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Abstract. In this work, we evaluate local conservation properties of numerical approximations for the Biot system
in two dimensions. The numerical approximations are obtained using a Primal Hybrid Finite Element method
in terms of displacement and pressure, on quadrilateral partitions of the domain. The total stress and Darcy ve-
locity are locally post-processed by solving simple problems at the element level. Our results indicate that this
methodology leads to locally conservative solutions for the dual variables (stress and velocity).
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1 Introduction

Let Ω ⊂ R2 be a polygonal and bounded domain representing a linearly elastic porous medium saturated by
an incompressible Newtonian fluid, and tf > 0 be a given final time instant. The Biot model for consolidation [1]
describes the interaction between the deformation of the porous matrix and the fluid flow via the following system
of differential equations,

div (Cε(u))− α∇p = f , in Ω× (0, tf ], (1a)
∂

∂t
(α divu)− div (K∇p) = g, in Ω× (0, tf ], (1b)

where the variables of interest are the displacement vector u : Ω → R2 and the pore pressure p : Ω → R. Here,C
is the fourth-order elasticity tensor, K is the second-order hydraulic conductivity tensor, ε(u) is the infinitesimal
strain tensor (given by the symmetric part of ∇u), α is the Biot-Willis constant, and f and g are the load and
source/sink functions, respectively. Equations (1a) and (1b) represent the equilibrium and the overall mass balance
of the system, respectively. Alongside these equations, one must consider boundary and initial conditions to obtain
a well-posed problem [2, 3]. For simplicity, we shall set homogeneous Dirichlet boundary conditions for both u
and p and assume that the initial values u(x, 0) and p(x, 0) are known.

2 Primal Hybrid method

Given Th a quadrilateral mesh for Ω with no hanging nodes, the traditional way to approximate (1) uses the
classical H1-conforming Finite Element method to discretize in space [1, 2], where both u and p are approximated
by continuous functions. Other possible approximations, based on mixed finite element methods and Discontinu-
ous Galerkin schemes can be found, for example, in [3–5]. In this work, however, we propose the use of a Primal
Hybrid strategy, which was first analyzed for the Poisson problem in [6] and recently applied to the elasticity and
to transient problems [7–9].

When applied to the Biot system, the proposed Primal Hybrid method relies on the broken scalar and vector-
valued approximation spaces

XD,s
h = {v ∈ L2(Ω) : v|K ∈ Qs

K , ∀K ∈ Th} (2)
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Vitória, Brazil, November 24-27, 2025



Conservation properties for a Primal Hybrid method for Biot

and
XE,r

h = XD,r
h ×XD,r

h . (3)

Here, Qs
K denotes the space obtained by mapping the polynomials of degree at most s in each coordinate from a

reference square element K̂ to the geometrical elements K [10, 11]. The continuity of both the displacement and
pressure fields is weakly imposed using the spaces

MD,s
h =

{
l ∈

∏
Es(∂K) : l|∂K1

+ l|∂K2
= 0 for every pair of neighboring elements K1 and K2

}
(4)

and its vector-valued counterpart
ME,r

h = MD,r
h ×MD,r

h , (5)

where Es(∂K) denotes the space defined over the boundary ∂K composed by functions that are polynomials of
degree at most s when restricted to each edge of K.

For r ≥ 2 and s ≥ 1 two integers, the considered Primal Hybrid method reads: for each n = 1, . . . , N , find
(un

h,m
E,n
h , pnh,m

D,n
h ) ∈ XE,r

h ×ME,r−1
h ×XD,s

h ×MD,s−1
h satisfying

(Cε(un
h), ε(v))Th

− (mu,n
h ,v)∂Th

+ (αpnh,div v)Th
= −(fn,v)Ω, ∀v ∈ XE,r

h , (6a)

⟨l,un
h⟩∂Th

= 0, ∀l ∈ ME,r−1
h , (6b)

(K∇pnh,∇q)Th
+ (mp,n

h , q)∂Th
+

α

∆t
(divun

h, q)Th
= (gn, q)Ω +

α

∆t
(divun−1

h , q)Th
, ∀v ∈ XD,s

h , (6c)

⟨l, pnh⟩∂Th
= 0, ∀l ∈ MD,s−1

h , (6d)

where we employ the broken products

(p, q)Th
=

∑
K∈Th

∫
K

p q dx (7)

and
⟨m, l⟩∂Th

=
∑

K∈Th

∫
∂K

ml ds, (8)

which naturally extend for vector-valued functions as well. In addition to the space discretization, system (6) uses
the backward Euler method for time discretization, with ∆t = tf/N being the time step and the index n added to
indicate that the relevant functions are being computed on tn = n∆t. We refer to [12] for further details.

2.1 Velocity and Stress recovery

One of the main features of (6) is that the hybrid variables mE
h and mD

h carry a physical meaning, being
associated with the normal application of the total stress and the normal flux, respectively. This enables a local
post-processing to recover H(div)-conforming approximations for the total stress tensor and the Darcy velocity.
To illustrate the ideas, we shall use the classical Raviart-Thomas vector spaces RT s, defined on the reference
square as the space

Ps+1,s(K̂)× Ps,s+1(K̂),

where Ps,r(K̂) is the space of polynomials with degree at most s in the first coordinate and at most r in the second
one. The global spaces are constructed by mapping the reference space using the Piola transform and imposing
the continuity of the normal component [11]. We shall use the same notation RT r to refer to the tensor version of
these spaces, composed by 2 × 2 tensors which each row is a Raviart-Thomas vector. For a detailed construction
of such spaces, we refer to [13].

Following the ideas of [11, 12, 14], approximations σT,n
h ∈ RT r−1 and ζnh ∈ RT s−1 for the total stress and

the Darcy velocity can then be obtained by solving the local problems∫
∂K

(ζnh|K · n∂K) l ds =

∫
∂K

mD,n
h l ds, ∀l ∈ Es−1(∂K), (9a)

(if s ≥ 2)

∫
K

ζnh|K ·ψ dx = −
∫
K

(K∇pnh) ·ψ dx, ∀ψ ∈ Ψs−1. (9b)

and ∫
∂K

(σT,n
h |Kn∂K) · l ds =

∫
∂K

mE,n
h · l ds, ∀l ∈ Er−1(∂K)× Er−1(∂K), (10a)

(if r ≥ 2)

∫
K

σT,n
h |K : ψ dx =

∫
K

(Cε(un
h) + pnhI) : ψ dx, ∀ψ ∈ Ψr−1 ×Ψr−1, (10b)
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respectively, where n∂K is the outward unitary normal over ∂K and the auxiliary space Ψs−1 is defined as

Ψs−1 = {DF t
K τ̂ ◦ F−1

K : τ̂ ∈ Ps−2,s−1(K̂)× Ps−1,s−2(K̂)}. (11)

In the definition (11), FK is the mapping between K̂ and K and DFK its Jacobian matrix.

3 Numerical experiment

The main goal of this section is to illustrate, through a simple numerical example, balance properties of the
approximations obtained by (9) and (10) from the Primal Hybrid solution. For that, we shall first consider a coarse
mesh of 4× 4 square elements for the domain Ω = (0, 1)× (0, 1), and set the polynomial orders r = 2 and s = 1.
We also set K as the identity tensor,C as the isotropic elasticity tensor with Lamé coefficients µ = 1 and λ = 0.3,
and α = 1. Functions f and g are chosen such that the exact solutions for the displacement and pressure are given
by

u(x, y) =

t sin(πx) sin(πy)
t sin(πx) sin(πy)


and

p(x, y) =
t

2
exp(x+ y).

Since the exact solutions are linear in t we perform only one time iteration to reach the final instant tf = 1.
Considering 1 the vector with unitary entries and asym(τ ) = τ 1,2 − τ 2,1 a measurement for the skew-

symmetric part of τ ∈ R2×2, in Figure 1 we plot the quantities∣∣∣∣∫
K

div ζnh − gn +
α

∆t
div(un

h − un−1
h ) dx

∣∣∣∣ , (12)∣∣∣∣∫
K

(divσT,n
h − fn) · 1dx

∣∣∣∣ , (13)

and ∣∣∣∣∫
K

asym(σT,n
h ) dx

∣∣∣∣ (14)

on each mesh element for t = tf , which measure the violation of mass, linear momentum, and angular momentum
conservation, respectively.

Mass Linear momentum Angular momentum

2.1e-16

3.5e-16

4.8e-16

2.0e-16

4.0e-16

6.0e-16

1.0e-17

2.0e-17

3.0e-17

Figure 1. Violation measurements defined in (12), (13), and (14), plotted on each element.

Our results indicate that, even for a very coarse mesh, the approximated fields leads to local conservation of
the quantities (12), (13), and (14). Concerning the measure (12), it is important to note that local conservation
holds in the sense that the approximate solutions for ζnh , un

h and un−1
h satisfy exactly the discrete form of the

original mass balance (1b). It is equivalent to saying that these fields satisfy the balance∫
∂K

(
ζnh +

α

∆t
(un

h − un−1
h )

)
· nds =

∫
K

gn dx

at element level. For the particular case of a rigid porous medium with no external source of mass (g = 0), this
balance reduces to the usual local mass conservation property of Darcy flow∫

∂K

ζnh · n ds = 0.
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In addition to good conservation properties, the proposed method also has solid convergence behavior in
space. To illustrate that, we consider NΩ × NΩ square meshes and measure how the approximation errors decay
as the mesh is refined. We use the L2 norm to measure the convergence rates of un

h and pnh , and the H(div) norm
for the convergence of σn

h and ζnh . The results are shown in Table 1. Notice that the convergence rates for both the
total stress and the Darcy velocity are the best ones possible, considering the approximation spaces chosen.

Table 1. Spatial convergence of the approximations un
h , pnh , σn

h and ζnh .

∥un − un
h∥0 ∥pn − pnh∥0 ∥σT,n − σT,n

h ∥H(div) ∥ζn − ζnh∥H(div)

NΩ err. rate err. rate err. rate err. rate

2 2.40e-02 - 5.17e-02 - 3.13e+00 - 7.23e-01 -

4 3.33e-03 2.9 1.31e-02 2.0 8.05e-01 2.0 3.64e-01 1.0

8 4.53e-04 2.9 3.30e-03 2.0 2.03e-01 2.0 1.82e-01 1.0

16 6.09e-05 2.9 8.26e-04 2.0 5.07e-02 2.0 9.11e-02 1.0

32 8.63e-06 2.8 2.06e-04 2.0 1.27e-02 2.0 4.56e-02 1.0

64 1.44e-06 2.6 5.16e-05 2.0 3.17e-03 2.0 2.28e-02 1.0

4 Conclusions

In this work we propose a Primal Hybrid method to solve the Biot system. We show that the total stress
and the Darcy velocity can be recovered by a simple local post-processing strategy, resulting in globally H(div)-
conforming approximations. Such approximations converge optimally in the H(div) norm for square meshes and
are locally conservative. We conclude that the Primal Hybrid method is a viable option to solve the Biot’s system,
specially when good approximations for the dual variables (stress and velocity) are desired, at selected time steps.
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