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Abstract. This work presents the computational implementation of the FE2 multiscale analysis approach into an
academic finite element code developed in C++ using Object-Oriented Programming concepts. In this approach,
both the macro and micro levels are discretized in finite elements. Furthermore, the microscale is related to inte-
gration points of the macroscale model, and the scale transition is carried out using appropriate averaging theorems
and periodic boundary conditions. The software architecture adopted suitable design patterns for FE2 implemen-
tation, which is described using UML diagrams. The implementation is verified by comparing the obtained results
with reference solutions available in the literature.
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1 Introduction

Computational Homogenization (CH) is a technique used to characterize the macroscopic material behavior
using a computational Representative Volume Element (RVE). It contrasts with the Analytical Homogenization
(AH) strategies, where closed-form mathematical expressions are used (e.g. Rule of Mixtures and Mori-Tanaka)
[1–3].

In offline CH approaches, the RVE is used to evaluate the material parameters required by the adopted consti-
tutive model of the macroscale model. Moreover, CH can also be performed on the fly (or online), as a mechanical
analysis is performed at the macroscale. In this case, no prior assumptions with respect to the material behavior at
the lower level are required, allowing for modeling of complex microscale phenomena that would be difficult or
impossible to capture with macroscopic constitutive models homogenized in an offline scheme. The so-called FE2

multiscale approach uses finite element models for both micro and macro scales [4].
This work addresses the computational implementation of a CH approach based on FE2 into an academic

finite element code developed in C++ using Object-Oriented Programming (OOP) concepts. In the adopted ap-
proach, the microscale is related to integration points of the macroscale model and the scale transition is carried
out using appropriate averaging theorems and periodic boundary conditions. The software architecture adopted
suitable design patterns for FE2 implementation, which is described using UML diagrams. The computational
implementation is verified using a numerical example.

2 Multiscale Analysis

In this section, we present the main theoretical background and computational aspects behind the adopted
continuous CH approach for material modeling in a quasi-static setting using the FE2 framework, without providing
all details of the CH approach as presented in literature. Strictly speaking, we follow the works by Perić et al.
[5] and Nguyen [6]. The main premise of a CH approach is to determine on the fly the constitutive behavior
of a material at the upper scale (i.e., the stress-strain relation, σM = f(εM)) from a sample (or samples) of
its underlying microstructure at the lower scale. In this context, the material configuration is considered to be
sufficiently homogeneous at the upper scale, but heterogeneous at the lower scale [7], i.e., the microstructure may
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consist of different constituents with different mechanical behaviors, and cavities with different sizes, for instance.
Fig. 1 schematically illustrates the global solution scheme of the CH approach for obtaining the stress-strain

relation which encompasses three main stages. Firstly, for a macroscopic material point xM (i.e., a macroscopic
integration point in a finite element setting), its corresponding strain field εM is passed to its corresponding mi-
croscopic sample, i.e., the RVE model, to be used as boundary condition imposed on the external boundary Γm
defined on the microscopic domain Ωm. Secondly, the equilibrium of the RVE model with such boundary condi-
tion is satisfied by solving the microscopic boundary value problem (BVP). Thirdly, the macroscopic stress σM is
determined by averaging the microscopic stress σm over the volume of the RVE model.

Figure 1. Global solution procedure for the CH approach for a given macroscopic material point xM in order to
obtain the constitutive relation σM = f(εM). Arrows represent the data exchange among the analysis phases.

2.1 Macroscale formulation

Considering the macroscopic domain of computation ΩM bounded by ΓM and subject to Dirichlet and Neu-
mann boundary conditions, as shown in Fig. 1, the equilibrium equation and the relation between the total strain
εM and the displacement field uM without body force read, respectively,

∇M · σM = 0 or σM
ij,j = 0 in ΩM, (1)

and
εM =

1

2

(
∇MuM + (∇MuM)

T
)
= ∇S

MuM or εM
ij =

1

2

(
uM
i,j + uM

j,i

)
, (2)

where σM is the second-order Cauchy stress tensor. Note that only the symmetric part of ∇uM is considered,
i.e., ∇S

MuM = 1
2

(
∇MuM + (∇MuM)

T
)

. To complete the macroscopic boundary value problem stated above, a
relation between the stress and strain needs to be provided. Instead of using a constitutive model in a closed form,
CH techniques obtain such relation numerically via the computational analysis of a RVE.

2.2 Microscale formulation

Like the macroscale formulation described in the previous section, the equilibrium equation and the relation
between total strain and the displacement field for the microscopic domain, i.e., in the RVE, are, respectively,

∇m · σm = 0 in Ωm and εm = ∇S
mum. (3)

Considering a large length scale separation, lm ≪ lM (Fig. 1), for the principle of separation of scales [4], the
εM is considered uniform over the Ωm. Thus, without loss of generality, the displacement field at any point xm and
at any time t in the microscopic domain can be split as [5]:

um(xm, t) = εM(xM, t) · xm + ũm(xm, t), (4)

into a sum of a displacement due to a homogeneous macroscopic strain field contribution, εM(xM, t) · xm, and a
displacement fluctuation field contribution, ũm(xm, t), which accounts for the heterogeneity of the microstructure
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Vitória, Brazil, November 24-27, 2025
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(see Fig. 2). The term εM(xM, t) is the macroscopic strain tensor at a given point xM at the same time t (see
eq. (2)). By substituting eq. (4) into eq. (3), the microscopic strain tensor can also be expressed as:

εm(xm, t) = εM(xM, t) + ε̃m(xm, t), (5)

where the microscopic strain fluctuation field is defined as ε̃m(xm, t) = ∇S
mũm (see Fig. 2).

Figure 2. Microscale displacement field.

The mechanical behavior of each microscopic constituent i is assumed to be known and described by phe-
nomenological constitutive models at any time and point in Ωm:

σi
m(xm, t) = F i(εm(xM, t),αm(xM, t)), (6)

where F represents a general constitutive operator, and αm are internal variables that store the state of the material.
For completeness, boundary conditions have to be provided to the microscopic problem stated above. The

essential step in CH approaches is the application of the RVE boundary conditions for deriving scale transition
relations, as discussed in the following.

2.3 Scale transition

Starting with the macro-to-micro downscaling procedure, where εM is passed to the micromodel (see Fig. 1),
the averaging theorem for strain is used so that a relation between εM and εm is derived:

εM(xM, t) =
1

|Ωm|

∫
Ωm

εm(xm, t) dΩ, (7)

where | · | represents a measure for the domain, being the area and volume in two and three dimension settings,
respectively. By using Gauss theorem for converting a domain integral into a surface one (i.e., from Ωm to Γm of
the RVE) and eq. (3), the expression above can be rewritten in a different form [6]:

εM
ij =

1

2|Ωm|

∫
Γm

(
um
i n

m
j + um

j n
m
i

)
dΓ, (8)

with nm being the outward normal vector on Γm (see Fig. 3). Substituting eq. (4) into eq. (8) yields:

εM
ij = εM

ij +
1

2|Ωm|

∫
Γm

(
ũm
i n

m
j + ũm

j n
m
i

)
dΓ. (9)

Therefore, in order to guarantee the equality above and, consequently, the strain averaging theorem in eq. (7),
independently of a particular ũm, periodic boundary conditions are imposed on the RVE such that the contribution
of ũm vanishes. In this condition, the periodicity of the microfluctuation field is imposed on the RVE boundary
such that the microfluctuation on two opposite faces of the RVE, Γ+

m,i and Γ−
m,i (see Fig. 3), having the same size

and n+
i = −n−

i , can be related according to ũm(x
+
m ) = ũm(x

−
m ). Observe that such condition adds anti-periodicity

in terms of traction, tm(x
+
m ) = −tm(x

−
m ). Due to such periodicity on ũm, one can write [8]:

u+
m − u−

m = εM ⊗
(
x+

m − x−
m

)
. (10)

After solving the micro-BVP problem, σM can be recovered from the micro solution. For this end, the
micro-to-macro upscaling procedure relies on the Hill-Mandel principle:

σM : δεM =
1

|Ωm|

∫
Ωm

σm : δεm dΩ. (11)
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Figure 3. Periodicity of a 2D RVE (adapted from [6]).

That is, at any state of the RVE in equilibrium, the macroscopic variation of work must be equal to the volume
average of the microscopic variation of work over the RVE. If ũm is chosen in such a way that the microscopic
fluctuation field does not contribute to the microscopic work, the expression above can be rewritten as [7]:

σM
ij =

1

|Ωm|

∫
Ωm

σm
ij dΩ =

1

|Ωm|

∫
Γm

tm
i x

m
j dΓ, (12)

in which the volume integral above has been replaced by a contour integral of the product between the traction, tm,
and xm.

2.4 Finite element analysis of the RVE

The finite element analysis at the micro level (i.e. RVE) consists of the determination of the nodal displace-
ments and element stresses due to the imposed boundary displacements given by eq. (10), which are known as
Periodic Boundary Conditions (PBCs). These conditions relate the displacements of np pairs of nodes on oppos-
ing boundaries of the micro model located at coordinates x+ and x−. It is important to note that the consideration
of PBCs requires that the opposing model boundaries have exactly the same discretization, as shown in Fig. 4.

Figure 4. Finite element mesh of a 2D RVE.

The PBCs can be written as constraint equations relating the displacements of opposing nodes located at
coordinates x+ and x−[9]:

u+
i − u−

i = (H+T
i −H−T

i )εεεM, i = 1...np. (13)

For 2D problems, these matrices are given by

H =
1

2


2x 0

0 2y

y x

 and εεεM =


εxx

εxy

γxy

 . (14)

These equations can be written in a more compact form as:

Pi u = QT
i εεεM, i = 1...np, (15)
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where u is the nodal displacement vector, Qi = H+
i − H−

i , and Pi is a matrix whose entries consist only of
{0, 1,−1}. Furthermore, the vertex displacements are given by:

Pv u = QT
v εεεM, v = 2...nv, (16)

where Qv = Hv , and Pv is a matrix whose entries consist only of {0, 1}. The condition u1 = 0 is considered
as an equality constraint since it can be easily enforced using simple supports, as depicted in Fig. 4. Finally, the
constraint equations of all boundary nodes can be grouped and written in matrix form as:

Pu = QTεεεM ⇒ Pu = b. (17)

The Lagrange Multiplier can be used to solve the equilibrium equations of the microscale model, consider-
ing the equality constraints presented in eq. (17). For instance, assuming a linear behavior, the unknown nodal
displacements (u) of the micro model can be obtained by the minimization of the Lagrangian function (L):

L =
1

2
uTKu+ µT (Pu− b) (18)

where K is the stiffness matrix and µ are the Lagrange multipliers. The optimality conditions are:

∂L

∂u
= Ku+PT µ = 0

∂L

∂µ
= Pu− b = 0

(19)

This approach can be easily extended to nonlinear problems, where the optimality conditions can be written as

r = g +PT µ = 0

h = Pu− b = 0
(20)

where g is the internal force vector. Details of the solution of these nonlinear equations using the Newton-Raphson
method and the computation of the macroscopic stresses (σM) and macroscopic tangent constitutive matrix (CM)
are presented in [9].

3 Software Architecture

The proposed FE2 was implemented in FAST (Finite element AnalySis Tool), which is an academic open-
source FEM code developed at Universidade Federal do Ceará, written in C++ programming language using the
object-oriented programming (OOP) paradigm. The original software architecture had to be modified to handle the
creation and processing of nested finite element models. This was achieved by defining all data structures related
to the finite element model, as well as local element and global routines, in appropriate classes. In FAST, these
classes are cModel and cControl. Additional classes were created to implement the analysis of the microscale RVE.
Fig. 5 illustrates the class diagram of the FAST software, with additional classes required for the FE2 highlighted.

The cModel class stores mesh data, as nodes, elements (incidences and type) and its attributes (loads, bound-
ary conditions, and material properties), using arrays and linked lists. The element object (cElement) is composed
of a shape object (cShape), which stores node incidence and implements the shape functions and their deriva-
tives evaluation, an analysis model object (cAnModel), which defines the degree of freedom of each node and
strain-displacement relation, the section object (cSection), which stores section data and performs integration over
thickness in plate and shell models, and the material object (cMaterial), used to store material parameters. The
integration point (cIntPoint) class provides routines for quadrature creation, which are stored in each element ob-
ject. Lastly, the constitutive model object (cConstModel) defines the stress-strain relation and constitutive matrix,
defined respectively by the interface methods Stress and CMatrix, and stores and updates the material point state
for nonlinear analysis. It is important to note that a constitutive model object is created for each integration point.

The cControl class implements numerical solvers for different analysis schemes, as linear static (cLinStat),
nonlinear static based on Newton-Raphson iterations (cCtrlNR), or using path-following methods (cCtrlPath) as
Arc Length. The first modification required for FE² module was the creation of solvers for the microscale problem.
The cCtrlMicroLin class implements linear RVE analysis while cCtrlMicroNL implements nonlinear RVE analysis.

The solver method in these classes implements the analysis procedure detailed in section 2.4. The PBCs
constraint coefficients are evaluated in the method InitBC. Two post-processing routines are used to compute
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Figure 5. Class diagram of FAST software.

macroscale stresses (σM) and homogenized constitutive matrix (CM), respectively, the methods MacroStress and
MacroCMatrix. It is worth pointing out that this solver can be used to obtain effective properties of heterogeneous
materials.

To implement FE2 method, the class cMicroModel is used, which is a specialization of cConstModel. This
class encapsulates the local finite element model and solver algorithm, which are created appropriately in its
constructor. The micro model mesh read once from an input file using readMesh, and can be constant or vary across
many instances of cMicroModel. The concrete implementation of Stress method processes the solver algorithm of
cCtrlMicro and cCtrlMicroNL to evaluate macroscale stresses and homogenized constitutive matrix from the given
strain at each integration point of the macroscopic model.

4 Numerical Results

The formulation presented in this work concerning the microscale analysis was implemented in FAST, in the
solver object cCtrlMicroLin.

In order to verify the implementation, the elastic properties of a composite with boron fibers (E = 379.3GPa
and ν = 0.1) embedded in a aluminum matrix (E = 68.3GPa and ν = 0.3) and fiber volume fraction equal to
0.47 [10] were computed using a RVE discretized in a mesh with 290 quadratic triangular elements (T6) and 621
nodes shown in Fig. 4. The plane strain condition was adopted since the cylindrical fibers are long.

The RVE was to subjected to the macroscopic strain fields: εM1
= [10−3, 0, 0]T and εM2

= [0, 0, 10−3]T .
Fig. 6 shows the deformed configurations obtained for these macroscopic strains. It can be noted that the RVE
edges remain straight for εM1

, but became curved for εM2
. In both cases, the PBC are correctly enforced.

(a) Displacement u for εM1 . (b) Displacement v for εM2 .

Figure 6. RVE displacement field (scale factor = 100).

CILAMCE-2025
Proceedings of the XLVI Ibero-Latin-American Congress on Computational Methods in Engineering, ABMEC
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The effective elastic properties in the direction perpendicular to the fibers were computed from the homog-
enized macroscopic constitutive matrix (CM), and the obtained results are presented in Table 1. It is important
to note that the same CM matrix was obtained for εM1

and εM2
, since both materials were considered as linear

elastic. The numerical results obtained in this work are in very good agreement with the reference values [10],
showing the consistency of the mathematical formulation and its computer implementation.

Table 1. Elastic module for boron/aluminum composite (fiber volume fraction = 0.47).

Property E2 (GPa) G23 (GPa) ν23

This work 147.7 45.8 0.29

Sun and Vaidya (1996) 144.0 45.9 0.29

5 Conclusion

This work presents the formulation of a computational homogenization technique and proposes an object-
oriented software architecture for a finite element code to implement it. The implemented microscale analysis
module was successfully verified with a numerical example available in the literature. The next step of this work
is the implementation of nonlinear microscale analysis and the microscale constitutive model object in FAST.
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