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Abstract. Inverse heat conduction analysis plays an important role in estimating material properties, especially
in complex thermal systems where direct measurement is challenging. In this study, the differential evolution
algorithm is employed to minimize the objective function, which is defined as the ordinary least squares error of
the real values and the predicted ones, of the inverse problem in a two-dimensional orthotropic medium. Thus, the
inverse problem consists in estimating the two components of the thermal conductivity tensor and the heat capacity,
both of which are assumed to be temperature-dependent functions. The direct problem governed by the transient
nonlinear heat conduction model is numerically solved by a developed code based on the FEM through the implicit
Euler scheme and the Picard iteration method. The solution of the inverse problem, both with and without noise in
the simulated data, demonstrates that accurate outcomes are achieved, indicating a robust and simple methodology
for estimating the thermophysical parameters.

Keywords: Inverse heat conduction, Differential evolution, Orthotropic materials, Nonlinear FEA, Transient anal-
ysis

1 Introduction

The determination of thermophysical properties in orthotropic materials, where the properties vary with di-
rections, can be resolved by solving an inverse problem [1H3]]. This approach consists of estimating the unknown
properties based on given experimental temperature data. For this, mathematical and computational modeling
of the problem under consideration is performed, and parameters that minimize the error between the model’s
temperature field and the experimental temperature data are obtained by optimizing an objective function. Both
deterministic and stochastic techniques can be employed for such a purpose [4].

As opposed to traditional deterministic methods frequently used in solving inverse heat conduction problems,
evolutionary algorithms have gained great popularity due to their numerous advantages such as global search
capability, no need of gradient calculation, and parallelism and scalability. Among these, the Differential Evolution
(DE) algorithm is comparatively less utilized in inverse heat transfer problems than other ones such as Genetic
Algorithms or the Particle Swarm Optimization (PSO) algorithm [4-7]. Therefore, the objective of this work is to
employ the DE algorithm to estimate the heat capacity and the components of the thermal conductivity tensor of
an orthotropic material, both assumed to vary linearly with temperature, similar to the case studied by Sawaf et al.
[8]. However, the direct problem is solved by the finite element method using an in-house MATLAB code, while
the inverse problem is tackled through three distinct common variants of the Differential Evolution algorithm.
To evaluate the robustness of the proposed methodology, both noise-free computational experiments and noisy
simulated data, reflecting measurement errors from the real experiment conducted by Kim et al. [3]], are employed.

2 Inverse problem statement

The bi-dimensional transient heat transfer in an orthotropic solid represented by the domain Q (z,y) =
(0,a) x (0,b) is considered as depicted in Fig. The transient nonlinear heat transfer equation is given as
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Figure 1. Schematic representation of the inverse problem

follows:

or 0 oT 0 oT'\ .
C(T)a =5 (kI(T)ax) + 8—y (ky(T)ay) inQfort >0 (D

where k,(T') and k, (T) are thermal conductivities in the = and y directions, respectively, and C(T') is the volu-
metric heat capacity. These properties vary with the temperature according eq. 2):

The boundary and initial conditions are:

—kx(T)a—T =qgatx =0; —ky(T)a—T

=qgaty=0, fort >0 3

oz oy gaty =0, fort > (3)

a—T:Oatx:a;8—T:Oaty:b,fort>0 4)
ox oy

T=TyinQfort=0 4)

where q is the prescribed heat flux, and 7y is the initial condition of the model.

In the present model, the parameter values k.o, kz1, kyo, ky1, Co and Cy are unknown. Therefore, the
inverse problem consists of estimating the parameter vector X = [k;0, k1, kyo, ky1, Co, C1] taking into account
the following additional information concerning experimental data measured at different thermocouples.

Y (TCit;),i=1,...,Ng; j=1,...,N, (6)

where Y (T'C;, t;) is the experimentally measured temperature at the thermocouple position 7'C}; in the time instant
t;. Finally, N, is the number of thermocouples and V; is the number of experimental measures. Here, three
thermocouples (i.e., Ny = 3) placed at points TC; = (0.0,0.0), TC2 = (0.5a,0.0) and TC3 = (0.0, 0.5b) are
considered (see Fig.[I). The entire configuration was based on the work of Sawaf et al. [§]].

3 Solution of the inverse problem

The objective function concerning the inverse problem is defined as:

$x) = 3. S (Y (TCy 1)) — T(TC, 15 X))? %)

where T'(T'C;, t;;X) is the temperature calculated from the direct problem at the thermocouple position T'C;; in
time ¢; taking into account an estimated parameter vector X € RP with D = 6 being the dimension of the
problem. Here, the Differential Evolution algorithm [9] is employed to minimize eq. (7); therefore, the inverse
problem is formulated as the following minimization problem:
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in S (X Xl<X. <XV j=1,...,D
in S(X), Xy <X <X =1 )

st ky (T) > 0; ky (T)>0; C(T) >0

where X© € R and XV € RS are the lower and upper bound vectors, respectively.

After the initial population of size N, is randomly generated in the search space, i.e., X%, i = 1,..., Np,p,
the Differential Evolution algorithm primarily consists of three steps: mutation, crossover, and selection. In the
mutation, for each vector X, a vector V* composed of the combination of X}, X, Xif X X and X
is formed, where r1, 79, 73, 74, 75 are random integer numbers in the interval [1, Npop] different from each other
as well as different from ¢, and X}f is the current best individual. This operator is carried out in a unified manner

through eq. (9) as proposed in the work of Qiang and Mitchell [10].

ViIE=XI+ (XY - X 4+ B(XE — X + Fy (XY — X )+ Fy(XE — X 9)

where Fy, Fy, Fi3, Fy are real numbers that belong to the interval [0, 1], and their values determine the variant of
the DE algorithm according to Tab. [1]

Table 1. DE variants according to the F}, parameters.

P F, I3 Fy
DE/rand/1/bin 00 1.0 F 00
DE/best/1/bin 1.0 00 F 0.0
DE/current-to-best/1/bin ~ F 00 F 0.0

The variant DE/rand/1/bin is more exploratory, while DE/best/1/bin has the advantage of exploitation. The
DE/current-to-best/1/bin variant aims to balance these two characteristics. Also, the F' parameters are real scale
factors and their determination is not a consensus in the literature. However, according to Qiang and Mitchell
[LO], F = 0.9 for DE/rand/1/bin and F' = 0.6 for DE/best/1/bin are reasonable choices. In addition, according
to Das et al. [L1], F' = 0.6 is in general a plausible initial choice, therefore such a value can be adopted in the
DE/current-to-best/1/bin. Finally, eq. (T0) is applied, which ensures that the components of the vector Vit are
within the search space.

it L it U
Vi Xy sV =X

e
Vit =3 XxE vt < XL j=1....D (10)
U U it
Xy Xy <V

The crossover operation is necessary to increase the diversity of the population. It is done by combining
the components of the vectors X% and V¥, which results in a new vector U?* [10]. To ensure that at least one
component of V¥ appears in U, a random integer number mbr; belonging to the interval [1, D] is selected for
each individual and, for this index, it leads to U;fmb” = Vﬁwbr This whole process is described by eq. @
where C'R is the crossover rate.

. Vit ifU(0,1) < CRor j = mbr
Ul = w Juo1) < J ' j=1,...,D an
X}, otherwise

where U (0, 1) represents a continuous uniform distribution, where a random variable takes values within the
interval [0,1]. Here, the C'R parameter of 0.9 is chosen for all variants in order to increase the diversity of the
population.

Finally, in the selection stage, the value of the objective function (eq. (7)) is evaluated with the vectors U?
and X%, The vector that yields the smaller objective function value will compose the i;;, position in the next
population at iteration it + 1, i.e.:

| U, if 5 (U < § (X!
X;t-‘rl — v Zf ( 7 ) < ( % ) (12)

Xt otherwise
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The numerous direct problems encountered throughout the evolution of the DE algorithm due to the change
of the parameter vector X?" are numerically solved using the Finite Element Method (FEM) [[12]. In this approach,
the discrete weak form associated with egs. (I)-@) is expressed as follows:

b a b a a b
" "
// whC (T —d dy+// )8—+8Lk (Th) S— 0 d:cdy—/wh(jdx+/wh(jdy
ox dy Oy
0 0 0 0
(13)
where the assumed solution for the temperature is given by T (z,y,t) ~ T" (v,y,t) = > N; (z,y) T} (1),
j=1

whereas for the test function one assumes w" (z,y) = Z N; (z,y) w; (Galerkin approach). Here, N; (z,y) are

global interpolation functions, T; (¢) are the unknown solutlons at the nodes that are functions of time, and n stands
for the total number of nodes in the mesh.

Substituting these approximations into the weak form (eq. (I3))) and applying the initial condition (eq. (3))
across all nodes, the following system of nonlinear ODEs in the time domain arises:

dT (t) _
S +K(T())T () =F (1) .

where C (T) and K (T) are, respectively, the capacitance and conductance matrices, which are dependent on
the solution, while F (¢) is the heat load vector that accounts for prescribed fluxes on the boundaries. Here, the
implicit Euler method is combined with the Picard method to solve eq. (T4) effectively. Therefore, the time domain
is discretized into equal time intervals [ty, tx11] where t;, = kAt (k=0,1,2,...), whereas the nonlinearity is

handled through the iterations » = 0,1,2,... for each time step. Thus, one obtains the following recurrence
expression:
[C(TFHLT) 4 AtK (TFHL)] THILTH = € (TF) TF + AtFFYY, k=0,1,2,...; 7 =0,1,2,... (15)
Keypp(THTLT) Feyy(TFFkFL)

For each time step, the initial guess of the solution at the current time instant ¢;,1 is assumed to be the

converged solution from the preceding time instant #, i.e., T**19 = T*_ Afterwards, the iteration procedure for
Tk+1r+1_pktlr |
each time step is finished upon the convergence criterion [EEF T < ¢ is satisfied. The necessary steps

integrating the FEA into the DE algorithm for conducting the inverse analysis are detailed in Alg.[T]

Algorithm 1 Algorithm for the inverse analysis

1: Set the dimension D of the problem, and the lower and upper bounds of each variable, i.e., [X jL, X JU ], j
1,...,D.

2: Set the control parameters Fy, F5, F3, Fy according to Table @
3: Set the crossover probability C'R, and the maximal number of iterations it,,,4-
4: Randomly initialize the population X},i = 1,..., Np,p.
5. for it=1 to it,,q, do
6:  for i=1to N,,, do
7: Mutation: Apply eq. Q) with the corresponding Fj, parameters of each DE variant. Additionally, ensure
that V¥ remains within the boundaries of the search space as defined by eq. (T0).
8: Crossover: Generate the descendant individual U’ resultant from the crossing of V' and X according
to eq. (TI).
9: Selection: Compute temperatures at the thermocouples for X and U# by the nonlinear FEA (eq. (T3))
and then evaluate the objective function values according to eq. . Afterwards, apply eq. (I2) to select
the best individual to be added into the new population X?“.
10:  end for
11: end for
CILAMCE-2025
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Figure 2. Solution by the nonlinear FEA: a) temperature field at ¢y = 100s; b) simulated measurements of
temperature at the thermocouples.

4 Numerical results and discussion

The results were obtained according to the geometric parameters a = b = 0.05m and the boundary and initial
conditions of § = 25000Wm~2 and Ty = 20°C, respectively [8]. In addition, the thermophysical properties of
the orthotropic medium to be estimated (i.e., target values) are given in SI units as follows [3} [8]:

X* = [0.6081,1.25 x 107%,4.752,7.32 x 107°,1.7 x 10°,2.608 x 10°] (16)

where &, is one order of magnitude greater than that adopted in Sawaf et al. [8]], and it is comparable to that used
in Kim et al. [3]].

An in-house MATLAB code was developed to carry out the nonlinear transient finite element analysis, and,
for this example, a time-step size of At = 2.5s, a total of N; = 40 time steps, and a tolerance of ¢ = 10~ were
adopted. Taking into account X*, this code was also used to generate the simulated measurements employed in the
inverse analysis. In this way, the nonlinear finite element code is coupled with the DE one to compute the objective
function, and twenty distinct runs were performed for each of the three differential evolution variants described in
the text (it is worth mentioning that tuning of the DE parameters is beyond the scope of this work). The maximum
number of iterations and the population size per run were set to it,,q,, = 800 and N, = 60, respectively. The
search space is defined such that the constraints are readily satisfied according to the following bound vectors:

X% =10.1,0,0.1,0,10°,0] ; XY =[10,0.1,10,0.1,107,10"] (17)

Fig. 2] shows the temperature field at the end time of the analysis adopting a mesh with 256 linear triangle
elements, along with the temperature records at the thermocouple locations, where the influence of the orthotropic
medium is clearly evident in the temperature profiles. Initially, experiments were performed without adding noise
to the simulated experimental data. Then, measurement errors are simulated by adding a Gaussian error term to
the noiseless data as:

Y(Tcutj) = Ynoiseless (Tczatj) +Wijo_a 1= 17' .. ;Ns; j = 15 .. 'aNt (18)

where w;; is a random number that follows a Gaussian distribution over the interval [-2.576, 2.576] corresponding
to a 99% confidence level for the measured data. The standard deviation of the temperature measurement error by
the thermocouples is considered constant and equal to o = 0.3°C obtained experimentally according to Kim et al.
(3.

One can observe the faster convergence of the DE/current-to-best/1/bin in Fig. 3] which displays the mean
value of the objective function across all runs, in relation to the other variants. It is also possible to verify the
slower convergence of the DE/rand/1/bin and the inferior performance of the DE/best/1/bin even with noise-free
data. Furthermore, according to Tablem the DE/current-to-best/1/bin stands out once again with the lowest values
of the objective function, and the lowest standard deviation in the order of 10~17 for the data without noise and
10~'3 for the data with noise.

Bold face numbers indicate the best results.
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Figure 3. Comparison of mean values of the objective function during the iterations.

This last fact is an indication of the effectiveness of this variant, unlike the DE/best/1/bin that presents a low
value for the objective function, but a high standard deviation, as well as the DE/rand/1/bin, which obtained a
slightly higher objective function value, but a standard deviation in the order of 10~ 7.

Table 2. Comparison of the statistical results.

Best Mean Worst Std.
DE/rand/1/bin 1.9936 x 10=%  1.0251 x 1077 29711 x 10~7  7.6172 x 10~8
DE/best/1/bin 1.5931 x 108 1.5827 x 10! 7.1927 x 10! 2.9483 x 10!
DE/current-to-best/1/bin 1.5931 x 1078 1.5931 x10~% 1.5931 x 108 4.2802 x 10718
DE/rand/1/bin with noise 8.7838 1.0079 x 10! 3.4699 x 101 5.7948
DE/current-to-best/1/bin with noise 8.7838 8.7838 8.7838 8.1532 x 1014

Finally, Table [I] shows similarities in relation to relative errors in estimating the X components of the
DE/rand/1/bin and DE/current-to-best/1/bin variants with noise-free data. However, when using these variants
with noisy simulated data, the DE/current-to-best/1/bin performed better than the DE/rand/1/bin in estimating all
components. Therefore, there are indicators of the superiority of the DE/current-to-best/1/bin variant compared to
DE/rand/1/bin and DE/best/1/bin ones for the problem studied.

Table 3. Comparison of the estimated mean values for the parameters.

rand/1 best/1 current/1 rand/l (noise)  current/I (noise)
ka0 6.0810 x 107! 6.4111x10~" 6.0810 x 107! | 6.1450x10"! 6.1134 x 10~
Errorg,, (%) | 0.000 5.428 0.000 1.052 0.533
ka1 1.249 x 1073 9.648 x 107* 1.249 x 1073 1.158 x 1072 1.190 x 103
Errory.,, (%) | 0.080 22.816 0.080 7.360 4.800
kyo 4.7520 x 10°  4.9883 x 10°  4.7520 x 10° | 4.8150 x 10° 4.7769 x 10°
Errory,,, (%) | 0.000 4.973 0.000 1.326 0.524
Ky 7.319 x 1073 5489 x 1072 7.319x 1073 | 6.564 x 1073 6.910 x 103
Errory,,, (%) | 0.014 25.014 0.014 10.328 5.601
Co 1.69 x 106 1.61 x 10° 1.69 x 10° 1.67 x 108 1.68 x 106
Errorc, (%) | 0.588 5.294 0.588 1.765 1.176
C1 2.6080 x 103  3.5964 x 10>  2.6080 x 103 | 2.9663 x 10> 2.8175 x 103
Errorc, (%) | 0.000 37.899 0.000 13.738 8.033

2Bold face numbers indicate the best results.
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5 Conclusions

The primary motivation of this study was to assess the performance of three widely used variants of the
Differential Evolution (DE) algorithm, namely, DE/rand/1/bin, DE/best/1/bin and DE/current-to-best/1/bin in an
inverse analysis to estimate the thermal conductivities and heat capacity of an orthotropic medium. The transient
nonlinear heat conduction model in a plate was straightforwardly solved by the Finite Element Method (FEM)
considering the implicit Euler scheme and Picard iteration procedure. Numerical experiments indicated that the
DE/current-to-best/1/bin variant outperformed the other two, both in statistical metrics and computational effi-
ciency, requiring fewer iterations and, consequently, reducing the number of objective function evaluations, which
are highly costly.
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