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Abstract. The stability analysis of a saturated soil slope subjected to seepage flow generated by rapid water
level drawdown is investigated in this study by means of the limit analysis kinematic approach. Adopting the
framework of effective stresses for formulating the strength failure condition of the saturated porous medium, it
is shown that the effect of seepage flow can be accounted for in the stability analysis by means of driving body
forces computed from the gradient of pore pressure distribution. The hydraulic boundary value problem governing
the water filtration velocity is addressed by resorting to a specific analytical variational approach. Comparisons
with traditional pore pressure coefficient methods and finite element analyses demonstrate the effectiveness of the
proposed methodology. Numerical analyses are conducted to explore the influence of hydraulic-related parameters,
highlighting in particular the critical effects of water drawdown height and soil permeability anisotropy.
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1 Introduction

Stability analysis of slopes is a fundamental problem in soil mechanics. Its main objective is to evaluate the
potential failure of the structure under prescribed loading conditions based solely on the strength properties of its
constituent material. Water saturating the soil is known to generally reduce its shear strength. In non-hydrostatic
conditions, seepage-induced effects can endanger the safety of previously stable structures, especially in rapid
drawdown situations, posing a significant risk to riverside, coastal, and near dam slopes [1-3].

In a partially coupled analysis, classically referred to as one-way coupling approach, the hydraulic problem
consisting of evaluating the water filtration velocity in slow and rapid drawdown conditions may be assessed
independently of skeleton deformation, being subsequently incorporated as external body forces in effective stress
analysis [4, 5]. This approach is widely accepted in the scientific community in kinematic approaches of limit
analysis [3-8]. The above-mentioned contributions, however, employ mostly empirical methods based on pore
pressure coefficients to account for the seepage influence.

In the present research, the validity of the effective stress concept is assumed for the strength capacities of
saturated porous media. Following the procedure described by Saada et al. [5], the water flow regime is determined
independently by resorting to a specific analytical variational approach. The resulting seepage forces, computed
from the gradient of the pore pressure distribution, are regarded as driving body forces in the stability problem.
Once the seepage forces are evaluated, the stability analysis is therefore developed within the framework of the limit
analysis kinematic approach. The latter relies upon the implementation of rotational failure mechanisms involving
velocity discontinuity along logarithmic spiral curves. Comparisons with traditional pore pressure coefficient
methods and finite element analyses demonstrated the effectiveness of the proposed methodology. Numerical
analyses are conducted to explore the influence of hydraulic-related parameters, highlighting in particular the
critical effects of water drawdown height and soil permeability anisotropy.

2 Effective stress stability analysis

This section describes a poromechanical framework for the effective stress stability analysis of geotechnical
structures in the presence of seepage forces. Along the subsequent analysis, the domain occupied by the soil
material shall be referred to as {2 and its external boundary as 0f2.
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2.1 Limit Analysis of saturated slopes under plane strain condition

The primary objective of limit analysis theory and related kinematic approach is to evaluate the stability
conditions of a material system under the applied loading. The plane strain stability analysis under consideration
refers to a soil slope with height H and inclination 3, as depicted in Figure 1. In the context of effective stress
analysis, the strength capacities of the soil will be described by means of an isotropic frictional-cohesive condition
governing the Terzaghi effective stress. The strength parameters of the Mohr-Coulomb criterion ¢ and ¢ denote
respectively the soil cohesion (effective cohesion intercept) and friction angle fields.

A hd (@) T

7] Q Y

I

B C D

Figure 1. Slope geometry and loading configuration.

As regards the loading conditions, the slope structure is subjected to two forces: the mechanical components,
which are defined by the gravity forces (saturated unit weight  parallel to Oy direction) and boundary conditions;
and the hydraulic component, originated from the pore fluid pressure p distribution associated with the flow through
the slope that is induced by water drawdown (rapid decrease h,, in water level). The spatial variation of excess
pore pressure distribution u, which is related to its gradient field —grad u, is expected to be the driving force for
the seepage loading component. The excess pore pressure u = p — p,, is defined relative to the hydrostatic pore
pressure p,, = Y7yw, Where y,, denotes the water unit weight.

The kinematic approach is formulated within the framework of effective stress analysis. Denoting by U any
given kinematically admissible velocity field (referred to as failure mechanism), the upper-bound theorem of limit
analysis states the following necessary condition for the stability of the slope structure under applied external
loading [9]:

where P, stands for the rate of external work performed by the external forces and P,,,- stands for the maximum
rate of resisting work developed in the failure mechanism U.

In this research, the set of possible velocity fields is restricted to the class of rotational failure mechanisms
involving velocity discontinuity along logarithmic spiral curves [10]. In this context, P,,; and P,,, are given by:
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where [U] denotes the velocity jump at a point 2 when crossing a velocity discontinuity surface > following its
normal unit vector n. In the spirit of the kinematic approach, the optimal upper-bound estimate to the stability
problem, denoted by the stability factor I, is achieved by means of the minimization of:

I' < min P (U)

Porl) e P
sminp gy Where Fea(U) > 0 )

where ( symbolically represents the class of admissible rotational failure mechanisms considered. Values of T"
lower than unity mean necessary failure of the slope.

3 The hydraulic problem

Traditionally, the seepage influence on the stability of saturated slopes is accounted for by employing empir-
ical methods based on pore pressure coefficients. The major drawback of such an approach is that the value of the
coefficients to be used for a given stability configuration is a priori unknown. In the present study, the alternative
approach described by Saada et al. [5] is considered. As stated in the effective stress formulation of the slope
stability problem presented in the previous section, the effects of seepage forces may be accounted for through the
distribution of —grad u (Eq. 2), which act as external body forces that should therefore be previously evaluated.
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In that respect, the gradient of excess pore pressure is the driving force of the hydraulic flow network through the
slope and is classically related to the filtration velocity field v by Darcy’s law:

v=—K- gradu 4)

where K denotes the fluid permeability tensor expressed in m? - Pa~* - s~! unit. Introducing the vertical k, and
horizontal kj, permeability coefficients, with k, > k,, the permeability tensor is assumed throughout the study to
take the following form:

K = kne, + kue, )

The permeability anisotropy is thus characterized by the value of the ratio o = ky, /k, > 1.

Under the assumptions of steady flow, incompressibility of the solid as well as fluid particles, and neglecting
the skeleton volume strain (one-way coupling framework), the field equation controlling the uncoupled hydraulic
problem is given by:

dive=0 (6)

The formulation of the uncoupled hydraulic boundary value problem in terms of the excess pore pressure u
relies on the field equation (6) and Darcy’s law (4), together with the prescribed hydraulic boundary conditions.
The pore water pressure is set to p = 0 along the surfaces AO and OB (see Figure 1), and to p = (y — hy )V
along BC and C'D, corresponding to the hydrostatic distribution on the external boundary. Expressed in terms of
the excess pore pressure . = p — Yy, the boundary value problem becomes

div (-K -gradu) =0 inQ,

u=0, on AO

—— )
U= —YYw, on OB,
U = —hyYw, on BCUCD

3.1 Variational formulations for the uncoupled hydraulic problem

The uncoupled hydraulic boundary value problem consists of finding the excess pore pressure field u solution
to problem (7). The latter is a classical elliptic differential problem, which is usually addressed numerically by the
finite element method. This approach is based on the well-known variational theorem stating that the solution
achieves the minimum of the following hydraulic functional (homogeneous to an energy rate):

1
J(u") = 5/ grad ' - K - grad u’ d +/ uw'v? dS 8)
Q 99,

over the set P of admissible pore pressure distributions v/, that is
u' € P <= 4 is continuous and piecewise differentiable, and v’ = u® on 0y, 9)

where 052, and 02, denote, respectively, the boundaries of the domain with prescribed excess pore pressure and
filtration velocity. For context, 99, = AO U OB U BC U CD and 09, = () for the problem stated in (7).

Keeping in mind that the seepage forces are defined in the stability problem by the gradient of excess pore
pressure, it would be more appropriate to formulate a variational approach of the boundary value problem (7) in
terms of velocity filtration v related to grad u through (4). In that respect, and following the approach developed
de Buhan et al. [11], it is shown that the solution v in terms of velocity filtration of the differential problem (7)
achieves the minimum of the following hydraulic functional (also homogeneous to an energy rate):

J*(y'):%/ﬂy'~£71-y'd9+/ém uwh' - ndS (10)

over the set V of admissible filtration velocity distributions v’, that is

v’ is piecewise continuous and differentiable
v €V <= { the normal component v’ - n remains continuous across discontinuity surfaces ¥ of v’ (11D

dive’ =0in Qand v’ - n = v on 99,

The conjunction of the two minimum principles expresses the upper and lower boundaries to the energy of
the hydraulic problem, as summarized in the following equation:

Vo' e P,V eV — JW) < —J(u) = J(v) < T @) (12)

where v and v denote the solutions to the differential problem (7).
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3.2 Solutions to the uncoupled hydraulic problem

Based on the implementation of the variational principle of minimum in filtration velocity, the approach
consists in considering a class of admissible filtration velocity fields v’ and then determining the best approximation
within the considered class by a minimization procedure of the functional J*(v’). Referring to the polar coordinates
(O, r, 0) and notations defined in Figure 2, the general expression of filtration velocity fields is given for any point
z of coordinates (r, €) by the following equations:

vy —hl(r)diehg(e) e, + dii(r hi(r))ha(0) ey for0 <r < Ry

v'(x) = vy = h3(r) ey for R, <r <R (13)
vg = ha(r) eg forR<r < R,
0 forr > R,

where e, represents the unit orthoradial vector, R,, = h,,/sin 8, R = H/sin 3, and R, is a geometrical parameter
defining the external radius of the flow zone. Functions  — h;(r) fori € {1, 3, 4} and  — hs(0) are assumed
to be continuously differentiable with imposed condition hq (R,,) = 0. It can readily be shown that v’ € V. Figure
2 presents the domain definition and polar system considered.
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Figure 2. Description of the geometrical zones involved in the definition of piecewise filtration velocity field.

The best approximation v" = vy, within the considered class of filtration velocity fields is obtained from
stationary conditions of functional J*(v") with respect to functions h;. After some mathematical development, the
optimal field solution v}, ,, is defined by the following local fields v,:

_ ol = Brwsin | () C( r )g_1 ha(6) ey — 1_( r )\@‘1 d

—| = — ha(0 14
Ql C-D D\ R, R., g e 19
kh’)/whw 1 Zkh’ywhw 1
Uy = : —~ &9 Uz = — ¢y (15)
™= sin2p8 r H\r2 —H2 r
- T\ a4+ m —arcsin - | — (a0 — e A
(@+1)———(a—=1)—, 1 u 1 3
Parameters C' and D are defined by the following integrals:
B d 2 m—p 9
C = (dghg(a)> (cos?0 + asin®6) df; D = (ha(0))” (sin® 6 4+ accos® §) df  (16)
0 0
Function h2(0) is solution to the second-order ordinary differential equation:
—1)sin 26 [C sin? 0 + o cos? 0
hy (0 +(a—h’9— —————————hy(0) =0 17
2(0) cos? f + asin® 0 2(6) D cos? 6 + asin’ 6 2(0) 1n

In addition, function hs(#) is subjected to the following conditions:

/ I 2\/5 (\/5 + \/E) (D — 0)2 1

ho(0) =0; hh(r—RB) = - - 18)

2(0) 2(m — ) R2 (cos? B + asin® B) (VO — VD)2 ha(m — B)knyw sin B (
Since the coefficients C' and D in the above differential equation are explicitly depending on function hs(6)
through (16), the solution function h2(#) to (17) is evaluated numerically using LSODA solver in Python-based
framework [12]. Once the optimal filtration velocity field is determined, the seepage forces required for the next
step of the slope stability are approximated by —grad u ~ K -1, y’opt. Additional details are provided in Ceron
etal. [13].
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3.3 Comparison of Semi-Analytical and Finite Element Approaches to the Hydraulic Problem

To assess the accuracy of the above semi-analytical solution to the hydraulic problem based on the variational
principle in filtration velocity, a standard finite element analysis implementing the classical variational theorem
of minimum in pore pressure (minimization of functional J(u') given by (8)) has been performed. Six-noded
triangular elements were employed to obtain approximations v/ to the excess pore pressure distribution. It
should be noted, however, that v/ ; does not generally satisfy the continuity condition of the gradient grad u/p 5
between adjacent elements.

The two variational formulations presented cannot be directly compared in terms of their solutions. One
yields a semi-analytical approximation of the velocity field, while the other provides a finite element approximation
of the excess pore pressure distribution. Their comparison is meaningful only through the associated hydraulic
functional values. The conjunction of the two variational principles described in (12) indicates that the functional
calculated for the solution to the original hydraulic problem (7) is bracketed by J* (Q;pt) (semi-analytical velocity
solution) and J (v ) (finite element pore pressure solution). Figure 3 depicts the variations of these two quantities,
normalized by kj, H?~2, as functions of the slope inclination 3. Several values of the permeability anisotropy ratio
a = kp/k, > 1 have been considered.
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Figure 3. Comparison of hydraulic functional estimates obtained from the two variational approaches.

In this representation, the yellow curve indicates the semi-analytical optimal solution, and the blue curve
corresponds to the finite element solution. The gray band represents the region within which the functional curve
of the exact solution to the hydraulic problem (7) must lie. It should be noted that this representation does not
indicate which of the two approaches provides a closer approximation to the exact solution.

To conclude with the hydraulic problem and before moving to numerical applications, some comments re-
garding the empirical concept of pore pressure coefficient deserve to be stated at this stage. The latter concept,
commonly used to evaluate the effects of pore water pressure in slope stability analyses, is based on the approx-
imate framework originally proposed by Bishop and Morgenstern [14]: r, = p/(vh), where h stands for the
vertical depth of the point located on the failure surface below the soil surface.

Since it explicitly depends on the pore pressure distribution p, coefficient 7, is naturally expected to vary
spatially within the slope soil mass. However, most slope stability approaches using this concept to evaluate pore
water pressure effects operate with a constant average value of 7, throughout the entire cross-section considered
by the slope failure mechanism. Values below 0.3 are generally adopted for the pore pressure coefficient in these
analyses. The major drawback of such a simplified approach lies in the fact that the value of 7, to be used for a
given stability configuration is a priori unknown.

4 Numerical Aplications

This section provides preliminary numerical results derived from implementation of the kinematic approach
formulated within the context of effective stress concept. The first application refers to the slope stability analysis
under rapid water level drawdown addressed in Wu et al. [3], while the second illustrative application aims at
assessing the effects of permeability analysis on the stability factor.

4.1 Comparison with stability analysis based on pore pressure coefficient Wu et al. [3]

The predictions derived from the present approach are compared to the upper bound solutions obtained in
Wau et al. [3] for the stability condition of coastal clay slopes subjected to sea level rapid drawdown. In the latter
analysis, the authors considered a constant pore pressure coefficient 7, to evaluate the effects of seepage forces.
The study refers to two slopes configurations, respectively in Israeli clay (¢ = 6 kPa, ¢ = 32°) and London clay
(¢ = 11.7 kPa, ¢ = 24.7°), both with a a soil unit weight of v = 18 kPa.
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It is observed that a specific aspect of the comparative study is to assess the impact of using different ap-
proaches to evaluate the pore water pressure effects in the slope stability analysis. In that respect, the seepage
forces considered in the rotational failure mechanisms are computed either from the semi-analytical variational
principle in filtration velocity (i.e., —grad v ~ K~ - Up,pe) O from finite element approach to hydraulic problem
(i.e., —grad ufrp). Figure 4 presents the plots of critical height estimate for Israeli clay slope and London clay
slope as a function of water drawdown ratio h,,/H, considering in each configuration two typical values of the
slope inclination. A homogeneous isotropic permeability (o« = ky, /k,, = 1) has been considered in the hydraulic
problem. Although the three approaches provide ample evidence of the destabilizing effects that are induced by
increasing water drawdown height they showed substantial gaps in terms of critical height prediction (up to 40%
in the case of the London clay slope).

London Clay Israeli Clay

10> 3 10* 3

B = 30° Pore pressure coefficient
8= 35 rp = 0.25 (Wu et al. [3])

/ % —— Scepage Forces K - vy,

10! —:h 10! _:& — Seepage Forces —grad wpp;
] 1 B
| 1 B=60°

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
ho/H ho/H

H(:rit

Figure 4. Slope critical height predictions associated with three distinct approaches to the hydraulic problem.

The major drawback of operating with an average r,, is that such a value is a priori unknown, introducing an
uncontrolled approximation that cannot be interpreted as underestimating or as overestimating the effect of pore
pressure. On the other hand, the approach based on variational principle in filtration velocity —grad u ~ K - ygpt
as well the finite element approach based on the variational principle in pore pressure —grad u/x 5 represent upper

and lower estimates of seepage forces in the variational sense described by inequalities (12).

4.2 Effects of permeability anisotropy on slope stability

Restricting the study to a particular configuration of slope geometry, soil strength properties and loading
conditions, the objective herein is to provide preliminary insight into the effects of soil permeability anisotropy
on the slope stability factor. Numerical evaluations of the stability factor have been performed considering the
following set of data: slope heigh H = 5 m, slope inclination J ranging from 15° to 90°, soil cohesion and friction
angle (c = 10 kPa, ¢ = 30°), soil unit weight v = 20 kN/m?, total water level drawdown h,, = H. Anisotropy
of the soil permeability is reflected by the value of ratio & = ky, /k,,, which is taken equal to 1 (isotropy), 5 and 10.
For each selected model data, the numerical value of the upper bound estimates for I has been obtained from the
class of rotational failure mechanisms considering either the approximation —grad u ~ K~ -v’, opt OF —grad Upp
for seepage forces. Figure 5 presents the variations of stability factor I" as a function of slope inclination .

5
o4 . -
T 34 4 i
= — Seepage Forces K - v,
> o N i =
= 2 —— Seepage Forces —grad vy,
E1- . .
o a=1 a=5 a=10
0 T T T T T T T T T T T

T
15° 30° 45° 60° 75° 90° 15° 30° 45° 60° 75° 90° 15° 30° 45° 60° 75° 90°
Slope inclination

Figure 5. Effect of the anisotropy coefficient on the stability factor.

It was observed from these results that both approaches used for evaluating the seepage forces suggest that
higher values of the permeability anisotropy ratio « lead to higher stability factors for all slope inclinations, pre-
dicting an increase in slope stability. Such a trend is consistent with the results observed, for instance, in the context
of face stability analysis of shallow tunnels driven under the water table [11], which indicate that a higher « has a
favorable effect on tunnel face stability.
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5 Conclusions

In this research, the limit analysis kinematic approach formulated within the effective stress context has been
applied to address the stability problem of slopes subjected to rapid water level drawdown. Particular emphasis is
devoted to the evaluation of seepage forces induced in the slope by water drawdown and derived from the gradi-
ent of excess pore pressure distribution. The latter can be obtained from the solution to an uncoupled hydraulic
boundary value problem, for which a variational formulation in terms of filtration velocity is presented. Rigor-
ous upper-bound solutions for the slope stability factor can therefore be derived from the implementation of the
kinematic approach by means of the class of rotational log-spiral failure mechanisms.

The accuracy of the approach has been assessed by comparison with available results based on the concept
of pore pressure coefficient. Numerical analyses have been presented with the objective of providing preliminary
insight regarding the influence of relevant problem parameters. The results have particularly emphasized the
destabilizing effects of seepage forces reflected by a significant reduction in the slope stability factor associated
with increasing water drawdown ratio. Investigation of the role of the soil permeability anisotropy has clearly
indicated that a higher horizontal permeability as compared with the vertical one has a favorable effect on the slope
stability.
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