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Abstract. Dealing with boundary conditions (BC) was ever considered a puzzling question in the Lattice Boltz-
mann (LB) method. The most popular BC models are based on Ad-Hoc rules and, although these BC models were
shown to be suitable for low-order LB equations, their extension to high-order LB was shown to be a very difficult
problem and, at the author’s knowledge, never solved with satisfaction. The main question to be solved is how to
deal with a problem when the number of unknowns (the particle populations coming from the outside part of the
numerical domain) is greater than the number of equations at our disposal at each boundary site. Recently, BC
models based on the regularization of the LB equation or, moment-based models were proposed. These moments
replace the discrete populations as unknowns, independently of the number of discrete velocities that are needed
to solve a given problem. In this work, we search for a unique and general moment-based method to solve the
BC problem. The method is applied to investigate the problem of incompressible flow development inside a 2D
channel in conjunction with the use of a third-order LB scheme.

Keywords: fluid mechanics, high-order lattice-Boltzmann, boundary conditions.

1 Introduction

One of the key issues in a numerical method is the application of boundary conditions. While solving the
core flow itself is the main goal of every numerical method, the way boundary conditions —- either Dirichlet,
Neumann, or Robin — are specified is usually considered a less important problem. Nevertheless, it has been
shown by Hegele et al. [1] and Bazarin et al. [2], that a careful approach for the fluid-solid interaction might lead
to a significant improvement of the description of the flow and the numerical stability of the method itself.

A lot of effort has been devoted to the boundary conditions for the lattice Boltzmann framework, but the most
recent thorough comparison of different models for boundary conditions was published a decade ago by Latt et al.
[3] and Luo et al. [4]. In this work, only Dirichlet boundary conditions will be considered.

Hollis et al. [5] use mass conservation with a finite-difference scheme to determine second-order moments.
To get a determined system, some particle distributions are desconsidered, and only the non-equilibrium parts are
retained of selected distributions to perform the reconstruction. Latt et al. [3] exploit the symmetry of second-order
moments to recover unknown distributions, following Zou and He [6]. Verschaeve [7] adds the relation between
second-order moments and the strain rate tensor, together with the mass conservation condition for incompressible
flows. Malaspinas et al. [8] formulate an overdetermined system based on density, first and second-order mo-
ments, solved throught minimization. Finally, Mohammed and Reis [9] select linearly independent equations for
hydrodynamic moments to reconstruct the distributions.

Seeking a unique and general method for solving the boundary conditions, avoiding the appeal to ad hoc
rules, we extend the moment-based method for boundary conditions to high-order lattice Boltzmann schemes. The
flow development inside a 2D channel in conjunction with the use of a third-order LB scheme is considered here
as a sample case.
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2 Theoretical background

2.1 The LB equation

Let D be the Euclidean dimension of the physical space. The distribution f (x, ξ, t), solution of the Boltz-
mann equation

∂tf + ξ · ∇f = Ω (1)

may be considered, for each x, t as a map from the continuous velocity space ξD onto the space R of real numbers.
In fact, it belongs to the Hilbert space H of square integrable functions f : ξD → R and may be written in terms
of an orthogonal basis of H that will be, here, considered as the infinite set of Hermite polynomial tensors.

The collision term Ω in eq. (1), is usually written as a Bhatnagar, Gross and Krook (BGK) relaxation term, as
proposed by Bhatnagar et al. [10]. In dimensionless form

Ω = −f − f
eq

τ∗
,

where τ∗ is a dimensionless relaxation time, τ∗ = τ/δ, δ is the time step, and the Maxwell–Boltzmann equilibrium
distribution can be written, in its dimensionless form, as

f
eq

=
1

(2π)
D
2

ρ∗e−
(ξ0−u0)2

2 ,

where ρ∗ = n/n0 and u0 (x, t) is the local macroscopic velocity in point x and at time t.
In its dimensionless discrete form, eq. (1) can be written as

∂t∗f i + ei · ∇f i = −f i − f
eq

i

τ∗
, (2)

where f i = f i (x, ξi, t), i = 0, ..., b− 1, are the populations of particles that, at time t, have a velocity ξi in site x,
t∗ = t/δ , ∇∗ = ∇/h , and h is the orthogonal distance between two contiguous sites.

Using a first order Taylor expansion for f i (x+ eih, t+ δ), and after some algebraic manipulation, the LB
algorithm becomes

f i (x+ eih, t+ δ) =
1

τ∗
f
eq

i (x, t) +

(
1− 1

τ∗

)
f i +O

(
h2
)
. (3)

The LB algorithm described by eq. (3) is suitable for population-based models and involves two main steps:
collision and propagation. The right-hand side of eq. (3) represents the collision step, while the left-hand side
corresponds to propagation.

2.2 Third-order moments-based LB models

In its discrete form the population of particles f i can be written for a third-order LB model as

f i = Wi


a(0)H(0) +

(
a(1)x H(1)

x + a(1)y H(1)
y

)
+

+
1

2

(
a(2)xxH

(2)
xx + 2a(2)xy H

(2)
xy + a(2)yy H

(2)
yy

)
+

+
1

6

(
a(3)xxxH

(3)
xxx + 3a(3)xxyH

(3)
xxy + 3a(3)xyyH

(3)
xyy + a(3)yyyH

(3)
yyy

)

 . (4)

Table 1 presents the set of Hermite polynomial tensors, the equilibrium and non-equilibrium Hermitian mo-
ments up to the third-order.

When considering f i as a sum of its equilibrium and non-equilibrium parts f i = f
eq

i + f
neq

i , the Hermitian
moments can be also written as a sum of their equilibrium and nonequilibrium parts,

a(θ) = a(θ)eq + a(θ)neq.

The high-order Hermitian non-equilibrium moment a
(3)
αβγ deserves some detailing. The dyadic product

eiαeiβeiγ an be written as
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Table 1. Hermite Polynomials and equilibrium and non-equilibrium Hermitian moments up to the third-order.

Order Hermite polynomial Equilibrium moments Non-equilibrium moments

0 1 ρ∗ 0

1 asei,α asρ
∗u∗

α 0

2 a2sei,αei,β − δαβ a2sρ
∗u∗

αu
∗
β a2sτ

∗
αβ

3
a3seiαeiβeiγ

−as (eiαδβγ + eiβδαγ + eiγδαβ)
a3sρ

∗u∗
αu

∗
βu

∗
γ a3s

(
π̃
(3)
αβγ + u∗

ατ
∗
βγ + u∗

βτ
∗
αγ + u∗

γτ
∗
αβ

)

eiαeiβeiγ = (eiα − u∗
α)
(
eiβ − u∗

β

) (
eiγ − u∗

γ

)
+(eiα − u∗

α)u
∗
βu

∗
γ +

(
eiβ − u∗

β

)
u∗
αu

∗
γ +

(
eiγ − u∗

γ

)
u∗
αu

∗
β

+u∗
α

(
eiβ − u∗

β

) (
eiγ − u∗

γ

)
+ u∗

β (eiα − u∗
α)
(
eiγ − u∗

γ

)
+u∗

γ (eiα − u∗
α)
(
eiβ − u∗

β

)
+ u∗

αu
∗
βu

∗
γ ,

in such a way that, ∑
i

a3seiαeiβeiγf
eq

i = a3sρ
∗u∗

αu
∗
βu

∗
γ ,

and ∑
i

a3seiαeiβeiγf
neq

i = a3s

(
π̃
(3)
αβγ + π

(3)
αβγ

)
,

where π̃
(3)
αβγ is a third-order diffusive component

π̃
(3)
αβγ =

∑
i

(eiα − u∗
α)
(
eiβ − u∗

β

) (
eiγ − u∗

γ

)
f
neq

i .

and

π
(3)
αβγ = u∗

ατ
∗
βγ + u∗

βτ
∗
αγ + u∗

γτ
∗
αβ .

is an advective component dependent on the lower second-order nonequilibrium moments τ∗αβ .
When dealing with a single-component system of particles, the hightest order non-equilibrium moment is the

heat flow

qα =
1

2

∑
i

(eiα − u∗
α)
(
eiβ − u∗

β

)2
f
neq

i ,

and this non-equilibrium moment can be expressed in terms of Hermitian moments as Mattila et al. [11].

qα =
1

2
a3s

(
a
(3)
neq,αββ −

(
u∗
ατ

∗
ββ + 2u∗

βτ
∗
αβ

))
.

The diffusive part is a representation of a moment in a moving frame of reference, while the advective part
accounts for the bulk flow contribution. We therefore have an opportunity to acknowledge the essential role of
advective transport in high Re flows. Namely, instead of completely filtering the high-order non-equilibrium
moments, like in the original regularization procedure, the idea is to filter only the diffusive parts; the aim is to
retain the advective parts to the fullest extent possible with the adopted decomposition.

Therefore by filtering all the third-order diffusive parts, we obtain for isothermal flows

a
(3)
neq,αβγ = a3s

(
u∗
ατ

∗
βγ + u∗

βτ
∗
αγ + u∗

γτ
∗
αβ

)
, (5)

related to the advection transport of the viscous stress tensor components.
The expression in eq. (5) was derived by Malaspinas [12] and Mattila et al. [11] using different approaches

and showed improved stability ranges. This appears to verify that the rationale behind filtering only the diffusive
parts, and thus retaining the advective parts, is both reasonable and useful as a guiding principle when constructing
stable LB schemes.
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3 The simulation algorithm for isothermal systems

Table 2 shows the Hermitian moments to be used in the expansion given by eq. (4) in isothermal problems.

Table 2. Hermitian moments

Order Hermitian moments for isothermal flow

a(0) ρ∗

a
(1)
α asρ

∗u∗
α

a
(2)
αβ a2s

(
ρ∗u∗

αu
∗
β + τ∗αβ

)
a
(3)
αβγ a3s

(
ρ∗u∗

αu
∗
βu

∗
γ + u∗

ατ
∗
βγ + u∗

βτ
∗
αγ + u∗

γτ
∗
αβ

)
After the streaming step, all populations f i (x, t) are known for each node x and time t. We can then calculate

the dimensionless density and local velocity, respectively, through

ρ∗ =
∑

i f i u∗
α = 1

ρ∗

∑
i f ieiα,

and the equilibrium populations f
eq

i (ρ∗, ρ∗u∗
α) using eq. (4) with the equilibrium moments up to the third-order

as shown in Table 1, and the viscous stress tensor

τ∗αβ =
∑
i

(
f i − f

eq

i

)
eiαeiβ

The values of ρ∗, u∗
α, and τ∗αβ are then used to reconstruct the pre-collisional populations using eq. (4) with

the moments shown in Table 2.

4 High-order moments based boundary conditions

Various approaches can be used to define boundary conditions in the LBM. In this work, the moment-based
condition was used.

Consider Fig. 1 representing a channel with dimensions Lx and Ly with Ny =
Ly

h +1 nodes and Nx = Lx

h +1
nodes along the y and x coordinates, respectively. The figure also shows the D2V17 set of discrete lattice vectors
ei i = 0, ..., 16 for a node at the first (a), second (b) and third (c) columns at the entrance of the channel.

Increasing the order of the LB algorithm means that we are increasing the order of approximation to the
continuous Boltzmann equation (eq. (1)) for which we are required to increase the spatial resolution. In this sense,
the channel entrance in Fig. 1 is represented by three columns of nodes instead of a single one as would be the case
for second-order LB algorithms.

All the particle populations represented in red came from outside of the numerical domain and are unknown.
For the first column in Fig. 1.a we consider I1 = {0, 2, 3, 4, 6, 7, 10, 11, 14, 15, 16} as the set of incoming di-

rections from the fluid nodes, located inside the numerical domain. The particle populations along these directions
are known and represent the information from fluid flow that arrives at the boundary node along the characteristic
lines (the lattice directions).

Set I2 for the nodes at the second column (Fig. 1.b) is given by I2 = {0, 1, 2, 3, 4, 5, 6, 7, 8, 10, 11, 14, 15, 16}
and set I3 at the third column (Fig. 1.c) is given by I3 = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 14, 15, 16}.

Therefore all the populations of particles f̄i, i ∈ I , are known, whereas the populations f̄i, i /∈ I , are un-
knowns at the boundary nodes. In the moments-based approach, these unknown populations are written following
eq. (4) and so the problem of finding their values is reduced in 2D to the problem of finding the values of the Her-
mitian moments (a(0), a(1)x , a(1)y , a(2)xx , a(2)xy , a(2)yy , a(3)xxx, a(3)xxy , a(3)xyy , a(3)yyy), by solving the following linear system
of equations, ∑

i∈I

f iH
(0) +

∑
i/∈I

f̂ iH
(0) = a(0), (6)

∑
i∈I

f iH
(1)
α (asei) +

∑
i/∈I

f̂ iH
(1)
α (asei) = a(1)α , (7)
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Figure 1. Boundary nodes for the D2V17 LBE. Particle populations in red came from outside the numerical domain
and are unknown.

∑
i∈I

f iH
(2)
αβ (asei) +

∑
i/∈I

f̂ iH
(2)
αβ (asei) = a

(2)
αβ , (8)

∑
i∈I

f iH
(3)
αβγ (asei) +

∑
i/∈I

f̂ iH
(3)
αβγ (asei) = a

(3)
αβγ . (9)

In the above system, we used the symbol f̂ i to designate the unknown populations, for which i /∈ I , and that
will be given in terms of their moments, following eq. (4).

5 A sample case: flow development inside a 2D channel

We restrict this analysis to pressure-driven flows although the method can be easily extended to other bound-
ary conditions.

In the first colum of nodes, we can consider that at the first column of nodes, ρ∗ = known, u∗
y = 0 and

∂u∗
y

∂y∗ = 0. As a consequence, τ∗xx = τ∗yy = 0.

Furthermore, supposing the flow to be incompressible leads to ∂u∗
x

∂x∗ = 0.
From Table 2 it results that a(1)y = a

(2)
yy = a

(3)
yyy = a

(3)
xyy = 0. Additionaly, a(2)xx = a2sρ

∗ (u∗
x)

2, a(2)xy = a2sτ
∗
xy ,

a
(3)
xxx = a3sρ

∗ (u∗
x)

3 and a
(3)
xxy = a3s

(
2u∗

xτ
∗
xy

)
.

Therefore, the only unknowns are u∗
x and τ∗xy that can be obtained by solving∑

i∈I

f iH
(1)
x +

∑
i/∈I

f̂ iH
(1)
x = a(1)x = asρ

∗u∗
x, (10)

∑
i∈I

f iH
(2)
xy,i +

∑
i/∈I

f̂ iH
(2)
xy,i = a(2)xy = a2sτ

∗
xy. (11)

Remark that although the only unknowns are a
(1)
x and a

(2)
xy the populations f̂ i in eqs. (10) and (11) are

dependent on the third-order Hermitian moments a(3)xxx and a
(3)
xxy . Replacing these moments in terms of u∗

x and τ∗xy
will give a non-linear system in the horizontal component of the velocity u∗

x and this is undesirable, specially for
the second and third columns of notes at the boundary where both u∗

x and u∗
y are unknowns.

Searching for a general method for solving the linear system given by eqs. (6)-(9) for all the three columns of
boundary nodes we propose an interaction method by considering that all the third-order Hermitian moments a(3)αβγ

are known from the previous time step. These moments are initialized as a(3)αβγ = 0 and the iteration proceeds till
convergence.
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For the second and third column of nodes, the linear system of equations in eqs.(6)-(9) is a closed system of
10 equations with 10 unknowns that can be rearranged in the form

Aa = b,

where a =
[
a(0), a

(1)
x , a

(1)
y , a

(2)
xx , a

(2)
xy , a

(2)
yy , a

(3)
xxx, a

(3)
xxy, a

(3)
xyy, a

(3)
yyy

]T
. Nevertheless, matrix A showed to be ill-

conditioned.
For solving the system we used the same method we used for the first column of nodes, but now consid-

ering a =
[
a(0), a

(1)
x , a

(1)
y , a

(2)
xx , a

(2)
xy , a

(2)
yy

]T
and vector b as dependent of the third-order Hermitian moments

a
(3)
xxx, a

(3)
xxy, a

(3)
xyy, a

(3)
yyy, supposed to be known from the previous time step and initialized as a(3)αβγ = 0.

6 Numerical results

The incompressible flow in a 2D channel is a benchmark problem commonly used to test numerical al-
gorithms. Compared to 3D problems, it is mathematically and computationally simpler to solve, has a known
analytical solution, and exhibits a well-behaved flow pattern. These characteristics make it suitable for analyzing
the stability, consistency, and convergence of newly developed numerical methods.

The analytical solution is obtained solving the Navier-Stokes equation with the following considerations:
steady state, incompressible and fully developed flow. However, this solution cannot be directly used to compare
with the numerical results, so it must be expressed in dimensionless form. After some algebraic manipulation, the
dimensionless analytical solution for this case is given by

u∗ = U∗

1−(y − Ny−1
2

Ny−1
2

)2
 , (12)

where U∗ is the maximum dimensionless velocity in the center of the channel and Ny is the channel width. With
eq. (12) the velocity profile obtained is parabolic.

In addition, the dimensionless pressure gradient is given by

∆ρ∗ = −4U∗ν∗ρ∗Nx(
Ny

2

)2 . (13)

where ν∗ is the dimensionless absolute viscosity of the fluid and Nx is the channel length.
Finally, the error was computed by the following equation

Error (%) =

√∑
x (unum − uana)

2∑
x u

2
ana

(14)

The purpose of this section is to present numerical simulations conducted to evaluate the newly proposed
approach to solve the system of equations at the boundary. Simulations were performed for the mesh 2752× 128.

At the inlet, we considered ρ∗ = 1.0 and ∆ρ = 5 × 10−5. At the upper and lower walls, the velocity
components were set to zero. All boundaries were modeled with the moment-based condition and adopted the
newly proposed approach to solve the system of equations at the boundary.

With a mesh, 2752 × 128, and a relaxation time of 0.51, the Re achieved was equal to 82 with an error of
1.81%. The development of the velocity profile can be seen in the Fig. 2.

7 Conclusions

The use of high-order LB schemes and high-order boundary models can enhance both the stability and ac-
curacy of numerical algorithms. In this context, the D2V17 set represents a third-order model, meaning that it
can recover the momentum balance equation without errors. Physically, this allow the accurate computation of the
viscous stress tensor.

The newly proposed method for solving the boundary system, combined with the use of high-order LB
schemes, successfully predicted the incompressible flow in a 2D channel. The resulting velocity profile closely
matches the analytical solution, and the development of the profile could be clearly analyzed.
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Figure 2. Numerical solution of velocity profile in different horizontal positions with Re = 82
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