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Abstract. In the oil industry, problems frequently arise that depend on the understanding of multiphase flow in
pipelines, such as in flow assurance management. To determine flow parameters such as velocities, pressures, and
temperatures, numerical simulations of multiphase flow within wells and oil risers can be employed. Due to the
great length of these pipes, 2D or 3D models are often computationally prohibitive, and one-dimensional models
are preferred, such as the drift-flux model and the two-fluid model. The latter has the advantage of solving a
momentum equation for each phase. The non-isothermal two-fluid five-equation model is a version of these models
that includes a global energy equation, allowing the prediction of a shared temperature. However, this model is
typically solved using low-order numerical schemes, as commonly reported in literature and in commercial code
technical manuals. Therefore, the objective of this work is to numerically model and solve the two-fluid five-
equation model, which also includes heat transfer effects, using high-order numerical schemes, such as the second-
order MUSCL (Monotonic Upstream-centered Scheme for Conservation Laws) method for spatial discretization
and the Backward Euler method for time integration. For the pressure-velocity coupling, a SIMPLE-like algorithm
(Semi-Implicit Method for Pressure Linked Equations) is used, and the implementation is done using the Julia
programming language. A vertical pipe is considered with core-annular flow, formed by either a liquid and a gas
or two immiscible liquids. These models include heat transfer through the pipe wall and account for frictional
effects. Our results were very promising and were compared with those from the commercial 1D simulator
(ALFAsim).

Keywords: Two-Fluid Five Equations Model, 1-D Non-Isothermal Flows, High-Order Schemes, MUSCL-Type
Scheme.

1 Introduction

Engineering plays a crucial role in optimizing costs and developing technologies to improve the operational
efficiency of oil and gas exploration, production, refining, and decommissioning in Brazil [1]. As a result of the
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discovery of the pre-salt layer, there has been a major advance in deepwater oil exploration, representing an
important milestone for the Brazilian oil industry [2]. With the discoveries in the Santos Basin, Brazil has
established itself as one of the leaders in offshore oil production [2].

Deepwater oil and gas exploration poses major challenges, such as high costs resulting from challenging
physical conditions and the great lengths of pipelines, as well as hydrocarbon separation, treatment, and disposal
[3]. Among these challenges, the physical conditions and long pipelines can cause significant production problems,
including the formation and deposition of scale, paraffins, asphaltenes, and other solids, which can obstruct
pipelines and/or cause pressure and temperature drop in the production line [4]. Under these conditions,
understanding the different flow patterns is crucial, as they depend on pipeline inclination, phase velocities, and
other parameters [5]. In annular flow, a detailed assessment of these conditions is essential to mitigate such
problems, since water is in direct contact with the pipeline wall, which facilitates scale formation [5].

Efficient flow management is essential, but it requires knowledge of various factors, such as flow regimes,
flow patterns, and the physical conditions present in the pipeline. This knowledge is fundamental for identifying
areas prone to the formation of compounds that accumulate on internal pipe surfaces. Computational Fluid
Dynamics (CFD) is a viable tool for determining these physical conditions [4].

Numerical modeling of deepwater oil and gas production lines is computationally expensive due to the
complexity of multiphase and turbulent flow over long distances [6]. To reduce computational costs, it is necessary
to use simplifications and efficient numerical methods. One such simplification is the adoption of a one-
dimensional model to two-phase flow, which is widely applied by specialized software such as ALFAsim (ESSS,
n.d.) [7].

Various models have been developed to describe two-phase flows, such as the drift-flux model and the two-
fluid model [4]. In this work, we adopted the two-fluid five-equation model, which consists of a system of partial
differential equations representing the conservation of mass, linear momentum, and energy [4]. Specifically, the
model comprises five coupled equations: two for mass conservation (one per phase), two for linear momentum
conservation (one per phase), and one for energy conservation assuming a shared temperature [4, 8, 9]. A staggered
grid was used to discretize the problem using the finite volume method, coupled to the CATHARE model
framework [10]. The high-order MUSCL (Monotonic Upstream-Centered Scheme for Conservation Laws) scheme
was adopted to minimize the artificial numerical diffusion introduced by the classical upwind discretization
commonly adopted [11]. Sophisticated high-order methods, such as Flux Reconstruction (FR), are used to obtain
better accuracy in solving partial differential equations, alongside mesh adaptation strategies, such as h-p
refinement techniques [12, 13].

Therefore, in the present work we study and implement, for the first time in literature, the 2" order MUSCL
scheme in the context of the Finite Volume method and a SIMPLE (Semi-Implicit Method for Pressure-Linked
Equations) algorithm to numerically discretize the Two-Fluid Five-Equation 1D model with heat-transfer effects
applied to study the 1D vertical annular flow pattern in pipes. Our analysis was carried out for one-dimensional
(1D) flow without mass transfer between phases in deepwater oil production lines, in order to support studies on
incrustation formation tracking. This is done through an in-house simulator developed using the Julia programming
language [13]. To verify the results, we made a comparison using an oil-water case with the results obtained from
the commercial software ALFAsim.

2  Mathematical formulation

The Two-Fluid model is a formulation used to solve the conservation equations separately, treating each
phase as an interpenetrating continuum. The Two-Fluid Five-Equation Model consists of two mass conservation
equations, two linear momentum conservation equations, and one energy equation. In this article, the conservation
equations have been adapted considering one-dimensional, compressible, no mass transfer, and inviscid flow. The
mass conservation equation for £ = 7, 2 is written as [15]:

O(arpi) | 9@kPivi) _ 0, (1)
at ox

where ay, p, and v, are the volume fractions, densities, and velocities of phase k, respectively. In this
context, the linear momentum equation for each phase k can be written as follows [15]:
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where p;, is the pressure of phase k; g is the acceleration due to gravity; 8 is the duct inclination angle; 7y ; is the
interfacial friction for phase £; S; is the interface perimeter; A is the cross-sectional area of phase k; D is the duct
diameter; and 7y, is the wall friction for phase k. The term (p1 - pi) is the CATHARE model term used to
introduce an artificial diffusion into the problem [9], acting as an additional interfacial pressure difference term,
which is given as:

10,0102
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Finally, the energy equation is expressed as the sum of the two conservation equations, as follows [7]:
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where h; and h, are the enthalpies of phases 1 and 2; ql;ll,m is the average heat flux into the duct; and S is the
perimeter wetted by phase 2, which is in direct contact with the duct.

So far, we have seven primary variables to be determined in the solution: a4, a5, p, vy, v,, hy, and h,.
However, only five partial differential equations are available to solve for them. Therefore, two additional closure
equations are required to close the system. The closure relations adopted are the saturation restriction and the
assumption of thermal equilibrium between the phases, as expressed by eq. (5), which allows the use of specific
enthalpy as a thermodynamic variable, leading to eq. (6).

Z @ =1, )

p1 ©)
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! Cp2 2

where cp is the specific heat.

The equations presented so far cover all immiscible flow patterns without mass transfer and with different
inclinations [7, 15]. For the different flow patterns, variations occur only in the empirical terms: in the linear
momentum conservation equation, 7, ; and 7 ,, change, whereas in the energy conservation equation, the variation
occurs in the term q",vvym [7, 8, 15].

3 Numerical Formulation

A hybrid approach was adopted, combining the locally conservative finite volume method (FVM) to
discretize the governing equations of the model [16]. For the pressure equation, the discretization was based on
the classical Control Volume Finite Difference method a.k.a. the Two-Point Flux Approximation (TPFA) [17, 18].
We used the staggered grid shown in Fig. 1, which is designed to avoid odd-even decoupling [15]. In this scheme,
the velocities are computed using finite volumes on the dual mesh (in black), while the scalar variables (volume
fraction, density, pressure, and enthalpy) are computed using finite volumes on the primal mesh (in red).

CILAMCE-2025
Proceedings of the joint XLVI Ibero-Latin-American Congress on Computational Methods in Engineering, ABMEC
Vitoria, Brazil, November 24-27, 2025



Numerical Simulation of Non-Isothermal Two-Phase Flows in Vertical Pipelines Using a 2nd Order MUSCL-Type Scheme

iy

S
i

<
=

> W —

~x
)

WS

O = = = = = = = =

|
I
|
|
|
|
I
I
.
w

(@pp Wy (apphyp (&pph)
Figure 1. Staggered grid configuration used for the numerical discretization (adapted from Wang et al.

[10]).

In Fig. 1, W, P, and E correspond to the center points of the primary mesh, while WS, PS and ES correspond
to the center points of the dual mesh. Finally, w, e, and ee represent the control surfaces of the primary mesh.

The temporal terms were discretized using the Backward Euler method, while the numerical fluxes were
evaluated at the interfaces between cells [19]. For the MUSCL scheme, the interfacial value ¢, of the advected
variable ¢ at face e is given by [20]:

Ax P\ (7
B bp +71p(r) (a)P,lfue >0
e = Ax 3l !
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where ¢ is the advected variable can be the velocity v, the volume fraction a;, or the enthalpy hy. Y (r) is the
limiter function, and r is the gradient ratio. In this work, the Minmod limiter was employed to achieve higher-
order accuracy without generating unphysical oscillations near discontinuities, and it is defined as [19]:

Y(r) = max (0, min(1,r). )

We employ a SIMPLE-like algorithm for the coupling between the pressure and velocity fields [21]. The
overall structure of the implemented code and the solution sequence of the problem variables are illustrated in Fig.

2.

‘ Staggered grid construction

i

| Initialization of the variable fields and errors |

Total time
reached?

-

| Time step calculation (At) |

SIMPLE tolerances
reached?

Yes

No
Velocity solution

‘ Pressure equation solution |
¥

| Correct the velocities, densities and pressure
¥

| Volume fraction solution |

L 2

| Enthalpy solution |
|
Figure 2. Algorithm flowchart of the in-house simulator, indicating the main steps of the numerical
procedure.
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4 Results

To verify our in-house code, we devised a test case and applied both the First-Order Upwind (FOU) method
and the high-resolution MUSCL scheme, comparing the results with ALFAsim [7], considering a vertical
downward annular flow, where the phases are oil (core) and water (annulus), in a pipeline 100 meters long, with
an internal diameter of D;;,; = 0.1 m and an external diameter of D,, = 0.14 m. In this problem, we account for
shear stress at the interface between the fluids and between the fluid in the annulus and the pipe wall. Additionally,
heat transfer is considered between the inner and outer surfaces of the pipe, with an external convective heat
transfer coefficient of Ay, = 500 W/m?K as illustrated in Fig. 3.

The two phases are injected into the upper part of the pipeline with the following parameters: phase volume
fractions a, = a,, = 0.5; phase velocities v, = v, =3 m/s; densities p, = 819.867 kg/m* and p,, = 988.4935
kg/m?® and viscosities v, =2.58 mPa.s and v,, = 0.547 mPa.s for oil and water, respectively. In addition, the initial
temperature is T; = 50 °C throughout the pipeline. A temperature boundary condition of T, = 60 °C is imposed
at the inlet, with an external temperature of T, = 60 °C along the pipe, and a pressure boundary condition of
P, = 2.0 MPa at the outlet. The previously described parameters were used in both the in-house model and the
reference simulation using the ALFAsim software.

vy =v,=3m/s
a,=a,=0.5
Tinp = 60°C
T; = 50°C

Pipe
wall
Oil
T, = 60°C
heony = 500 W/mZK Water 100 m

Pou = 2.0 MPa
Dpe=0.1m
D,.=0.14m
Figure 3. Schematic of the annular water—oil flow and pipe geometry, showing the phase distribution, flow
direction, and applied boundary conditions.

Solutions were obtained using 16, 32, 64, and 128 control volumes (CV) up to t = 5 s. In Fig. 4, the
temperature at t =5 s is presented for ALFAsim, FOU, and the second-order MUSCL scheme, using as reference
the converged ALFAsim result obtained with a 1,024 CV grid. After 5 s, temperatures are expected to be near
60 °C up to about 15 m, decreasing to roughly 50 °C along the remaining length, as both fluids flow at 3 m/s. To
ensure stability, a very small time step corresponding to CFL = 0.01 was required for both the in-house simulator
and ALFAsim; higher CFL values led to oscillations due to the strong nonlinearity of the energy equation.
Convergence was verified when the residuals of all governing equations fell below a tolerance of 1073,
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Figure 4. Temperature profiles for the vertical downward 1D annular oil-water flow at t =15 s, comparing
results from ALFAsim, FOU, and MUSCL.

In Fig. 4(a), corresponding to the mesh with 16 control volumes (CVs), it is observed that the worst
performance is presented by ALFAsim, which shows greater numerical diffusion compared to the other methods.
Next, the FOU scheme presents an intermediate response, while MUSCL provides the best result among the three,
being closer to the reference solution.

In Fig. 4(b), with a mesh of 32 CVs, there was a significant improvement in all cases, maintaining the same
order of quality observed for the coarser mesh: ALFAsim with greater diffusion, followed by FOU, and MUSCL
again as the best performing method.

Analyzing Fig. 4(c), referring to the mesh of 64 CVs, all results showed further improvement. In this scenario,
the results of the ALFAsim and FOU schemes were very close to each other, demonstrating reduced numerical
diffusion. The MUSCL method, in turn, maintained its superiority, delivering a more accurate and consistent
solution compared to the others.

Finally, Fig. 4(d), which corresponds to the mesh with 128 CVs, reveals that the curves obtained by the
ALFAsim and FOU methods almost overlap, indicating convergence between these two schemes, although still
not fully reaching the reference solution. In contrast, the MUSCL curve already converges to the reference solution,
demonstrating its higher accuracy. Thus, the mesh of 128 CVs proves satisfactory for the proposed analysis,
ensuring reliable results especially when used together with the MUSCL scheme. Also as expected, the
temperatures in the duct are close to 60 °C at the 15 m position, as seen in the figure corresponding to the 128 CV
grid for the MUSCL method.

Based on the L; norm in the upstream shock region, MUSCL error to the reference solution reduced by
factors of ~4.5 in comparison to the corresponding FOU error for 64 CV mesh and by a factor of ~26.3 for 128
CV mesh, respectively, at runtime increases of only 17% and 2%, respectively, evidencing a favorable cost—benefit
balance for the use of higher-order schemes.
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5 Conclusions

In this work, the MUSCL and FOU methods were implemented in the two-fluid five-equation model with a
single temperature, using an equation of state that accounts for variations in pressure and temperature to update
the phase densities. The methods are used to solve the conservation equations of mass, linear momentum, and
energy. The results show that the second-order MUSCL method provides considerable improvements in accuracy
when compared to FOU and ALFAsim.

In the near future, we intend to compare the computational performance of the different alternatives tested
and to implement very high-order schemes to further improve accuracy. At this stage, the very high-order FR
method with h-p adaptation will be considered for comparison with the other approaches [13,14].
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