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Abstract. Phase-field models are widely recognized for their capability to simulate intricate crack propagation
processes. Despite their advantages, the nonlinear and non-convex nature of their variational formulation poses
significant challenges for numerical solvers, particularly in scenarios involving rapid crack growth. Traditional
Newton-based solvers often struggle with convergence, while the commonly used alternating minimization ap-
proach, though robust, leads to high computational costs due to its iterative nature. In this presentation, we intro-
duce a novel improvement to the L-BFGS algorithm by incorporating a gradient-based line search strategy. This
modification aims to improve both the efficiency and robustness of phase-field fracture simulations. We show-
case numerical experiments involving brittle and quasi-brittle fracture cases, highlighting the method’s ability to
reduce computational costs while maintaining accuracy. A stand-alone implementation of the proposed method is
provided, allowing for easy integration into existing phase-field frameworks.
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1 Introduction

The mechanics of damage and failure in engineering applications are essential for structural safety. An
accurate assessment of crack propagation behavior can enhance the prediction of limit load capacity and optimize
the dimensions of structural components. Griffith [1] proposed the first theory for brittle crack evolution, and since
then, several numerical methods have been developed to model crack propagation in solids, classified into two
categories: discrete crack approaches (where the crack is explicitly modeled as a discontinuity using re-meshing
strategies or enriching the displacement field with discontinuous functions [2–4]) and continuous crack approaches
(where the crack is implicitly modeled through a continuous field variable).

Phase-field models for fracture are energy-based frameworks [5, 6] that have gained popularity due to their
ability to model complex crack configurations without needing ad hoc criteria or tracking algorithms. These models
provide a variational formulation of Griffith-type fracture mechanics, describing the competition between elastic
and fracture energy potentials. Sharp cracks are approximated as diffuse regions characterized by a phase-field
variable, enabling a smooth transition between cracked and uncracked states of the material.

The formulation results in a non-convex and strongly nonlinear energy functional with respect to both dis-
placement and phase-field variables. Standard Newton-Raphson-based monolithic solvers do not perform satisfac-
torily in this situation, typically diverging, especially during brutal crack evolution [7, 8]. To overcome this issue,
several attempts have been made, including system energy-dependent line search [7], modified Newton methods
[9], and inertial corrections [10]. However, the most employed technique consists of decoupling the weak formu-
lation by alternately updating displacement and phase-field variables (alternating minimization algorithm - AM)
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[11, 12], which is very robust but computationally demanding.
This work explores a quasi-Newton method of BFGS (Broyden-Fletcher-Goldfarb-Shanno) type in the con-

text of phase-field models for fracture analysis. The BFGS approach has been claimed as a promising alternative
due to its computational efficiency and robustness [13–15]. A modified version of BFGS is proposed for non-
convex functionals, along with a new quasi-newton line search strategy to improve the robustness of monolithic
approaches. Representative numerical examples involving mode I and mixed I+II are presented to demonstrate the
performance of the proposed algorithm compared to the AM solver, covering both brittle and quasi-brittle fracture
analyses.

2 Mathematical model

The mathematical model considers a linear elastic body Ω̄ = Ω ∪ ∂Ω in Rd with external boundary ∂Ω and
internal discontinuity boundaries Γ ⊂ Rd−1, subjected to quasi-static loading at pseudo-time tn. The system is
kinematically described by displacement field u(x, tn) with prescribed displacements ūn on boundary ∂Ωu. No
body forces are considered.

Based on the variational approach of the Griffith’s theory proposed by Francfort and Marigo [5], Bourdin et al.
[6] introduced a regularization of the crack surface by adding a scalar phase-field ϕ(x) to the body’s kinematics,
yielding the regularized energy functional

Ẽ(u, ϕ) =
∫
Ω

ψs(ε, ϕ)dΩ + Gc

∫
Ω

γ(ϕ,∇ϕ)dΩ. (1)

The crack surface density function γ(ϕ,∇ϕ) approximates the sharp crack set Γ through a localized band Ωϕ ⊆ Ω
where the damage field takes value 1 on cracks and smoothly decreases to 0 elsewhere. The degraded elastic strain
energy is expressed as ψs(ε, ϕ) = g(ϕ)ψ0(ε), where g(ϕ) is a continuous monotonically decreasing function
satisfying boundary conditions g(0) = 1 (intact state), g(1) = 0 (completely broken state). For isotropic linear
elasticity, the elastic strain energy density function is ψ0(ε) = 1

2λtr2(ε) + µtr(ε2) with Lamé coefficients λ
and µ. Considering small displacements and deformations, the infinitesimal strain tensor is defined as ε(u) =
1
2

(
∇u+ (∇u)T

)
, where ∇u is the gradient of the displacement field u, and Gc being the critical energy release

rate.
The crack surface density function is formulated as

γ(ϕ,∇ϕ) = 1

cw

(
w(ϕ)

ℓ
+ ℓ|∇ϕ|2

)
, (2)

where w(ϕ) is the local dissipated fracture energy density with properties w(0) = 0, w(1) = 1, and w′(ϕ) ≥ 0
for ϕ ∈ [0, 1]. The length scale parameter ℓ governs the localization band size, and the normalization constant
cw =

∫ 1

0

√
w(z) dz ensures Γ-convergence as ℓ→ 0.

The functions w(ϕ) and g(ϕ) plays a central role to characterize the regularized potential energy described in
(1). Herein, we consider the Ambrosio-Tortorelli (AT) family of functions [16] to define the stiffness degradation
function g(ϕ) and the crack surface density function w(ϕ), especifically the AT2 model, which is widely used in
the literature [12, 17] and defined as w(ϕ) = ϕ2, g(ϕ) = (1 − ϕ)2 and cw = 2. This formulation results in an
exponential damage distribution with infinite support and no linear elastic stage before peak strength.

2.1 Variational formulation

Following a variational approach, given a load step n ≥ 1, the state of the system described by (u, ϕ) is
represented by the solution of the following minimization problem

argmin{Ẽ(u, ϕ) | u ∈ Vn, ϕ ∈ Dn}, (3)

where the trial solution space for displacement and damage fields are Vn :=
{
u ∈ [H1(Ω)]d | u = ūn on ∂Ωu

}
and Dn :=

{
ϕ ∈ H1(Ω) | ϕ ∈ [0, 1], ϕ ≥ ϕn−1 in Ω

}
, respectively. Similarly, the test function space for dis-

placement field is defined as V0 :=
{
δu ∈ [H1(Ω)]d | δu = 0 on ∂Ωu

}
. An important aspect of phase-field

damage models is ensuring that no crack healing occurs between loading steps, as is required by the irreversibility
condition ϕ ≥ ϕn−1. A widely adopted approach is to use a monotonic history field H(x) := max

n≥1
{Hn−1, H̄}

[11] to implicitly impose the irreversibility constraint, where H̄ is called driving force. However, such an approxi-
mation is no longer variationally consistent. Then, the first variation of the energy functional in (1) with respect to
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u and ϕ, respectively, reads as follow

Ẽu(u, ϕ; δu) =
∫
Ω

g(ϕ)

(
∂ψ0

∂ε
:
∂ε

∂u
δu

)
dΩ

Êϕ(u, ϕ; δϕ) =
∫
Ω

g′(ϕ)Hδϕ dΩ +
Gc

cw

∫
Ω

(
w′(ϕ)
ℓ

δϕ+ 2ℓ∇ϕ · ∇δϕ
)
dΩ.

(4)

The solution (u, ϕ) ∈ Vn ×Dn at loading step n ≥ 1 must satisfy the system of equations

Ẽu(u, ϕ; δu) = 0, ∀ δu ∈ V0, Êϕ(u, ϕ; δϕ) = 0, ∀ δϕ ∈ Dn. (5)

The driving force variable, H̄, governs how the phase-field damage evolves. In this work, the hybrid phase-
field model by Ambati et al. [18] is employed, where H̄ = ψ+

0 (ε) is employed following Miehe et al. [11], with
ψ+
0 (ε) is the positive part of the elastic potential energy.

3 Solution algorithms

The Newton-Raphson method starts with the solution z := {uh, ϕh} and residual vector g := {ru, rϕ} from
equation (1), where {uh, ϕh} represents the finite element approximations of the displacement and phase-field
variables, respectively. For an incrementally applied load where z := zn−1 +∆z with n ≥ 1, the residual vector
is approximated using Taylor series expansion, which when truncated to first-order terms, yields

∆z = −K−1
n−1g(zn−1), (6)

where K is called tangent matrix. Due to the non-convexity of the underlying energy functional, the tangent matrix
in Newton-Raphson method becomes indefinite. Herein a weak coupling is adopted, where the inter-field coupling
is neglected.

Although simply employing weak coupling is challenging due to the strong coupling with the phase-field [9]
and lack of convexity, it can be alleviated by solving one field at a time. In fact, Bourdin et al. [6] show that each
field in the functional (1) is convex if the other field is fixed. Based on this statement, the alternating minimization
solver (AM), also known as staggered solver, is a two-step iterative method where each field is solved sequentially
until convergence is achieved for both uh and ϕh. The algorithm is detailed in Ramos et al. [19].

3.1 Limited-memory Broyden-Fletcher-Goldfarb-Shanno solver (L-BFGS)

Quasi-Newton methods have been widely used in a variety of optimization problems due to their compu-
tational economy and efficiency. While Newton’s method requires O(dim2) computational effort per iteration
to construct and factorize the tangent matrix, quasi-Newton methods approximate curvature information through
consecutive gradient differences, demanding only O(dim) operations, where dim represents the size of z. The
fundamental approach involves updating the solution as zk+1 := zk + λk∆zk, where λk is the step size along
the descent direction ∆zk, and establishing the secant condition K̃k+1sk = yk, where sk := zk+1 − zk and
yk := gk+1 − gk represent solution increments and gradient differences, respectively.

The Broyden-Fletcher-Goldfarb-Shanno (BFGS) method [20] represents the most widely used quasi-Newton
approach, providing the most conservative change relative to K̃

−1

k . The resulting update formula is expressed as

K̃
−1

k+1 =
(
I − ρkskyT

k

)
K̃

−1

k

(
I − ρkyksTk

)
+ ρksksTk , (7)

where ρk = 1/sTk yk denotes the curvature parameter. However, consecutive BFGS updates gradually transform
the initially sparse matrix into a dense structure, resulting in quadratic memory requirements that pose challenges
for large-scale problems. To address this limitation, the limited memory BFGS (L-BFGS) method [21] maintains
only a history of the most recent m updates of vectors sk and yk, preserving matrix sparsity while requiring linear
memory scaling.

For non-convex optimization problems, the curvature condition sTk yk > 0 must be satisfied to ensure that the
updated matrix K̃

−1

k+1 inherits the positive definite property of the initial guess. A modified BFGS approach [22]
handles curvature condition violations through the conditional update formula

K̃
−1

k+1 =


(
I − ρkskyT

k

)
K̃

−1

k

(
I − ρkyksTk

)
, if sTk yk > 0

K̃
−1

k , otherwise,
(8)
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where updates are applied only when the curvature condition is satisfied, otherwise retaining the previous approx-
imation. This modification proves particularly beneficial during unstable crack propagation phases in phase-field
models, where non-convexity becomes pronounced. The complete L-BFGS algorithm has been implemented in the
open-source BORAM repository [23], developed in C++ with minimal dependencies, facilitating integration with
existing finite element frameworks. The full algorithm is described in Ramos et al. [19].

3.2 Quasi-Newton line search for L-BFGS

Convergence is not guaranteed by just using either the standard (7) or the modified (8) BFGS method. In fact,
in tests performed in this work, both BFGS approaches diverge in load steps with unstable crack propagation. To
avoid the divergence, a line search is required to control the step size along the direction ∆zk [21].

Line search methods have been employed to prevent divergence of the Newton-Raphson algorithm in phase-
field analysis [7, 9, 10]. These methods typically involve evaluating the energy functional Ẽ and its directional
derivative Ẽλ at multiple points along the search direction to find an optimal step size λk that minimizes the energy,
which is computationally expensive for large-scale problems. Moreover, energy monitoring is only applicable to
variationally consistent formulations, which excludes many practical phase-field models with history variables.
The non-variational nature of these models becomes evident as the pseudo energy functional behavior contradicts
its derivative, making traditional energy-based line search methods unsuitable.

To overcome these limitations, a gradient-based quasi-Newton line search method is proposed that circum-
vents energy evaluation requirements. The method seeks to minimize

argmin{Ẽ(zk + λ∆zk) | zk ∈ Vn ×Dn, ∆zk ∈ Vn ×Dn, λ ∈ R}. (9)

by finding the root of Ẽλ = 0. Using Taylor series expansion and secant method approximation to avoid computing
the tangent matrix at each iteration, the step length update is given by

λl+1 = λl −∆λl−1
(gl)

T
∆zk(

yl−1

)T
∆zk

(10)

The line search activates based on curvature conditions rather than energy monitoring. The activation criterion
is {

zk+1 = zk + λk∆zk, sTk yk > TOLactLS

zk+1 = zk +∆zk, otherwise,
(11)

using TOLactLS = 10−5 and convergence tolerance TOLLS = 10−4. A detailed description of the proposed line search
method is provided in Ramos et al. [19].

The proposed method offers several advantages over existing approaches. It operates independently of energy
evaluation, requiring only gradient information, which makes it computationally efficient with an average of 5
iterations needed to find the optimal λk. The method has an unrestricted domain, allowing λk to exceed unity for
potential convergence acceleration, and can capture negative step sizes when beneficial. Numerical experiments
demonstrate that the method maintains stability in extreme cases with high energy differences, handles optimal
step sizes exceeding unity, and provides control to the L-BFGS algorithm in critical situations where standard
approaches fail. Most importantly, it successfully manages the non-variational nature of phase-field models by
minimizing |Ẽλ| rather than the energy itself.

4 Analyses and discussions

As the aim of this chapter is to demonstrate the effectiveness of the proposed algorithms, two numerical
representative examples with both brittle and quasi-brittle failure in either mode-I and mixed-mode are considered.
To consult the parameters used to configure the algorithms and the convergence criteria applied see Ramos et al.
[19]. The performance of each algorithm is evaluated using a normalized time variable T̄ = Tn/TAM, which Tn
represents the accumulated time required for each algorithm to reach step n, and TAM represents the total time
used by AM algorithm to completely simulate a given problem. Furthermore, for L-BFGS each matrix updated is
counted as an iteration. It is important to emphasize that the line search procedure is required in all analyses with
the L-BFGS algorithm. Without the aid of the line search, the L-BFGS algorithm diverges in all examples.

The computational domain is discretized in quadrilateral bilinear finite elements generated by Gmsh [24].
Initial cracks are modeled via geometry and mesh discretization.
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As shown in Figure 1a, the problem consists of a square plate of length 1 mm with a pre-existing straight
horizontal crack of length 0.5 mm located at the center of the left edge. The bottom edge is fixed, while the
direction of the displacement applied to the top edge renders two problems: tension test subjected to a vertical
displacement (θ = 90◦), and a shear test under horizontal displacement (θ = 0◦).

(a) (b) (c)

Figure 1. Single-edge notched plate: (a) Geometry (mm) and boundary conditions. The tensile and shear test
cases are represented by θ = 90◦ and θ = 0◦, respectively. Finite element discretizations for (b) Tensile test case
(22,566 elements) and (c) Shear test case (66,933 elements).

The material properties are chosen as E = 210 kN/mm2, Gc = 2.7 × 10−3 kN/mm, and ν = 0.3 to match
the parameters of the same example in Wu and Huang [25]. The mesh considers an a priori defined subdomain
with a fine mesh of size h = 0.001 mm where the phase-field evolution is expected (see Figure 1). A length scale
ℓ = 0.005 mm and Plane stress state is adopted in all simulations.

4.1 Tensile test case

Let us first consider the tensile test case, where unstable crack growth through the specimen occurs instanta-
neously. In this test case, no split of the strain energy is required since the load is strictly tensile. Following Wu
and Huang [25], the prescribed vertical displacement ū = 0.06 mm is applied in two stages: the first 0.04 mm is
applied in 20 equal increments, and the remaining 0.02 mm is applied in 100 equal increments.

Figure 2a shows the number of iterations required by each algorithm to achieve convergence at each incre-
ment. Interestingly, although both the AM and L-BFGS algorithms lead to a similar number of iterations during the
brutal crack propagation step, the total time required to solve the problem remains significantly lower for L-BFGS
(see Figure 2b). This is explained by the fewer assembly operations of the stiffness matrix per increment for the
L-BFGS. For this example, the L-BFGS is about 3 times faster than the AM algorithm.
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Figure 2. Single-edge notched plate under tension: (a) Iteration number. (b) Accumulated time.
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4.2 Shear test case

The same specimen is now subject to shear loading, leading to a stable crack growth where the mixed-mode
tip conditions produce a damage evolution towards the lower part of the sample. In this test case, a prescribed
horizontal displacement ū = 0.02 mm is applied in 100 equal increments, as done by [25].

The number of iterations required for convergence each algorithm to converge is rather different, as we can see
in Figure 3a. In fact, the L-BFGS algorithm requires much fewer iterations compared to AM solver. Additionally,
the L-BFGS algorithms achieved a significant saving in CPU time compared to AM solver, leading to a total time
around 10 times smaller than the AM algorithm, as shown in Figure 3b.
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Figure 3. Single-edge notched plate under shear: (a) Iteration number. (b) Accumulated time.

5 Conclusions

This work presented a novel quasi-Newton line search strategy tailored for the Limited Broyden–Fletcher
–Goldfarb–Shanno (L-BFGS) algorithm in phase-field fracture analysis. The study aimed to enhance the robust-
ness and efficiency of monolithic solvers when dealing with highly nonlinear and non-convex energy functionals,
particularly in cases involving rapid crack evolution. By incorporating a gradient-based line search, the proposed
method effectively mitigates the divergence issues. Moreover, such an approach can be applied to variational
and non-variational formulations since no assumptions are made regarding the energy functional, providing a
versatile framework for phase-field fracture simulations. The algorithm is evaluated through multiple numeri-
cal experiments, covering brittle and quasi-brittle fracture scenarios. The results demonstrated that the proposed
method significantly reduces computational cost while maintaining accuracy compared to the traditional alternat-
ing minimization approach. A stand-alone C++ implementation of the proposed method is available in the BORAM
repository at https://github.com/gfemuillinois/BORAM.
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