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Abstract. The pollution of groundwater stored in aquifers can pose serious risks to human health and also harm
the ecological environment. In many geological settings, aquifers are located within naturally fractured reservoirs
(NFRs)—rock formations that contain fractures which can function either as a high permeable conduit or as a
barrier. These fractures arise from geological processes and exhibit diverse properties, increasing the complexity
of building accurate simulation tools. The development of robust and accurate computational models is of utmost
importance to understand the processes of contaminant transport in aquifers. In this work, we propose a new
variant of the Continuous Projection-based Embedded Discrete Fracture Model (CpEDFM) to model fractures in
2D domains. The method maps the nodes of the cells that contain embedded fractures onto a graph, where the
edges between graph nodes correspond to control surfaces. A pathfinding algorithm is applied to determine the
shortest path between the nodes representing the fracture endpoints. This path is subsequently projected back
onto the reservoir grid, selecting the cell faces that will receive the fracture projections while ensuring projection
continuity. We evaluate the performance of the proposed CpEDFM algorithm by solving benchmark of the fluid
flow subproblems found in literature.

Keywords: Contaminant transport simulation, Numerical groundwater modeling, Naturally fractured reservoir,
Embedded Discrete Fracture Model.

1 Introduction

One of the primary challenges in the characterization of fractured aquifers is the complexity due to its
anisotropic and heterogeneity formations. In the last decades, researchers created models to improve the character-
ization of different fractures [1], each aiming to represent the hydraulic behavior of fractures while maintaining the
computational efficiency. One of the first approach was the dual-continuum model.While computationally efficient,
dual-continuum models rely heavily on upscaling and assume idealized fracture-matrix interactions, limiting their
accuracy in highly heterogeneous systems. To characterize the fractures explicitly, the Discrete Fracture Model
(DFM) was introduced for simulating NFRs. In DFM, fractures are modeled as separate entities within the matrix,
typically with lower dimensionality, allowing more detailed simulation of flow along fractures. On the other hand,
the DFM uses unstructured conforming meshes to fractures, increasing its computational cost [2]. To overcome
the mesh conforming limitation in DFM models, the Embedded Discrete Fracture Model, introduced by [3] and
further expanded on by [4], arrived as the most effective and precise model for simulating fracture networks . In
this method, two different meshes are used for the matrix and fractures domains, in which fractures are explicitly
considered. In the EDFM, the fluid flow within the matrix - fracture or fracture - fracture domains is proportional to
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the pressure difference between them, without conforming meshes. Although, recent studies exhibited an inability
to deal with very low permeability fractures (flow barriers)[5] and to model the early transient fluid flow near frac-
tures accurately [2][6]. In 2017, a modified EDFM was created, the projection-based Embedded Discrete Fracture
Model (pEDFM) builds additional connections between the fracture cells and the cells surrounding the matrix cell
containing the fracture [5]. These additional Non-Neighbour Connections (NNCs) in pEDFM model are achieved
by projecting the fracture length onto matrix cells faces, improving the simulation of NFRs accuracy considering
fractures with a wide range of permeabilities. Nevertheless, in specific cases the projection algorithm present in
pEDFM may lead to discontinuities through which the fluid can flow [7].The preliminary results presented in sec-
tion 4 shows the importance of a continuous projection of fractures in single-phase problems. Furthermore, the
version that incorporates contaminant transport is in the final verification phase. A cell-centered Finite Volume
Method (FVM) is used to discretize both matrix and fractures domain, the system of equations, considering the
transport problem, is solved by a segregated IMPEC (Implicity Pressure, Explicit Concentration) algorithm. In
addition, the dispersion term and the Darcy’s diffusive flux are discretized by the Multipoint Flux Approximation
with Diamond stencil (MPFA-D) [8][9] while in the fracture - including NNC, the MPFA-D becames a Two-Point
Flux Approximation (TPFA), due to the fracture structured meshes. The linearity-preserving interpolation with
explicit weights (LPEW2) [8] is used to the MPFA-D nodal interpolation and the advective term in both domains
is discretized using a high-order MUSCL-type FVM. Finally, a Multidimensional Limiting Process (MLP) [10] is
used to avoid numerical oscillations.

2 Mathematical Model

In this section, the governing equations of the mathematical model for isothermal, miscible, and incompress-
ible contaminant transport in naturally fractured porous media are presented[11]. Considering a 2D matrix Ωm

domain containing embedded fractures Ωfk , where the m index represents the terms related to the rock matrix and
those related to the k−th fractures within the domain are represented by fk. Considering the fracture domain as
n− 1 dimensional, the concentration field c(x, t), without considering the gravitational term is given by[10]:

ϕ
∂

∂t
(c)m +∇.(cv⃗)m +∇.(−D∇c)m = (q)m +

nfrac∑
k=1

(Ψ)m,fk , (1)

where ϕ, c, nfrac and q represents the medium porosity, the solute concentration, the number of fractures within
the domain Ωm and source/sink terms, respectively. The velocity v is given by Darcy’s law v = −λK∇p where
λ is the mobility, ∇.(−D∇c) represents the molecular diffusion term, given by Fick’s law, K is the rock absolute
permeability tensor and p is the fluid pressure. Furthermore, we can write the following expression for the mass
transfer term between Ωm and Ωfk and between different fractures Ωfk , Ωfj [12]:

(Ψ)m,fk = Km,fk

CIm,fk

Am
(pm − pf ) , and (Ψ)fk,fj = Kfk,fj

CIfk,fj

Afk

(pfk − pfj ) , CI =
Sk,j

dk,j
. (2)

in both equations, (2), CI is the connectivity index, (where S is the embedded fracture segment length and d is
the average distance of matrix/fracture cell and the respective fracture segment), Am and Afk denotes the area of
a matrix cell intersected by fracture and the area of fracture cells intersecting each other, respectively. Similarly to
(1), the transport equation for the k−th fracture domain Ωfk can be written:

ϖϕ
∂

∂t
(c)fk +ϖ∇.(cv⃗)fk +ϖ∇.(−D∇c)fk = (q)fk + (Ψ)m,fk +

nfrac∑
j=1

(Ψ)fk,fj;j ̸=k, (3)

where ϖ is the fracture aperture ,(Ψ)m,fk ,(Ψ)fk,fj represents the mass transfer term between Ωm and Ωfk and
between Ωfk and Ωfj , respectively. It is important to note that the aquifer is completely saturated with water. The
elliptic pressure equation for both domains Ωm and Ωfk can be written:

∇(v) = (q)m +

nfrac∑
i=1

(Ψ)m,f , and ϖ∇(v) = (q)fk +

nfrac∑
i=1

(Ψ)m,f +

nfrac∑
j=1

(Ψ)fj ,fk,j ̸=k. (4)
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2.1 Boundary conditions

The contaminant transport problem can only be completely determined if the appropriate set of initial and
boundary conditions such as:

p(x, t) = pD, on ΓD
m × [0, t],

v⃗.n⃗ = ḡp,N , on ΓN
m × [0, t],

−D∇c · n⃗ = ḡc,N on Γc
m × [0, t],

c(x, 0) = c0, on Ωm, t = 0,

where ΓD
m and ΓN

m are the boundaries with Dirichlet and Neumann conditions, respectively. Furthermore, t is the
time variable, pD and cD are the known scalar functions representing the pressure and concentration, while ḡp,N
is a known scalar function representing the flux. Additionally, n⃗ is the unit outward normal vector to the control
surface, c(x, 0) is the initial solute concentration. Moreover, it is worth highlighting that all fractures are assumed
to be entirely enclosed within Ωm.

3 Numerical Formulation

This section describes the numerical formulation developed to simulate the transport problem in naturally
fractured aquifers, using 2-D general meshes. The Multi-point Flux Approximation with Diamond stencil (MPFA-
D) proposed by [8] is used to calculate the flux in the matrix domain, Ωm while the Two-Point Flux Approximation
(TPFA) evaluates the flux in the NNCs and fracture’s domain Ωfk .

3.1 The Pressure Equation

By integrating the pressure equations eq. (4)

∫
Γi

v.N dΓi =

∫
Ωi

QdΩi +

∫
Ωi

nfrac∑
i=1

(Ψ)m,f dΩi −→
∑

IJ∈Γi

VIJ .NIJ = Q̄Ωi +

nfrac∑
i=1

(Φ)m,f , (5)

where IJ are nodes of a generic cell, Γi represents the external edges, Q̄ is the average source/sink term, VIJ

is the face average flux and NIJ = |e|.n⃗ is the product of the face length |e| and the unitary outward normal vector
of the face and (Φ)m,f =

∫
Am,f

∑nfrac
i=1 (Ψ)m,f dAm,f . The same procedure is used to discretize the equation

(??) in fractures domain Ωfk , with (Φ)fj ,fk =
∫
lj ,k

∑nfrac
m=1 (Ψ)j,k dlj,k:

ϖ

∫
Γi

v.N dΓi =

∫
Ωi

QdΩi +

∫
Ωi

(Ψ)m,f +

∫
Ωfi

nfrac∑
j=1

(Ψ)fj ,fk,j ̸=k dΩfi −→

∑
IJ∈Γi

VIJ .NIJ = Q̄Ωi + (Φ)m,f +

nfrac∑
j=1

(Φ)j,k,j ̸=k,

(6)

3.2 Continuous projection-based Embedded Discrete Fracture Model

Similar to the standard EDFM approach, pEDFM treats fractures as lower-dimensional-entities—lines in 2D
within the matrix mesh. Nevertheless, the conventional EDFM method may face challenges in accurately mod-
eling cases with low permeability fractures [13]. To overcome these limitations, pEDFM introduces a projection
technique to compute the flux exchange between fractures and the surrounding matrix. Specifically, the method
projects the fracture surface onto the normal direction of the intersected matrix cells. This projection-based ap-
proach improves the estimation of matrix-fracture and fracture-fracture fluxes. However, recent studies [7] have
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identified discontinuities in the projection algorithm employed by the pEDFM, which can lead to inaccuracies,
particularly in scenarios involving low-permeability fractures [6]. In this work, a new projection-based algorithm
is proposed to accurately model different fracture networks, with a wide range of permeabilities, including flow
barriers. Figure 1 illustrates the additional Non-Neighboring Connections (NNCs) introduced by the pEDFM
[14], in comparison to the standard EDFM. These additional connections are generated by projecting the fracture
segments onto the faces of the matrix cells. The projection algorithm is used to identify the cells within fractures
and to construct the graph using the cell nodes. Finally, the Dijkstra’s algorithm is used to find the shortest path ,
posteriorly used as fracture projection.

Figure 1. Fracture segments and their Non-Neighbor Connections in pEDFM and standard EDFM, respectively.

3.3 The Projection algorithm
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Remark: Both criteria shown above can be used, without losing accuracy.
The algorithm developed to project fractures onto cell faces uses computational geometry and the concept of
the graph to ensure the continuity of the projection. This algorithm is fundamental to define the Non-neighbour
Connections, its use ensures that the fractures are correctly connected to matrix cells, allowing an accurate rep-
resentation of the matrix-fracture connection. It begins by identifying the cells that intersect with the fractures.
Once these cells are located, the next step ensures that at least one face of each selected cell is suitable for re-
ceiving the projected fracture. With the appropriate faces identified, a graph is constructed based on the nodes of
these faces, effectively representing the connectivity between potential projection points. Finally, a pathfinding
algorithm—specifically Dijkstra’s algorithm [15]—is employed to determine the shortest path through this graph,
ensuring an efficient and accurate projection of the fracture geometry onto the mesh.Two different criteria can be
used to determine the weighting used to select which face will receive the projection. The first is based on the
angle between the projection and the face, such that the smaller the angle between them, the greater the weighting
for face selection. The second is based on the perpendicular distance between the fracture and the center of the
matrix control volume, which the minor distance is used to define the face which will receive the projection.
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4 Results

The accuracy and robustness of our CpEDFM is evaluated using some examples. The results were compared
with the HMF model present in the Matlab Reservoir Simulation Toolbox (MRST), this model is an approach for
fractured reservoirs that allows the simulation of explicitly represented fractures alongside a coarse-scale matrix.
The first result considers a simple fracture network with two high-permeable fractures, the second is a single low-
permeable fracture. The computational domain considered is a two-dimensional rectangular region with dimen-
sions [10× 5]. The rectangle is defined by four corner nodes: node 1 at the bottom-left, node 2 at the bottom-right,
node 3 at the top-right, and node 4 at the top-left. The boundary conditions applied to the domain are summarized
as follows. Along the bottom edge (Boundary 1–2) and the top edge (Boundary 3–4), a no-flux condition is im-
posed, expressed as v · n⃗ = 0. On the right edge (Boundary 2–3), the pressure is prescribed as p = 0, while on the
left edge (Boundary 4–1), a pressure boundary condition p = 1 is applied.

4.1 Error norm

In order to verify our methods, the pressure in each configuration is evaluated considering the infinity norm,
which measures the largest absolute value in a vector or the maximum error between two vectors, returning the
largest absolute value among the elements of the pressure vector.

∥Pnum − Pref∥∞ = max
1≤i≤n

|Pnum,i − Pref,i| (7)

4.2 Result 1: A simple high-permeable fracture network

Figure 2. Computational mesh (4.096 matrix cells) with
two high permeable fractures.

Table 1. General parameters.

Properties Value Units

Fracture Porosity 0.8 −

Fracture Permeability 1, 000 m2

Fracture Aperture 10−3 m

Matrix Permeability 1 m2

Table 2. Maximum pressure difference using different mesh resolutions.

Mesh resolution

Nvc 8x8 16x16 32x32 64x64 128x128

Pdiff 2.69 · 10−13 1.76 · 10−13 2.25 · 10−13 2.28 · 10−11 9.21 · 10−11

Figure [3] displays the pressure isolines obtained (MRST and our CPEDFM) almost overlapping each other.
The results in Table 2 present the pressure error obtained for each mesh resolution. As the number of control
volumes increases from 8×8 to 128×128, it is possible to observe that the error remains on the order of 10−13 for
coarser meshes, but increases slightly for finer resolutions.
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Figure 3. Porous media with double highly permeable fractures - Pressure field.

4.3 Result 2: A single barrier

Under the same boundary conditions and general properties, figure 4a presents the reservoir with a single
inclined fracture with low permeability that crosses the entire domain. In this case, the projection algorithm select
the faces that will receive the projection, modifying its transmissibilities and Non-Neighbour Connections. In
addition, it is possible to note the existence of gaps (indicated by the arrow) 4a in pEDFM projection, allowing
artificial fluid flow. On the other hand, by using the CpEDFM 4b it is possible to verify the continuous fracture
projection. As result, the CpEDFM can provide more realistic simulations of fractures with a wide range of
permeabilities.

(a) pEDFM fracture’s projection (b) CpEDFM fracture’s projection

Figure 4. Differences in projection algorithm. (a) pEDFM and (b) CpEDFM.

(a) pEDFM (b) CpEDFM (c) Reference solution

Figure 5. Comparison of pressure field for pEDFM, CpEDFM and the reference solution.

Figure 5 presents the pressure fields obtained for the previous case using the pEDFM 5a, CpEDFM 5b,
and an equidimensional model with a highly refined mesh as reference solution (51.200 control volumes) 5c.
The CpEDFM result shows excellent agreement with the reference solution, successfully capturing the expected
pressure distribution throughout the domain. In contrast, the pEDFM solution exhibits noticeable discrepancies
due to gaps in the projection algorithm, which compromise the overall accuracy.

5 Conclusions

In the present work, an alternative Continuous projection-based Embedded Discrete Fracture Model is pro-
posed. As in the pEDFM, the additional Non-Neighboring connections between fracture cells and the non-

CILAMCE-2025
Proceedings of the XLVI Ibero-Latin-American Congress on Computational Methods in Engineering, ABMEC
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neighboring matrix cells present in CpEDFM achieve a more realistic representation of the flux across fracture
networks. The transmissibility between the fracture control volumes and the adjacent matrix element, as well as
the transmissibility between the fracture control volume and the additional non-adjacent matrix control volume, are
computed independently using the cell faces length. The CpEDFM provided good results in terms of the pressure
field when compared to benchmark results, which confirms the accuracy of the CpEDFM in modeling Naturally
Fractured Reservoirs. In addition, we should remark that the CpEDFM formulation that have been tested for single
phase flow is under extension to deal with the contaminant transport in naturally fractured porous media.
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