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Abstract. A nonlinear description of the structural behavior of structures is a crucial subject that must be addressed. In such problems, collapse failure may occur due to strain localization phenomena. This issue can be evaluated using nonlinear theories, such as Lumped Damage Mechanics (LDM). LDM models have demonstrated high accuracy in solving various nonlinear problems, including reinforced concrete and fiber-reinforced concrete frames, two-dimensional problems (under in-plane loads), and reinforced concrete slabs. Since steel fiber-reinforced concrete (SFRC) is a widely used composite material applied in various structures, it is paramount to develop nonlinear models to assess its structural behavior. Therefore, this paper presents a study of an LDM model applied to SFRC plates under bending, where the finite element known as the constant moment triangle is used. All inelastic effects are lumped at the element’s edges by hinge lines. For the analyzed examples, the numerical results agree with experimental observations.
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Introduction
Nowadays, steel fiber-reinforced concrete (SFRC) is a building material with several structural applications, such as actual tunnel lining construction [1], airfield pavements [2], and as a substitute of stirrups in conventional reinforced concrete structures [3]. Therefore, the accurate description of SFRC structures is paramount to engineering analysis. Some numerical approaches can be used to analyze SFRC structures. For instance, a finite element model with an elastic-plastic analysis can be applied to SFRC elements [4], as well as a three-dimensional mesoscale modeling [5], and a cohesive fracture-enhanced phase-field approach [6]. Note that phase-field modeling is a recent trend for nonlinear modeling, e.g. [7-8].
 Alternatively, lumped damage mechanics (LDM) can be used to model SFRC structures. Initially, Oliveira et al. [9] proposed a frame model based on a circular arch element, where the SFRC cracking is modeled by an inelastic hinge. Later, Teles et al. [10] proposed a two-dimensional model which accounts for SFRC cracking based on the fracture energy. Recently, Cunha et al. [11] proposed a bending plate model which accounts for SFRC cracking, implying in the formation and propagation of hinge lines. Such model is based on the constant moment triangle proposed by Morley [12].
In the light of the foregoing, this paper intends to analyze the accurateness of the SFRC plate bending model [11] for complex geometries, regarding both collapse load as well as cracking pattern. For that purpose, two experiments are numerically modeled: a triangle [13] and an octagonal plate [14]. Note that this approach already showed mesh-independence [11], which can also be seen in two-dimensional LDM models [10] and other bending plate LDM approaches [15].
Proposed lumped damage model
The numerical model presented here is based on the paper published by Cunha et al. [11], however slight differences arise, e.g., the concrete cracking is accounted for by damage rotation variables at the element’s edges, instead of a damage variable. The main goal in such change is to present a damage model for SFRC plates that can be degenerated to an elastic-plastic model for bending plates (see section 2.2). That condition is useful for several applications of the proposed approach, e.g., classic plastic analysis of reinforced concrete slabs.
The constant moment triangle: Lumped Damage Mechanics approach
As applied by Cunha et al. [11], the constant moment triangle (CMT) finite element proposed by Morley [12] was applied in this paper. This element presents six degrees of freedom being the deflection in the corners and the normal rotation in the middle side nodes, as shown in Figure 1(a). The vector of generalized nodal displacements can be written as:

	 	(1)
where the subscript T means “transpose of”, , , and  are the deflections of the nodes i, j, and k, respectively, and θa, θb, and θc are the normal rotations at the middle nodes at the sides ij, jk, and ki, respectively.
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Figure 1. CMT finite element: (a) Degrees of freedom, (b) bending moments, (c) LDM approach and (d) inelastic variables.
The kinematic variable must be changed, to apply the LDM approach. Therefore, the normal rotations to each side are set and the kinematic equations is rewritten as:

	 	(2)
being [B] the kinematic transformation matrix, given by:

	 	(3)
where A the area of the finite element and Lij, cij, and sij are the side length, cosine, and sine (with respect to the X-axis) of the side ij, respectively, and so for the sides jk and ki.
The normal bending moments are the conjugated variable to the normal rotations:

	 	(4)
being mij, mjk, and mki the distributed normal bending moments at the sides ij, jk, and ki, respectively, as presented in Figure 1(b). The elasticity law is given as:

	 	(5)
where:

	 	(6)
being E, t, and ν the elasticity modulus, the thickness of the slab, and the Poisson’s ratio, respectively.
To incorporate the LDM approach, it is necessary to define the inelastic variable. For this paper, this variable is set as the damage normal rotations to each side of the finite elements:

	 	(7)
In order to incorporate the inelastic variable in the formulation, the elasticity equation must be rewritten:

	 	(8)
Finally, it is necessary to define the evolution laws for the damage rotation variables. Teles et al. [10] observed that, for steel fiber reinforced concrete structures modeled in two-dimensional media, damage laws with exponential softening leads to more accurate representations of the experimental behavior. Therefore, in an analogous way, the damage functions gij, gjk, and gki are defined with an exponential function as:

	 	(9)
where mcr is the first cracking moment per unit of length, and q is an internal parameter of the model, which might be related to the fracture energy of the concrete, and therefore, the ratio of fibers in concrete.
Model reduction to an elastic-plastic approach
Regarding equations (9), the proposed lumped damage model can be reduced to an elastic-plastic approach if q → 0, then mcr is assumed as the plastic moment (mp). Therefore, in order to show this approach, a squared simply supported slab under a central point load was tested by Sawczuk and Jagger [16] was analyzed using the reduced model. Note that the cracking pattern is satisfactorily approached by the numerical yield-lines (Figure 2). For this analysis, the theoretic plastic moment (mp) is 464kgf and the estimated collapse load is 3712kgf, quite close to the experimental one (3900kgf [16]).
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Figure 2. Test set-up and theoretical yield-lines [16], experimental cracking pattern [16], and yield-lines from the reduced approach (this paper).
Results
This section presents the numerical results by the proposed model, which are directly compared to the ones experimentally tested by Türker [13] and Michels et al. [14]. The tested plates present different geometries and boundary conditions. The experimental and numerical cracked conditions and bearing capacities of the plates were compared, as follows.
Triangle plates
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Figure 3. (a) Test set-up and (b) experimental cracking condition [13], (c) numerical cracking pattern and (d) numerical Load vs. Displacement results.
The first example was experimentally tested by Türker [13], which is a plate with an equilateral triangle shape, simply supported in three points, located at one third of the bisectors from the corners, and load displacement applied at the geometric center of the plate (Figure 3(a)). The plate has side and thickness of 30 centimeters and 4 centimeters, respectively. For the lumped damage model, the elasticity modulus, Poisson’s ratio, cracking moment and the q parameter were set equal to 15GPa, 0.2, 0.44kNm/m and -50, respectively. The numerical model has 12 finite elements and 31 nodes. Türker [13] did not present the curve of Load vs. Displacement for the plates, only the maximum load and the cracking pattern (Figure 3(b), which is compared to the ones obtained by the numerical model, presented in Figure 3.
Figure 3(c) presents damage lines of the numerical simulation, which is quite similar to the cracked pattern experimentally documented by Türker [13] (Figure 3(b)), in which the cracks are distributed from the load point to the midsize of the edges of the plate. In terms of maximum load, Türker [13] reported that, from a sample of 18 plates, the average maximum load was equal to 8.45kN, with a standard deviation of 0.44kN. The numerical simulation obtained a maximum load of 9.13kN, at the displacement of 0.028 mm (Figure 3(d)), which corresponds to a difference of 8.05%.
Octagonal plates
The second tested examples are a set of three octagonal plates with same dimensions, and the thickness is varied (Figure 4(a)). This set of SFRC was experimentally tested by Michels et al. [14], aiming to obtain the Load vs. Border rotation of the plates and the cracked condition. The plates were simply supported by a square column (side of 350 mm) in the geometric center and tested by applying 8 symmetric loading points, as shown in Figure 2(a). The three Plates 1, 2 and 3 have thickness equal to 200 mm, 250 mm and 300 mm. respectively. For the lumped damage model, the elasticity modulus and cracking moment were equal to 20GPa and 26.78kNm/m for the Plate 1, 13GPa and 37.5kNm/m for the Plate 2 and 20 GPa and 57.75kNm/m for the Plate 3, respectively. For all simulations, Poisson’s ratio and the  parameter were set equal to 0.2 and -25.57, respectively. The numerical model has 142 finite elements and 313 nodes (Figure 4(b)).
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Figure 4. (a) test set-up [x], (b) finite element mesh and (c) Experimental [14] and numerical load vs. border rotation angles.
It is possible to note that the numerical Load vs. Border rotation for all three plates presents a high accuracy compared to the experimental ones, shown in Figure 4(c), with quite close maximum loads (numerical and experimental): 233.33kN and 239.78kN for plate 1, 317.03kN and 335.14kN for plate 2 and 499.40kN and 520.92kN, for plate 3, respectively. Michels et al. [14] did not define the thickness of the cracks. However, it is possible to note that the cracked condition also presented a high similarity, in which the collapse mechanism was kept for all three plates (Figure 5).
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Figure 5. Experimental [14] and numerical cracking pattern, respectively: (a) and (b) plate 1, (c) and (d) plate 2, (e) and (f) plate 3.
Conclusions
[bookmark: _GoBack]Lumped Damage Mechanics has been applied for several engineering problems, linear and two-dimensional, leading to quite accurate results. This paper analyzed steel fiber-reinforced concrete plates with complex geometries. The numerical simulations were carried out by using the LDM version of the constant moment triangle, where the damage rotation as inelastic variable accounts for concrete cracking. It was possible to note that, for all tested examples, the collapse mechanism was in agreement with the experimental observations. The numerical load results are also quite close to the experimental, in terms of maximum load, as observed for the triangle plate, as well as for the softening phase, which presents quite close results for the three octagonal plates. Finally, it was noted that the model can be reduced to an elastic-plastic approach, which can also be interesting to analyze the collapse mechanisms of slabs.
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