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Abstract. We propose a deep neural network (DNN)-based surrogate constitutive model tailored for thin-walled
rod members. Unlike traditional multilayer perceptrons, our architecture is physically informed by design, embed-
ding key mechanical behaviors directly into its structure. By formulating the internal energy function in terms of
conventional rod strain measures, the model provides a compact yet robust representation of complex structural
responses in a low-order (rod) context. The data generation workflow, training strategy and modelling choices
are outlined, highlighting the essential fine-tuning required for accurate performance. Once trained, the surrogate
model is integrated into our in-house finite element software, PEFSYS, which specializes in large displacement
and finite strain analyses of rods and shells. The model accurately captures key nonlinear effects, including stiff-
ness degradation due to local flange and web buckling, offering an efficient and physically consistent framework
for simulating thin-walled structures with low-order rod theories.
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1 Introduction

The analysis of rod members is a central aspect in structural design. Even though Reduced Order Models
(ROMs) terminology is recent, classical rod models can be interpreted as an early form of model order reduction.
Given an elongated geometry and appropriate loading conditions, the three-dimensional (3D) solid kinematics
is constrained, effectively reducing the amount of degrees of freedom (DOFs) required to capture the studied
mechanical behavior with sufficient accuracy.

Even though it is nowadays trivial to find global buckling modes for those members (Euler-Column, torsional
buckling under compression, lateral torsion under bending, see Campello [1]], Campello and Lago [2], Kassab et al.
[3] and many others), there are not many examples in literature about how to measure the impact of local effects
in the global response. In works from Dasambiagio et al. [4], Gongalves et al. [S], geometrically exact rod with
enriched kinematics are proposed. Despite the excellent results of practical interest, additional DOFs are inherently
added to the solution.

To avoid the increase of computational complexity, surrogate approaches seem to be an attractive alternative.
For 3D solid elements, innovative works regarding surrogate modelling of the constitutive equation have been
published, e.g. Thakolkaran et al. [[6], Flaschel et al. [7]], Kissas et al. [8]. There, a surrogate is generated by com-
bining multiple known constitutive equations, which goes through a regularized training process. Those methods
rely on libraries of basic functions that are known for the general 3D solid problem. However, our case differs
fundamentally: since we are surrogating the internal energy for the rod cross-section, there is no clear base to be
known beforehand.

Recently, in Kassab et al. [9], we have explored alternative modeling techniques for rods, focusing on models
that are built upon usual 6 or 7 DOFs per node rods, achieving great results using a two-level computational pro-
cedure that takes information from high-fidelity models to improve rod simulation results. Now, based on another
previous study of our authorship [10]], we aim to build a robust trainable surrogate model for the hyperelastic en-
ergy function, in terms of the usual generalized rod strains. In this work, we proposed a custom architectures, that
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combines multiplicatively a known analytical estimative of the energy (quadratic function) with a feed-forward
Deep Neural Network (DNN).

The core idea of the proposed technique is to represent how local effects (such as web/flange buckling) lead
to the loss of stiffness of the cross-section, in a global manner. The readily available automatic differentiation tools
from machine learning libraries can be used to evaluate the cross-sectional stress-resultants (gradients) and material
tangent stiffness (hessian).Considering that this is our first attempt to develop this idea, we will be interested here
in elastic analysis only, further restricted to the 2D case, and for a given rod cross-section.

The DNN-based approach provides enough flexibility to the learning process, but with a major trade-off:
although our custom architecture is able to enforce important mechanical behavior by construction, special regu-
larization shall be employed to encourage convexity of the energy function w.r.t. to its strain arguments. This is
essential for robustness once the model is integrated in rod FEM frameworks. In this conference paper, we seek
to introduce those techniques, essential to obtain robustness for our surrogate model, so that it can be directly
employed in FEM simulations.

2 Base rod formulation

It is the scope of this work to develop a surrogate for the constitutive equation for a two-dimensional (2D)
problem. Even though the equations here are provided for a fully three-dimensional (3D) problem, the 2D case is
naturally covered, by just neglecting the irrelevant entries of the vectors.

Here, we will introduce the strictly needed definitions that stem from our previously published works (see
e.g. the latest Kassab et al. [3]]). Besides the constitutive equation employed, every other aspect of the formulation
presented is unaltered. Consider a reference basis frame given by { e, e}, e5}, with { e, e5} defining the plane in
which the cross-section A" is at initially, and e is the axial direction. One can define the reference configuration
as

E=a"+¢, with a" =¢,el, € A"and ¢ =C(e;, (€ Q" =[0,L], (1

given cross-sectional director coordinates &, o = 1, 2, axial coordinate (. The current configuration as

r=z+a+w, with z=(+u, a=Qa", w=pyes, 2)

given an axial displacement w, a rotation tensor Q = Q(H) — e; = Qe] (parametrized via Euler-Rodrigues
formula) and a warping function ¢ with associated intensity p. One can define the generalized displacement vector

d=[u 6 p’.
T
Now, the generalized rod strain vector is defined as €™ = [77’” k" p p'| withn" = Q'nand k" =

Q7k,withn = 2/ — esand k = axial(K), for K = Q' Q™. Those definitions are enough to proceed with the
current paper. For more information about rod models solution, please refer to the latest Kassab et al. [3]]. In the
2D case, the only non-zero strains are 75,15 and 7, which represent respectively the shear rate, the axial stretch
and the bending curvature.

3 Surrogate constitutive equation

This section aims to briefly describe the architecture, data generation and training process of the surrogate
model. By assuming a hyperelastic material, it is sufficient to create a surrogate for the internal energy function

Psur — psur (). Once the surrogate is ready, stress resultant and material tangent stiffness are readly obtained

. . . . sur 2 sur . . . .
by partial differentiation o” = ag’sr and D™ = gs‘}'w. Automatic differentiation can be employed to calculate

those quantities, once the surrogate is known.

By employing a data-based procedure, we aim to develop a DNN-based regressive function that fits accurately
to a synthetically generated database, whilst complying to several mechanical requirements. Namely, it is desirable
to have

1. objectivity;
2. Usur >, Ve, with U4 (o) = 0;
3. UsU" € (9, so that gradient and hessian (stress resultants and material tangent stiffness) can be obtained;
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4. Convexity in e”.

In our previously work (see Kassab et al. [9]), we show that the architecture presented there (and in sec-
tion [3.1)), properties 1-3 are satisfied by construction. In the original work, condition 4 was not guaranteed. Here,
we propose to encourage it during training, see section[3.3]

Implementation of the model and training process is done in Pytorch environment (Paszke et al. [[L1]]).

3.1 Model architecture: enforcing properties by construction

A specially tailored architecture, taken from our previous work (see Kassab et al. [9]) is employed. Instead
of using a simple multilayer perceptron to estimate the internal energy function, we propose

\I,sur(er) _ XDNN(ET)\I/quad(ET), (3)

where Yaued — %s’“ - De" is the usual quadratic energy function for rods under linear elasticity (see how D is built
in Kassab et al. [3])) and YV is a scalar-valued function, with trainable DNN architecture, that acts as a penalty
of the quadratic solution. Around the strain-free configuration, YV should tend to one (the surrogate recovers
quadratic shape), decreasing towards more intense strains. This reflects the loss of stiffness of the cross-section, as
local effects onset and develop. Based on previously studied shapes of the DNN, the choice was to build it with
one input layer, 6 hidden layers and an output layer, 64 perceptrons wide. The chosen activation functions are

* the Exponential Linear Unity (ELU) for the input and hidden layers;

» twice the standard logistic sigmoid for the output layer, to avoid saturation around " = o (where PV =1

is expected).
Condition 1 from section [3]is immediatly satisfied, since objective strain variable " is its only argument.

The aforementioned architectural choices guarantee compliance to conditions 2-3 from section[3} Condition 4 is
discussed in section section[3.3

3.2 Data generation

As in our previous work (Kassab et al. [9]), we focused on a I-shaped cross-section (height A = 10cm,
width by = 5.3cm and thickness ¢ = 0.6 cm), with constant material property (Simo-Ciarlet’s material, with
E = 200GPa and G = 80 GPa). To establish a correspondence between higher and lower order models, a rod of
representative length L = 24 cm was employed, with one clamped end and various boundary conditions (BCs) on
the other one. Training and testing dataset were generated, based on values from Appendix A of the aforementioned
work. In total, we have 1, = Nyrain + Ntest Simulation cases in our synthetic dataset.

For a given input BC, a simulation label-input pair corresponds to a higher-order 3D solid model (from FEAP
[12]) and a lower-order rod model (from our in-house code PEFSYS), which is discretized in n.; = 100 elements
of the type described in section 2| For a simulation BC named £, in a load-step ¢, we record respectively for each
model the total internal energy E,(:’) (label) and the collection of generalized rod strains 5T|§f)e (input) for each
element e.

For many of the imposed BCs, FEAP solver could not reach the final load-step ¢ = 1. Whenever high-fidelity
simulation fails to reach the final load-step ¢ = 1, extrapolation of data is performed, by extending the curve
t vs. Elit) up to ¢ = 1 with a tangent line. Once curves fotal internal energy vs. load-step and generalized rod
strains vs. load-step are sampled, usual interpolation techniques (e.g. cubic splines) can be employed to regularly
sample load-step vs. generalized rod strains vs. total internal energy, in ngeps €qually spaced load-steps.

Whilst constitutive equation for 3D solid model is imposed (Simo-Ciarlet’s), the one for the rod model is
the unknown of our problem. Therefore, the strain field derived from the rod model should be the best tentative
available, e.g. using standard material for rods. Here, this estimation was obtained using linear elastic material.
Then, a total energy estimative of the rod model is calculated by direct integration, which yields

sur(t) sur/ _r(t) _ i sur( r(t)
B N wr (el = o > v, )
e=1,n¢; e=1,n¢
Note that now, the sum of multiple evaluations of the surrogate are needed to match one energy measure the
high-fidelity simulation, instead of a one-to-one relationship. This acts naturally as a regularizer for the surrogate,

as the ensemble of elements must output on average E,gt) /L.
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Now, let us collect all the simulation data in two tensors:

* the third-order array of generalized rod strains £ = [€;.;]. Each entry with index i of &;.; is obtained by
stacking all the load-steps ¢ within all simulations k, so thati = (k—1)#nseps+t (thus, El(k—1)*nsreps+tej =
5;\,(;)?), which yields a shape of (Ngim * Nstepss Nel, 8).

* A second-order array of stacked total internal energy E = [E;], with shape (nsim * Nsteps, 1)

We proceed now to a component-wise normalization step, which is a common practice in machine learning (ML),
since the optimization algorithms usually perform better in the normalized space. Here, normalization by maxi-
mum absolute value is performed for both total energy and strains (for each entry j7), yielding

t
erl)

|£:,:,j|oo

B
1B o’

~ E. .
X 5] ~ri(t) _
€. — Ejlke =

= 1= and E =
‘S:,:,j|oo

(&)

where (o). . ; is a slicing operation over fixed third index j, which results in second-order tensor and | o | =
max(||(0);;%||). Ultimately, this means that the surrogate model that is actually trained is a normalized one in terms
of normalized strains, such that U5 = T4 ("), for € = G 'e", for G = diag(|€. . 1]o0 - |E..8]00)
holds.

Note that the rescaling process preserves the zero strain equals zero energy condition. It is also evident that
the normalized strain inputs lay in the interval [—1, 1], whilst normalized energy is in [0, 1]. Once the model is
trained in the normalized space, de-normalization is needed for it to be used in simulations.

3.3 Loss metric: encouraging desirable properties

The loss function used in the current work is the usual Mean Squared Error (MSE), with additional penalties
to encourage convexity and regularization of the network. For a given state of the surrogate during training, in
which the DNN’s weights and biases are concatenated in a single parameter vector v, we propose for a batch of
normalized pairs (€, E)

,C(U,é, E) = MSE(I/,E:, E) + wLQHI/HZ + U)1731(V) + IUH,PHEO(V) + wdh’Pngo(V), (6)

where MSE(v, £, E) is the usual MSE loss for the batch in the current model state, w(o are weights for the
penalties. The function P; is a penalty that acts on sampled points of ¥*“" near zero strain, penalizing deviations
from yPNN = 1. The function Py >0 penalizes negative Hessian, by evaluating dz - H dz, for a random small dz,
for randomly sampled points of the normalized domain. Lastly, the function Pyr <o penalizes increased stiffness
for higher values of strains, for evolution in the radial direction: for sampled (normalized) strain points €", the
function penalizes if B€" - H(€")e" < B - H((1+ a)€")BE", for a positive value o and a small positive value
of 5. During training, it is less expensive to estimate Hessian using a finite difference scheme than to use automatic
differentiation, since only one directional increment is needed.

Encouraging xP?V¥ (o) = 1 avoids bias that potentially stems from the refined 3D solid model, in a region of
the domain where absolute error is small (thus with little learning capacity). By encouraging the surrogate to have
non-negative hessian, we are trying to impose convexity. Lastly, encouraging non-increasing stiffness preserves
the physical interpretation that local effects due to web/flange buckling overall reduce cross-sectional stiffness.
Note that the Hessian regularization terms can be applied to a normalized range broader than [—1, 1], which allows
a stable extrapolation both inside and slightly beyond the explored range.

3.4 Training process

The training process consists on minimizing eq. (6). Adam optimization algorithm (see Kingma and Ba
[L3]) is employed. In Pytorch, L2 regularization is readily available, by passing to the optimizer the optional
parameter weight_decay (in general, weights decay is not equivalent to L2 regularization, but the implementation
in Pytorch effectively corresponds to L2 regularization). The other penalties required custom implementation. For
each training epoch, the train dataset is divided in batches, that are reshuffled every epoch.

Training is performed in steps, so that the gradients stemming from the regularization terms does not over-
whelm the squared loss error too early. Initially, the penalties that are related to the hessian regularization are
turned off, allowing the optimization process to learn the general aspects of the model. Then, the weights of the
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disabled penalties are enabled, allowing the model to readjust its internal weights. For now, learning rate (Ir) and
hyperparameters associated to the penalties are manually tuned as training progresses.

4 Results: the trained model

Using the proposed architecture, data generation and training process, a surrogate was trained. From Fig. [I]
the nonlinear effects due to local buckling are clearly seen: the multiplicative factor plummets quickly after the
onset of local processes. Important coupling between bending curvature and axial stretch is present: bending and
compression simultaneously importantly decrease YV (note darker regions in Fig. ) in regions with negative
axial stretch and non-zero bending curvature). Note also that values outside the known data range are also shown,
illustrating the extrapolation capacity without hallucination of the model.

XDNN q"jsur
05 06 07 08 09 10 0.0 0.1 0.2 0.3

i, =-1.600 it =-1.200 -2.00C =-1.600

fi5 = -0.400 f5 = 0.000

Ah =0.400

B i3 A5
DNN

Figure 1. a) Multiplicative factor x after training surrogate model and b) final normalized surrogate model
W, Slices of constant 75 levels, as functions of 7j5 and K7.

5 Conclusions

A surrogate model for constitutive equation of a particular thin-walled I-section has been trained for the 2D
case. Mechanical consistency conditions are satisfied, some by construction, some by penalty during training. The
model is readily available to be used in a rod FEM framework. A comprehensive description of the framework
proposed here, along with novel results, will be given in a forthcoming journal paper by the authors.
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