 m, and
both domains use a characteristic mesh length of h, = 0.0075 m. The fluid has py = 2200 kg/m®, 7y = 32.0 Pa,
k = 255.0 Pa-s™, 0 = 1.0, and m = 1000.0. The solids have E = 1.0 x 10! Pa, v = 0.0, and ps = 2900 kg/m3.
The nonlinear tolerance is 1076, with At = 0.01 s and 1000 time steps. Figure [3| although not a quantitative
analysis, qualitatively confirms that the combined implementations of solid-solid and fluid-solid interactions are

functioning as intended.
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Figure 3. Simulation of combined solid-solid and fluid-solid interactions; units are in m/s

5 Conclusions

This work presents a monolithic computational framework for simulating free-surface non-Newtonian fluid
flows with multiple immersed elastic solids. The proposed methodology combines a particle-position-based PFEM
formulation for the fluid phase with a total Lagrangian finite element approach for the solid phase with nodal
positions as primary variables, ensuring consistent and direct monolithic coupling between the fluid and solid
phases, while a node-to-surface contact algorithm with Lagrange multipliers handles contact interactions between

immersed solids.
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The HBP PFEM solver is verified with a Poiseuille flow problem, showing agreement with analytical solu-
tions, while the contact algorithm is verified through a dynamic impact test of two elastic bars, with numerical
results closely matching theoretical predictions. Finally, a qualitative simulation of a non-Newtonian fluid cube
containing multiple immersed solids under gravity showcases the robustness of the monolithic coupling and the
solid-solid contact formulation.

The proposed methodology shows strong potential for applications such as fresh concrete flow simulations,
where the mortar can be modeled as a non-Newtonian fluid and coarse aggregates as immersed solids. Future
work will focus on extending the framework to include more complex constitutive models for both phases, opti-
mizing computational efficiency for large-scale problems, and validating the method against experimental data for
industrial applications.
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