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Abstract. Continuum mechanics problems with unbounded domains require the use of sophisticated mathemat-
ical models due to the nature of these systems being governed by partial differential equations. One such tool
is the Boundary Element Method (BEM), which reformulates a given boundary-value problem into equivalent
integral equations posed solely on the domain’s boundary. However, classical BEM approaches involve com-
puting a large number of numerical integrals, leading to significant computational cost. This is particularly true
for large-scale problems, where the method’s total computing time scales poorly due to dense kernel evaluations.
This work presents a data-driven approach using DeepONet architectures trained on synthetic data from numerical
simulations. After training, DeepONet performs fixed-cost inference independent of problem scale, enabling the
evaluation of solutions in milliseconds. We achieved an error of less than 5% compared with the analytical solution
for the problem of a point load applied to an infinite, isotropic, linear-elastic full-space.

Keywords: Surrogate Modeling, DeepONet, Boundary Element Method (BEM), Fixed-Cost Inference, Contin-
uum Mechanics

1 Introduction

Boundary value problems (BVPs) with unbounded domains are prevalent in various fields of science and
engineering [1]. These problems are notoriously challenging to model due to their infinite domain and need to
enforce far-field conditions (e.g., the Sommerfeld radiation condition [2]]). Kelvin’s problem in elasticity, which
describes the response of an infinite elastic medium to a point force, is a rare example of such problems with an
analytical solution [3]]. Classical approaches often rely on the boundary element method (BEM), which uses funda-
mental solutions to reduce the problem to boundary integrals [4]. While BEM is well-suited for infinite domains,
it becomes computationally expensive for large-scale problems [5], due to the presence of linear systems with
dense and possibly non-symmetric matrices, yielding O(N?) operations where N is the number of equations in
the resulting linear system, and kernel evaluation via numerical integration is required for each operation. Various
strategies have been explored to accelerate the solution of these problems including hardware-based schemes such
as General-Purpose Graphics Processing Units (GPGPUs [6]]). Nevertheless, evaluating these kernels remains a
hindrance that can render BEM impractical for some large-scale analyses.

This bottleneck has motivated research into surrogate models that can rapidly predict solutions for new sce-
narios without solving the full problem each time. Deep operator networks (DeepONets) were introduced in 2019
by Lu [[7] as universal approximators of operators. Unlike standard neural networks that map finite-dimensional
inputs to outputs, the DeepONet can take an entire function (e.g., a boundary condition or material distribution)
as input and output the solution function, allowing one trained model to solve many instances of a BVP at fixed
cost. This makes them attractive for surrogate modeling of PDEs where the domain or boundary conditions vary.
The success of DeepONet in related contexts, such as structural mechanics [8]], suggests that extending them to
BEM-type problems is feasible. Our main contribution is the exploration of training strategies, including a basic
vanilla architecture and one that is enhanced by Proper Orthogonal Decomposition techniques, that achieve sub-5%
relative Lo error across a broad material range in the Kelvin problem.
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2 Methodology

In this section, we present the mathematical formulation, model architecture, data generation process, and
training procedures used to implement the DeepONet surrogate for elasticity problems in unbounded domains.

2.1 Problem setup

Consider Kelvin’s problem in elasticity, which models the equilibrium state of an infinite, homogeneous,
linearly elastic, isotropic full-space subject to a point load (Fig. . The state of the system, u = u(x), is described

by the Navier-Cauchy equation
A+ w)V(V-u)+uVu+f =0, (D

in which X and p are the Lamé parameters and f is the vector of body forces. As the body is only subject to a static
point load, the body force term f can be modeled as

f = P§(x). )

Here, P = [f,0, O]T acts on the origin and 0(x) is the 3D Dirac delta generalized function. Kelvin’s proposed
solution for the displacement u = [uy, ug, U3]T in Eq. yields [O]:

Vi (2(1 —2v) 1 x? )
up = e
oru(l— o) \ 1=l Tl T TIIP
f961$2
— 3
“ = Toma(l — )P )
_ Jziw3
us =

167n(1 - v)xIP”

z

Figure 1. The Kelvin problem in elasticity.

Without loss of generality, we model the partial differential equation in Eq. [T]as a member of the family of
PDE:s taking the form
(Lu,Au)(X) = f(X), x €4, 4)

with the operator L, » : A, x Ay — L(U : U*) mapping from the combined parameter space (in this case, R?)
to the space of linear operators mapping U to its dual &/*. Here, U is a Banach space, U > u : Q — R, f € (*,
Ay, Ay CRand Q C R4 is a manifold of dimension dq,. In this case, dg = 3.

From this formulation, we define the operator

G = Luaf: A, x Ay = U (5)

as a map from the parameters to the solution: (1 x A) — u. Note that using both Lamé parameters and Poisson’s
ratio in the problem formulation introduces redundancy to this parameter-based approach, as v is deterministically
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derived from A and p. It may be interesting, however, to select only Poisson’s ratio and the second Lamé parameter,
L, for our modeling. We argue for this strategy for three main reasons:

1. v is a parameter that material scientists and engineers typically use to characterize materials, adding inter-
pretability to data-driven approaches;

2. v translates directly to a measurable physical quantity, as it represents transverse-to-axial strain ratio. The
same is true for u, as it corresponds directly to the material’s shear modulus. A, however, despite its rela-
tionship with the material’s bulk modulus, encloses a less straightforward physical interpretation;

3. v values are bounded within the interval [—1, 0.5), while A values are unbounded above (the value of A can
be indefinitely large as the material approaches incompressibility).

Hence, from now on we will use parameter sets A, and Au as the elastic medium’s material parameters. We
then define the set encoding the operator’s input as: £ := A, x 4, and the mapping defined in Eq. E] is thus
modified to

G:=L,,:€E—-U
(b X v)—u.

(6)

Essentially, our goal is now to learn this particular mapping between a finite-dimensional space to an infinite-
dimensional space. This is accomplished by analyzing a finite number of observed input-output pairs from this
mapping.

Consider a dataset composed of observations D = {(&;, x;, uij)}fvjl’gﬁl, where each € := (u,v) € £ C R
(de is the parameter manifold’s dimension) is sampled from a probability distribution. Here, u;; = G(&;)(x;),
which represents the true value of the output function G(§;) evaluated at point x;. In other words, our objective is
to approximate G using a parametric map

Go:E—U, OcRP @)

such that we find the set of parameters 0* that approximates the original PDE operator, Gg- =~ G. Considering the

loss function
Ne Ng

£0) = e 303 Iy = Gol€) (), ®

=1 j=1

with || - ||2 denoting the Ly norm, this can then be formulated as an optimization problem for

60" = arg min £(6). )
o

2.2 DeepONet Architecture

The universal approximation theorem for operators [10] allows one to approximate continuous operators
using DeepONets [7]. The DeepONet as defined originally in [7] introduces inductive bias by considering two
separate neural networks: one taking the operator’s input function £ as input and another one taking the operator’s
output locations x. This allows one to define two distinct neural networks

B(+;05): € - RP

10
£ b(e), (10

and

T(-;07):Q—RP
X — t(x).

Y

We denote b(&) = [b1(£),..., bp(f)]T and t(x) = [t1(x),... 7tp(x)]T as vectors from an embedding of
dimensionality p, while 83 and 07 are the training parameters of each neural network. Next, the architecture that
models the output of parametric operator described in Eq. [/|can be defined as

p

(Go(£))(x) = Y _ bi(&: 05)ti(x; 07), (12)

k=1

with @ = {03,607}. The B and T neural networks are named the branch and trunk networks, respectively. They
provide the capacity of the DeepONet model to approximate a multitude of operators commonly encountered
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in physical and engineering applications [7]. We must note, however, that effective neural network training is
essential to ensure model reliability, maximize predictive performance, and prevent detrimental outcomes caused
by model overfitting or underfitting. Therefore, an effective training mechanism must be available to leverage
the expressivity of DeepONets. The architecture as originally defined in [7] will henceforth be referred to as the
vanilla DeepONet.

Figure 2. Architecture of the DeepONet.

In the trunk network, the input consists of the spatial dimensions x, while the branch network encodes the
different input functions corresponding to the operator’s input function (e.g., medium’s material parameters x and
v). In this case, the DeepONet is trained using a dataset D of input-output data, which is divided into 80% training,
10% validation, and 10% testing splits. This training aims to solve the optimization problem defined in Eq. [I3]
which, by incorporating Eq. [12] can be rewritten as

Ne Nq p
0* = arg min u;; — b “0 + X_;e ) (13)
i o 2 2 s = i 00t O7)1

T
Let U = (u;;) € RVe*Ne B(65) = [b(€1)", b(£)7, ..., b(én,)T] € RVe*P and
T(07) = [t(xl)T, t(x2)T, ... ,t(xNQ)T]T € RMNexP_ The loss function in Eq. can then be redefined as

L(6) :=||U - B(05)T(67)"||7, (14)

in which now || - || 7 denotes the Frobenius norm. The DeepONet is then trained with Eq. Elusing the loss function
defined in Eq. [T4]

While the vanilla DeepONet employs the trunk network to learn the basis of the output function from the data,
an alternative approach uses basis functions created beforehand through Proper Orthogonal Decomposition (POD)
of the training data, which then serve as a substitute for the trunk net. A neural network is then employed as the
branch network to learn the POD basis’ coefficients. Let ¢ (x) be the dataset’s mean and ® = {¢1(x), ..., ¢p(x)}
the set of precomputed basis functions, Eq. [T2]can be rewritten as

P
(Go(£))(x) = > bi(&:05)pk(x) + do(x). (15)
k=1
2.3 Data Generation
From the formulation previously defined, we sample Ng¢ = 300 sets of each of the parameters & (i =
1,2,...,dg) according to the following rules:
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1. The applied load f is set to 100 kN, which encompasses the order of magnitude of large structures and
machines (e.g., large-scale wind turbines). f is not included as a training parameter because the problem is
simply linearly dependent on the loading magnitude;

2. The logarithm of the shear modulus p is sampled from a uniform distribution /s g}, yielding an interval of
[10%,10%] Pa or 1 MPa to 100 MPa, including a wide range of soil materials, including some of practical
engineering applications such as sand and clay;

3. Poisson’s ratio v is sampled from a uniform distribution U[g .5y, which encompasses most materials used in
engineering applications. Here, we excluded idealized incompressible solids possessing a v value of 0.5.

From these distributions we sample the parameters of the PDE’s definition, forming a dataset = with shape
(Ng X dg).

Since the problem’s domain is unbounded, we must address the challenge of sampling the trunk network’s
input x = [z1,zo, mg]T within a finite region. The problem’s operator must satisfy the Sommerfeld radiation
condition, which implies solution decay as |x| — oo. Since we know from Eq. that u decays at O (|[x||71),
an initial approach consists of defining a cutoff radius r. To keep grid resolution low and save computational
resources, » = 1 was initially chosen. We then sample N = 8000 points in this uniform 3D grid. The result is a
dataset X with shape (Nq X dg), where each row is a collocation point consisting of a vector [x1, . .., X4,]-

Finally, the solution is obtained by evaluating Eq. [3|at each point of the X grid for each sample in =, yielding
a (Ng x Ngq) training dataset.

2.4 Optimization

All models were implemented using PyTorch and trained locally on a Linux machine without Graphical
Processing Unit (GPU) hardware acceleration. This significantly limited training efficiency. This is particularly
important in the case of three-dimensional problems.

Three neural network architectures were tested for both branch and trunk networks: Multi-Layer Perceptrons
(MLPs), ResNets [11], and Kolmogorov—-Arnold Networks (KANs) [12] utilizing SiLU activation functions and
Chebyshev polynomials, respectively. Among these, ResNets achieved the best accuracy and shortest training
time. The ADAM optimizer with step-scheduling was employed for parameter updates and the mean squared error
was used as the objective function.

3 Results and Discussion

We now evaluate the performance of the proposed DeepONet models, comparing training strategies, assessing
accuracy across displacement components, and analyzing inference efficiency and error distribution.

Table [T presents the best-performing models for the two implemented training strategies. These results are
presented in terms of the relative error between the solution obtained with the DeepONet with respect to the
analytical solution of the Kelvin problem, considering displacements in the ¢ = x, y, z—directions.

Training Strategy | Test error (u;) [%] Test error (uy) [%] Test error (u.) [%]
Vanilla 3.49 3.44 3.89
POD 3.53 3.60 1.29

Table 1. Testing relative error [%)] for best performing DeepONet setups.

These results show that the two strategies perform similarly, with relative errors inferior to 4% across the
board. It is interesting to note, however, that the POD strategy outperforms to some degree the vanilla strategy for
the component that is parallel to the load vector P (u). Our leading hypothesis to explain this phenomenon is
that the problem’s axisymmetry (Fig.|l]) induces a larger share of the displacement’s variance in the load direction.
This is a direct consequence of applying Proper Orthogonal Decomposition in the operator’s basis, which chooses
dominant eigenvectors from the covariant matrix for model reduction. For this reason, early gradients would tend
to favor the direction of steepest decrease for u, during optimization. Additionally, the results for the POD strategy
are achieved in a shorter training time (60 s) than the vanilla strategy (2950 s). The POD-DeepONet model also
exhibited a remarkably low inference latency of 3 ms on the testing set, while the vanilla model took approximately
169 ms to process all testing samples.

Figure [3] presents the training history for both models. The first column shows the mean squared error value
for the training and validation sets during optimization, while the remaining columns show the relative error of
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the euclidean norm for each component of the solution vector. Despite the presence of noise, particularly in

the beginning of training, we can observe that the models achieved satisfactory convergence for all performance
metrics.
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(a) Training metrics for POD-DeepONet.
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(b) Training metrics for Vanilla DeepONet.

Figure 3. Comparison of training metrics for POD-DeepOnet and Vanilla DeepOnet. The secondary axis on the
right of each plot represents the step-varying learning rate.

Finally, Fig. ] presents a sample of the errors of the best performing model for each component on the XZ-
plane (which is parallel to the source load). Each column represents the displacement field’s components in the
i = x,y,x - directions, respectively. The first row is the model’s predicted value when given a sample input
function (in this case, v = 0.17,u = 7.8 X 108 MPa, the second row is the actual value for these samples,
computed from Eq. [3] and the third row is the relative error between the true and predicted values. The close
alignment between the predicted and actual values, coupled with the consistently low relative errors across each
component (u,, Uy, u), demonstrates the model’s capacity to effectively learn the underlying operator behavior
for this multi-dimensional output.

CILAMCE-2025

Proceedings of the XLVI Ibero-Latin-American Congress on Computational Methods in Engineering, ABMEC
Vitéria, Brazil, November 24-27, 2025



L. Santiago, GE. Karniadakis, J. Labaki

Wyreq 22 - Plane

w, (v=17E-01, =7 8E+06)

uy (r=17E-01, p="7_8E406) u, (v=17E-01, ;4=7.8E+06)

0.004 0.008

0.003 0.006

0.002 0.004 b
0.001 0.002

0.000 0 0.000 (R
—0.001 —0.002

—0.002 —0.004 b
—0.003 —0.006

—0.004 —0.008

005 0.00 005 0.00

—0.005
—0.010
—0.015
—0.020
—0.025
—0.030
—0.035
—0.040
—0.045

=]
=
&

(a) Prediction for v = 0.17, u = 7.8 x 10° MPa.
Ut 22 - Plane

u, (v=17E-01, u=7.8E+06) u, (v=1.7E-01, p=7.8E+06) u, (v=1.7E-01, 1=7.8E+06) oo
— '

0.004 0.008

0.003 0.006 —0.010
0.002 0.004 R —0.015
0.001 0.002 —0.020
0.000 0.000 A —0.025
—0.001 —0.002 —0.030
—0.002 —0.004 b —0.035
—0.003 —0.006 —0.040
—0.004 —0.008 T —0.045

—0.05 000 0. 005 0.00

0.05

€ 0.00

—0.05

=
=
&t

(b) Ground truth for v = 0.17, 4 = 7.8 x 10° MPa.

Relative error zz - Plane

. (v=1.7E-01, u=T7.8E+06) u, (v=1.TE-01, y=78E+06) u, (v=1.7E-01, j=7.8E+06)

0.04 08 0,072
0.03 0.6 0.064
0.05 0.02 0.056
0.01 o 0.048
0.2 0.040
w2 0.00 0.00 @ @
0.0 0.032
—0.01 0 0024
—0.05 —0.02 - 0.016
—0.03 —04 0.008
—0.04 —0.6 0.000
—0.05 0. 00 0, —0.05  0.00 0.05
T x

(c) Relative error for v = 0.17, p = 7.8 X 10° MPa.

Figure 4. Comparison of predictions, ground truths, and relative errors on the XZ-plane for v = 0.17, u = 7.8x 106
MPa. The distances are in meters.
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4 Conclusions

This work addressed the challenge of solving continuum mechanics problems in unbounded domains, where
traditional methods like the Boundary Element Method (BEM) face severe scalability limitations due to dense ker-
nel evaluations. To overcome this, we proposed using DeepONet architectures as efficient, data-driven surrogates.

Our results demonstrate that DeepONet models show promising performance as surrogate models in prob-
lems where BEM is classically employed. All models achieved sub-5% relative Ly error across all displacement
components (ug, Uy, U;), with the POD-enhanced model displaying particular accuracy computing displacements
in the load direction (u,). Furthermore, the POD-enhanced strategy led to satisfactory inference latency (3 ms),
highlighting its superior efficiency.
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