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Abstract. Sandwich beams are widely used in engineering because of their high stiffness-to-mass ratio and 

manufacturing efficiency. However, their mechanical response features zigzag longitudinal displacement and 

interlaminar shear that classical beam theories cannot accurately capture. This study introduces a refined higher-

order zigzag theory that enforces shear stress continuity across layer interfaces, thereby overcoming the limitations 

of classical beam theories. Governing equations are derived from Lagrange’s principle and solved via the 

Rayleigh–Ritz method. Validation against Pagano’s elasticity solution for a simply-supported cross-ply beam 

under sinusoidal loading shows excellent agreement: Weighted Absolute Percentage Error (WAPE) of 0.36% 

(deflection), 3.34% (longitudinal displacement), 0.73% (shear stress), and 1.37% (normal stress). These results 

demonstrate improved accuracy in capturing the mechanical response of laminated composite beams. 

Keywords: Sandwich beams; Zigzag theory; Higher-order beam model; Shear stress continuity; Fiber reinforced 

composite. 

1  Introduction 

According to Reddy [1], composite materials are formed by combining different materials on a macroscopic 

scale and consist of two main phases: the matrix and the reinforcement. According to Jones [2], the matrix 

represents the continuous phase of the material, being responsible for protecting the reinforcements and 

transmitting external loads between them. In turn, the reinforcement corresponds to the discontinuous phase and 

may consist of fibers, flakes, or particles. According to Kaw [3], these materials have several advantages, such as 

high mechanical and thermal resistance, high rigidity, corrosion resistance, and good thermal conductivity, which 

justifies their wide application in different areas of engineering. 

This work aims to fill a gap in the literature related to the static analysis of bending in laminated composite 

beams by considering the continuity of interlaminar shear stress, incorporated by a new kinematic formulation. 

Unlike existing RZT approaches, the present formulation defines zigzag and amplitude functions to enforce 

displacement and stress compatibility across interfaces, ensuring continuous interlaminar shear without additional 

equilibrium constraints. The equations of motion are derived from Lagrange's principle and solved numerically 

using cross-ply, simply supported, and subjected to sinusoidal loading, with the results compared to those obtained 

by Pagano [4], based on elasticity theory 

2  Mathematical Development 

2.1 Kinematics 

Some mathematical notation is necessary for the development of the formulation. The following symbols are 

used for the derivative of functions ,
:  

△

Â Â △  and 2

,
:   

△ ○

Â Â △ ○ . When matrix notation is used, the 

symbol  Â represents a matrix or matrix row, and  Â is associated with a column of a matrix. 
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Consider a domain beam 3  , referenced to the Cartesian axes x y z  , as shown in Fig. 1. The 

displacement field for the analysis of the sandwich beam is expressed according to eq. (1). 

Figure 1. Sandwich beam subjected to sinusoidal loading 

  ( ) ( ) ( ) ( ) 2 ( ) ( ) 3( , ) ( ) ( ) ( ) ( )( ( )) ( )( ( )) , ( , ) ( ),k k k k k k
x o x x x x x zu x z u x z x z x z x z u x z w xq y f x a h a= + + + + =  (1) 

where ( )( , )k
xu x z  and ( , )zu x z  represent, respectively, the displacements in the directions x  and z . The index 

1,  2, 3k   indicates the numbering of the layer and the displacement in the direction y  is disregarded. The 

variables ( )ou x , z, x , ( )x x , and ( )( )k
x zf correspond, respectively, to the axial displacement on the mean axis, 

the elevation about the mean axis, the total rotation of the cross-section about the axis y , the amplitude function 

and the zigzag function of the RZT model proposed by Tessler et al. [5]. In addition, 
( ) ( )k

x x  and 
( ) ( )k

x x  are 

unknown functions that guarantee the compatibility of displacement and stress between the layers. The function 
( ) ( )k z  refers to the local coordinate system of the k-th layer, as shown in eq. (2). 

 

( 1) ( )
( ) ( ) ( 1)( )

( ) ,  .
2

k k
k k kz z

z z z z z



     (2) 

Considering elastic-linear material and using eq. (1) it is possible to express the strain and stress fields as 

shown in eqs. (3) and (4).  

 
( ) ( ) ( ) 2 ( ) ( ) 3 ( ) ( )

, , , , , , ,( , ) ( ) ( ) ( ) ( )( ( )) ( )( ( )) ,  2 ( , ) ,k k k k k k k k

x o x x x x x x x x x x xz x z z xx z u x z x z x z x z x z u u                (3) 

  ( ) **( ) ( ) **( ) ( )

11 55( , ) ( ) ( , ),  ( , ) ( ) 2 ( , ) ,k k k k k k

x x xz xzx z C z x z x z C z x z      (4) 

where **( )

11 ( )kC z  and **( )

55 ( )kC z  are the material properties of each layer k , given by 

 
**( ) ( ) ( ) ( ) ( ) **( ) ( ) ( ) ( ) ( )

11 11 13 13 33 55 55 45 45 44( ) ( ) ( ) ( ) ( ) ,  ( ) ( ) ( ) ( ) ( ) ,k k k k k k k k k kC z C z C z C z C z C z C z C z C z C z     (5) 

with  ( ) 4 2 2 4

11 11 12 66 22( ) ( ) Cos  + 2 ( ) 2 ( )  Cos  Sin ( ) SinkC z C z C z C z C z      , ( ) 2

13 13( ) ( ) CoskC z C z  

2

23 ( ) SinC z  , ( )

33 33( ) ( )kC z C z , , ( ) 2 2

55 55 44( ) ( ) Cos  + ( ) SinkC z C z C z  , ( ) 2

44 44( ) ( ) Cos  +kC z C z 

2

55 ( ) SinC z   and  ( )

45 44 55( ) ( ) ( )  Cos  SinkC z C z C z     . The terms ( )ijC z , with  ,  1, ,6i j , are the 

coefficients of stiffness for an orthotropic material obtained in Reddy[1] and   is the angle of rotation of the fiber 

about the axis z . 

Imposing the conditions of compatibility between layers for the response fields, and nullity of the shear stress 

at the upper and lower edges of the beam, according to eq. (6), the functions 
( ) ( )k

x x  and 
( ) ( )k

x x as shown in eq. 

(7). 

 
(1) ( ) ( 1) ( ) ( 1) ( )( , ) ( , ) 0,  ( , ) ( , ),  ( , ) ( , ),N k k k k

xz o xz N xz k xz k xz k xz kx z x z x z x z u x z u x z         (6) 

    ( ) ( )

1 1 2 2( ) ( ) ( , )  ( ),  ( ) ( ) ( , )  ( ),k k k k k k

x y z x x y z xx a x u x z b x x a x u x z b x            (7) 

where 
( )

1

ka ,
( )

2

ka , 
( )

1

kb  and 
( )

2

kb  are real constants that depend on the layer. 
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Replacing the eq. (7) in eqs. (1), (3), and (4), and the displacement and stress fields are rewritten in matrix 

notation according to eq. (8). 

       ( ) ( ) ( ) ( )

1 1 2 1, 3 1( , ) ( ) ( ) ( ) ( ) ,  ( , ) ( ) ,k k k k

x x zu x z T z d x T z d x u x z T d x          (8) 

        ( ) ( ) ( ) ( ) ( ) ( )

1 1, 2 1, 1, 1 4 1,( , ) ( ) ( ) ( ) ( ) ,  2 ( , ) ( ) ( ) ( ) ( ) ,k k k k k k

x x xx xz z xx z T z d x T z d x x z T z d x T z d x                    (9) 

        ( ) ( ) ( ) ( ) ( ) ( )

5 1, 6 1, 7 1 8 1,( , ) ( ) ( ) ( ) ( ) ,  ( , ) ( ) ( ) ( ) ( ) .k k k k k k

x x xx xz xx z T z d x T z d x x z T z d x T z d x                    (10) 

Where    1( ) ( ) ( ) ( ) ( ) ,
T

od x u x x x w x   
( ) ( ) ( ) ( )

1 ( ) 1 ( ) ( ) ( ) 0k k k k

x x xT z z P z z Q z         , 

( ) ( )

2 ( ) 0 0 0 ( )k k

xT z P z       ,  ( )

3 ( ) 0 0 0 1kT z    ,  ( ) ( )

4 1, 3( ) ( )k k

zT z T z T        , 

( ) **( ) ( )

5 11 1( ) ( ) ( )k k kT z C z T z       , 
( ) **( ) ( )

6 11 2( ) ( ) ( )k k kT z C z T z       , 
( ) **( ) ( )

7 55 1,( ) ( ) ( )k k k

zT z C z T z       , 

( ) **( ) ( )

8 55 4( ) ( ) ( )k k kT z C z T z       . 

2.2 Energy functional  

For a solid occupying a region 3  , of volume v , the total energy is given by (Reddy[6]): 

  , ,U V U V    (11) 

where U  and V  represent the internal deformation energy and the potential energy, respectively, for a linear 

elastic orthotropic material, subjected to an external force ( )zq x  at the top and bottom edges, is given by the eq. 

(12) and (13) (Reddy [6]). 

      ( ) ( ) ( ) ( )1
, , , ( , ) ( , ) 2 ( , ) ( , ) .

2

T T
k k k k

x xz x xz x x xz xz

v

U x z x z x z x z dv         
    (12) 

    ( ) *

0

, , ( ) .

TL

k

z z z zV u q u x z q x dx  
   (13) 

where *z  is the quota on the top  * 2z h   or lower  * 2z h edge of the laminate. 

2.3 Solution by Rayleigh- Ritz method 

In the Rayleigh-Ritz method, the response fields are approximated by polynomial series with N  terms, 

according to eq. (14), and consisting of unknowns  mu , m , m , mw  and approximate functions  ( )u

mK x , ( )θ

mK x

, ( )ψ

mK x  ( )w

mK x  , which satisfy the interest boundary conditions. 

 
1 1 1 1

( ) ( ) ,  ( ) ( ) ,  ( ) ( ) ,  ( ) ( ) ,
N N N N

u w

o m m m m m m m m

m m m m

u x K x u x K x x K x w x K x w
   

                (14) 

The approximation functions used in this study were those developed by Nguyen et al. [7] and presented here 

in eq. (15). 

 
* * * *

, 

( ) ( ) ( ) 1 ,  ( ) 1 ,u w

m m m j j m j j

x

x x x x
K x K x K x C C K x C C

L L L L

        
             

        

 
 (15) 

where  *

jC X  are functions defined as presented in eq. (16) and dependent on Chebychev polynomials of the 

first type, as per eq. (17). 

    * 1 1,j jC X C X    (16) 

where jC  are the ChebyChev polynomials (type I) constructed by the recurrence formula presented in the eq. (17). 
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          0 1 1 11,  ,  2 ,j j jC X C X X C X XC X C X      (17) 

where [0,1] and j =1, NX  . 

The terms of eq. (14) are reorganized matricially, according to eq. (18). Next, eq. (18) is substituted into eq. 

(11) and Lagrange's principle is applied, as shown in eq. (19), to obtain the stationary system shown in eq. (20). 

      1

1 1

( ) 0 0 0

0 ( ) 0 0
( ) .

0 0 ( ) 0

0 0 0 ( )

u
mm

N N
mm

mm
m mmm

w
mm

uK x

K x
d x K d

K x

wK x







 

   
   

     
  
     

   (18) 

 

       

       

, , , , , ,
0,  0,

, , , , , ,
0,  0.

m m m m m m m m m m

m m m m m m

m m m m m m m m m m

m m m m m m

U u w V w U u w V w

u u u

U u w V w U u w V w

w w w

   

  

   

  

    
     

     

    
     

     

 (19) 

    
~

1

0,

mN

z m r
m r

K d F


 
   

  (20) 

where the terms 
~

m

z

r

K
 
  

 and  
r

F are designated by the eqs. (21) and (22). 

 

       

~ , 1 , , 2 , , 3 , , 4 ,

0
5 6 , , 7 , 8 ,

,

T T T T
m L

x x x xx xx x xx xxr m r m r m r m

z T TT T
r

x x x xr m r mm r r m

K A K K A K K A K K A K
K dx

K A K K A K K A K K A K

                                                            

  (21) 

       3

0

( ) ,

L
T T

zr r
F K x T q x dx      (22) 

and 

 

( ) ( ) ( ) ( ) ( ) ( )

1 1 5 2 1 6 3 6 1

( ) ( ) ( ) ( ) ( ) ( )

4 2 6 5 1, 7 6 1, 8

( ) ( ) , ( ) ( ) , ( ) ( ) ,

( ) ( ) , ( ) ( ) , ( ) ( )

T T T
k k k k k k

A A A

T T T
k k k k k k

z z
A A A

A T z T z dA A T z T z dA A T z T z dA

A T z T z dA A T z T z dA A T z T z d

                        

                        

  

  
( ) ( ) ( ) ( )

7 8 1, 8 4 8

,

( ) ( ) , ( ) ( ) .
T T

k k k k

z
A A

A

A T z T z dA A T z T z dA                

 (23) 

2.4 Results and discussion 

In order to verify the accuracy of the proposed formulation, the results obtained by the elasticity theory, as 

developed by Pagano [4], were adopted as a reference. For validation, the static flexural behavior of a laminated 

composite beam, simply supported, reinforced by fibers with 0°/90°/0° stacking and submitted to a sinusoidal 

loading, was analyzed. The analysis considers the elastic-linear regime and the plane state of stress. The properties 

of the materials, including the longitudinal and transverse modulus of elasticity, as well as the Poisson coefficients, 

are presented in Table 1. In addition, a beam with unit width  b  and height  h , and length  L  equal to five 

times your height 

Table 1. Mechanical properties of the beam layers 

Property Symbol Value (GPa) 

Longitudinal Modulus of Elasticity  E 25.0 

Longitudinal Modulus of Elasticity EE 1.00 

Transversal Modulus of Elasticity G12 = G13 0.20 

Transversal Modulus of Elasticity G23 0.50 
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The stress and displacement fields were nondimensionalized according to eq. (24). To analyze the error in 

the response fields of interest along a cross section, the Weighted Absolute Percentage Error (WAPE) metric, 

defined in eq. (25) was employed. 

 
           1 1 3

4

0 0 0 0

/ 2, 0, 0, 100 ,0
, , , , ,  .

x xz T T

x xz

σ L z σ z E u z E h w x x z
σ σ u w x z

q q h q h hq L

   
     

 
 (24) 

 
1

1

100 ,

n

j j

j

n

j

j

x X

WAPE

X












 (25) 

Here, 
 1

TE  denotes the longitudinal modulus of elasticity in the direction transverse to the fibers for the first layer, 

0q  is the maximum value of the sinusoidal loading; and 
ix  and jX  represent, respectively, the reference values 

and those predicted by the proposed model. 

Figure 2-a and Fig. 2-b illustrate the variation of the shear stress  0x   and normal stress  / 2x L , 

respectively, along the height of the beam. In the case of shear stress (Fig. 2-a), its intensity increases towards the 

midline and vanishes at the edges. Conversely, for normal stress (Fig. 2-b), the intensity increases toward the outer 

surfaces and diminishes at the beam’s mid-height.  

Figure 2-a also highlights the continuity of the shear stress as predicted by the constitutive equation (eq. 10), 

without requiring the application of the equilibrium equation, as is typically done in previous studies. Similarly to 

shear stress, the normal stress exhibits excellent agreement between the reference results and the present model. 

This agreement is confirmed both qualitatively, via Figs. 2-a and 2-b, and quantitatively, by the WAPE metric, 

which yielded values of 0.73% for shear stress and 1.37% for normal stress. 

Figure 3-a and Fig. 3-b present the deflection along the midline  0z   and the longitudinal displacement at 

0x  , respectively. As shown in Fig. 3-b, the proposed model successfully captures the zigzag effect predicted 

by elasticity theory (Pagano [4]). Both figures demonstrate excellent qualitative and quantitative agreement 

between the proposed model and the reference solution. Quantitatively, this is supported by the WAPE metric, 

which yielded error values of 0.36% for deflection and 3.34% for longitudinal displacement. 

  
Figure 2. (a) shows the shear stress at 0x  , and (b) shows the normal stress at 2x L  

  

(a) (b) 

(b) (a) 
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Figure 3. (a) shows the deflection at 0z  , and (b) shows axial displacement at 0x  . 

Figures 4 and 5 illustrate the variation of shear and normal stresses across entire beam domain, in contrast to 

the localized cross-sectional views shown in Figs. 2-a and 3-b. Figures 4-a and 4-b present the shear stress field 

obtained from the reference solution (Pagano [4]) and the proposed model, respectively. Similarly, Figs. 5-a and 

5-b show the normal stress field for the reference solution and the proposed model. Figure 4 demonstrated excellent 

agreement between the reference and proposed results throughout the beam domain, while also highlighting the 

continuity of the shear stress field as predicted by the constitutive model. In Fig. 5, very good agreement is also 

observed between the proposed model and the reference solution for the normal stress distribution. 

  
Figure 4. Shear stress distribution obtained from (a) Pagano’s model [4] and (b) the proposed model. 

Quantitative agreement: WAPE = 0.73%. 

  
Figure 5. Normal stress distribution obtained from (a) Pagano’s model [4] and (b) the proposed model. 

 

Figures 6 and 7 illustrate the variation of deflection and longitudinal displacement across the entire beam 

domain. Figures 6-a and 6-b present the reference solution (Pagano [4]) and the proposed model for deflection, 

respectively. Similarly, Figs. 7-a and 7-b show the longitudinal displacement field for Pagano [4] and for the 

proposed model. As shown in Fig. 6, there is a good agreement between the proposed model and the reference 

models, with a slight discrepancy observed in the central region of the beam. This difference can be attributed to 

the absence of transverse normal strain in the proposed model, i.e., the lack of the quasi-3D effects. Fig. 7 also 

demonstrated strong agreement between the proposed model and the reference.  

  
Figure 6. Deflection obtained from (a) Pagano’s model [4] and (b) the proposed model. Quantitative agreement: 

WAPE = 0.36%. 
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Figure 7. Longitudinal displacement obtained from (a) Pagano’s model [4] and (b) the proposed model. 

3  Conclusions 

This work proposed a new kinematic formulation for the static flexural analysis of fiber-reinforced laminated 

composite beams, accounting for the continuity of shear stresses at the layer interfaces. The governing equations 

were derived using the Lagrange Principle, and Rayleigh-Ritz method was employed for the numerical solution. 

To validate the proposed formulation, transverse and longitudinal displacements, as well as shear and normal 

stresses, were compared with the reference results of Pagano [4] for a simply supported cross-ply beam subjected 

to sinusoidal loading. The Weighted Absolute Percentage Error (WAPE) metric was used for this comparison, and 

the resulting indicated excellent agreement.  

By enforcing interlaminar shear-stress continuity through kinematic compatibility, the proposed model 

provides a low-cost yet accurate alternative to full 3D elasticity analyses for the design and preliminary assessment 

of thick fiber-reinforced sandwich beams. 
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