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Abstract.
Bubble deformation and breakup under shear flow is a phenomenon that needs to be understood in order

to mitigate oil spills using mechanical dispersant. This study presents a numerical investigation using the Lattice
Boltzmann Method (LBM) with a multicomponent Shan–Chen pseudopotential model coupled with the regularized
BGK (RBGK) collision operator, Guo’s forcing Scheme and regularized boundary conditions (RBC). A two-
dimensional domain lattice nodes is used with a shear flow inlet. The implementation focuses on Reynolds numbers
ranging from 10 to 7000 while maintaining a fixed shear rate. The regularization approach enhances numerical
stability, effectively reducing spurious currents compared to the standard BGK model. Initial results show that the
bubble evolves from a stable shape into elongated forms and eventually breaks up, exhibiting patterns similar to
bag or thick-rim bag breakup. These results validate the model’s capability in capturing interface deformation and
suggest a strong potential for future extensions to three-dimensional and high Reynolds number simulations.

Keywords: Lattice Boltzmann method, Pseudopotential Shan-Chen model, Regularization, Bubble deformation,
Shear flow

1 Introduction

In offshore oil and gas production, leaks from submarine pipelines can release gas–oil mixtures that rise
rapidly to the surface, leading to several environmental impacts. Mechanical dispersant techniques apply shear
flows to large bubbles, breaking them into smaller ones, which slows their ascent and enhances natural biodegra-
dation processes. However, the optimization of such dispersion systems demands a quantitative understanding of
bubble deformation and breakup under shearing flow conditions [1].

The currently studies of this topic, primarily rely on experimental approaches and traditional computational
fluid dynamics methods (CFD), such as the Volume of Fluid method such as Kékési et al. [2] approach. In some
cases, the Lattice Boltzmann Method (LBM) has also been employed, particularly using the Multi-Relaxation Time
model [3].

The Lattice Boltzmann Method, combined with multicomponent approaches such as the Shan-Chen pseu-
dopotential model [4] shows a relevant alternative due to its mesoscopic nature and simplicity in handling complex
interfaces. However, the behavior and instabilities of the Shan–Chen model under conditions of high shear and
deformation are still under investigation. Therefore, it is necessary not only simulate the physical phenomenon
of bubble breakup but also critically assess the accuracy, stability, and physical consistency of the Shan–Chen
framework in these conditions.

In this context, the bubble behavior under shear conditions is relevant for the study of mechanical disper-
sant, but also it provides insight into how the Shan-Chen model behaves and performs that could leads to the
development of more accurate and robust models.

Wherefore, the present work propose the use of the multicomponet Shan–Chen pseudopotential, along with
the Regularized Lattice BGK model collision operator [5], the Guo[6] forcing scheme to ensure the second-order
time accuracy and consistency, and regularized boundary conditions[7]. Simulations will be performed in two
dimensions with a D2Q9 lattice, exploring a shear rates and Reynolds numbers, aiming in characterize both the
physical breakup process and the numerical behavior of the Shan–Chen model under mechanical dispersion con-
dition.
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2 Methodology

2.1 Lattice Boltzmann method

The classical lattice Boltzmann equation, which adopts the Bhatnagar-Gross-Krook collision operator [8, 9]
is given by:

fi(x+ ci∆t, t+∆t) = fi(x, t) +
∆t

τ
(feqi (x, t)− fi(x, t)) , (1)

In that previous equation, fi(x, t) denotes the discrete distribution function, which quantifies the likelihood
of finding a particle at a given position x at time t, traveling with the discrete velocity ci. Using the discrete model
D2Q9, ci = 0, . . . , 8. The ∆t represents the lattice time step. Furthermore, the parameter τ is the relaxation time,
which governs the kinematic viscosity ν of the lattice fluid according to the following relation:

ν = a−2
s

(
τ − 1

2
∆t

)
. (2)

Besides, the left-hand side of the Equation (1) represents the propagation, also known as the free streaming
of particles along the lattice in the direction dictated by ci. The right-hand side captures the collisional dynamics,
driving the distribution functions toward their corresponding local equilibrium distributions [10]. That equilibrium
function feqi is a Maxwell-Boltzmann distribution of the fluid velocities at low Mach number [5] and it arises from
a second-order velocity expansion in Hermite polynomials [11] that can be expanded as:

feqi (x, t) = wiρ

(
1 + a2s uα ciα +

1

2
a4s uαuβ H

(2)
αβ,i

)
. (3)

Here, as is defined as as = 1/cs, where cs =
√
3 denotes the lattice speed of sound. The vector u represents

the macroscopic velocity field. In addition, H
(2)
αβ,i is the second-order Hermite tensor, given by ciαciβ − a−2

s δαβ ,
and δαβ is the Kronecker delta. The terms wi correspond to the quadrature weights used in defining the discrete
equilibrium distribution functions.

The hydrodynamic quantities such as density, linear momentum, and the second order moment can be derived
from the set of particle distribution functions by performing suitable weighted summations:

ρ =
∑
i

fi, ρuα =
∑
i

ficiα, ρm
(2)
αβ =

∑
i

fiH
(2)
αβ,i. (4)

Subsequently, if the distribution function fi is expanded in Taylor series using the terms of the Knudsen
number parameter ϵ such as fi = f

(0)
i + ϵf

(1)
i + ϵ2f

(2)
i + . . ., a Chapman-Enskog analysis [12], reveals that at

zeroth order in ϵ, f (0)i = f eq
i . This condition leads to the following equation proposed in the Latt and Chopard

[5], Higuera et al. [13] articles:

fi = f eq
i + f neq

i . (5)

From this point, it can be assumed that only the two lower order terms in the Knudsen number expansion, can
fully recover the Navier–Stokes equations and capture the complete physical dynamics. Therefore the first order
in ϵ, f (1)i = f neq

i , while the higher-order terms are neglected. Through the Chapman–Enskog analysis, an explicit
expression for the non-equilibrium distribution f̂i

neq
is obtained:

f̂ neq
i (x, t) =

1

2
ρwia

4
s

(
m

(2)
αβ − uαuβ

)
H

(2)
αβ,i. (6)

Moreover, using the early lattice Boltzmann formulations in matrix form [10], The regularized BGK (RBGK)
can be written as:

fi(x+ ci∆t, t+∆t) = feqi (x, t) + (1− ω) f̂ neq
i (x, t). (7)
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Where, ω = 1/τ . This formulation removes all unwanted modes (ghost modes) from the distribution func-
tion, retaining only the relevant hydrodynamic components, namely, the conserved and transport modes being the
key principle of the RBGK model. Furthermore, highlighting an often unnoticed concept, the regularized model
can be interpreted as a simplified variant of the multi-relaxation-time (MRT) model [14, 15], effectively employ-
ing two relaxation rates. In contrast the conventional BGK model present in the Equation (1), all non-equilibrium
moments relax toward equilibrium using a single relaxation time (τ ). This RBGK model introduces two relaxation
scales, one governed by ω, which controls the physical transport processes such as viscosity, and another implicit
scale that instantaneously suppresses the ghost modes equivalently relaxed with ω = 1.

Note that, with the regularization of the non-equilibrium component f̂ neq
i , Equation (5) becomes the sum of

the equilibrium part feqi and the regularized non-equilibrium part f̂ neq
i , resulting in the regularized distribution

function f̂i, which can be expressed as:

f̂i(x, t) = ρwi

(
1 + a2s uαciα +

1

2
a4sm

(2)
αβH

(2)
αβ,i

)
. (8)

2.2 Multicomponent Shan-Chen model

On the other hand, this work propose shear bubbles with different Reynolds rate using water as shearing
flow and an air bubble, resulting in two components. Exist several approaches to simulate the interaction behav-
ior between different fluids such as top-down approaches as the Free-Energy Method [16] and another methods
with bottom-up approaches such as Color-Gradient [17] and Shan-Chen Pseudopotential Method [4, 18]. In this
particularly case, the Shan-Chen (SC) model is chosen as the interaction model, owing to its inherent simplicity
and its mesoscopic character. In the SC method, the surface tension naturally emerges as an effective outcome
rather than being explicitly imposed. This behavior is analogous to the essence of the Lattice Boltzmann Method
itself, which relies on simple mesoscopic dynamics to produce emergent macroscopic transport properties, such as
fluid viscosity. Furthermore, in this multicomponent formulation, each distinct set of particle populations directly
represents a different fluid component, offering physically transparent way to model multicomponent systems [19].

The SC model mimics the intermolecular forces between each fluid. These forces act between pairs of
molecules and are additive. As a result, regions with higher molecular density experience stronger interaction
forces. Therefore, the interaction force between two fluid elements at x and x̃ is proportional to ρ(x) ρ(x̃) and
strongly depends on their distance. This dependence is captured by a function known as the kernel function
G(x, x̃). The total force at x is obtained by integrating over all neighboring sites, leading to the following expres-
sion [4]:

FSC(x) = −
∫
(x̃− x)G(x, x̃)ψ(x)ψ(x̃) d3x̃. (9)

For practical and stability reasons, ρ is replaced by an effective density function ψ, known as the pseudopo-
tential, and is given by:

ψ(ρ) = ρ0

(
1− e−ρ/ρ0

)
. (10)

Where ρ0 is the reference density. Thus, the Equation (9) can be discretised in the following way:

FSC(σ)(x) = −ψ(σ)(x)
∑
σ̃ ̸=σ

Gσσ̃

∑
i

wi ψ
(σ̃)(x+ ci∆t) ci ∆t. (11)

Where the coefficient Gσσ̃ collapses into a scalar number that controls the strength of the interaction, it is
attractive for negative and repulsive for positive values. Here, Gσσ̃ = Gσ̃σ , with σ̃ ̸= σ, denotes the molecular
interactions between different fluid components.

Highlighting that, in single-component systems, for feq,σi the density must be ρσ , and the velocity must be
replaced by uσ . Currently, for multicomponent fluids, ρσ is correctly used in feq,σi , but it is not clear which velocity
should be used in the equilibrium functions since multiple sets of populations are present. For this reason, Sega
et al. 20 derived an algorithm in which, for all component equilibrium functions, the velocity must be replaced by
the barycentric velocity.
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ueq(σ) = ub =
1

ρ

∑
σ

(∑
i

f
(σ)
i ci +

FSC(σ)∆t

2

)
, ρ =

∑
σ

ρ(σ). (12)

Where the barycentric velocity is force-corrected to achieve second-order time accuracy, while the force
expansion in Hermite polynomials truncated at second order gives:

F
(σ)
i = wi

(
a2s ciα + a4s uβ H

(2)
αβ,i

)
Fα

SC(σ). (13)

Moreover the velocity moments for the force are given by:∑
i

Fi = 0,
∑
i

Fi ciα = Fα,
∑
i

Fi H
(2)
αβ,i = Fαuβ + Fβuα. (14)

Therefore, applying the Guo forcing scheme [6, 21], the lattice Boltzmann equation (1) transforms into:

fi
(σ)(x+ ci∆t, t+∆t) = f

eq (σ)
i (x, t) +

∆t

τ

(
f
eq (σ)
i (x, t)− fi

(σ)(x, t)
)
+

(
1− ∆t

2τ (σ)

)
F

(σ)
i (x, t). (15)

Accordingly, the first order moment requires modification in order to incorporate the contribution of the
external force, in the following way:

ρ(σ)u(σ)α =
∑
i

f
(σ)
i ciα +

∆t

2

∑
i

F
(σ)
i . (16)

With the above equation, it is now possible to determine the velocity for each component separately. Further-
more, by considering the new LBM Equation (15), that incorporates the force term and applying the Chapman-
Enskog analysis, it can be derivative the expression for the non-equilibrium distribution function f̂ neq

i , which is
given by:

f̂ neq
i (x, t) =

1

2
ρwia

4
s

(
m

(2)
αβ − uαuβ

)
H

(2)
αβ,i + wi

∆t a4s
4

(Fαuβ + Fβuα)H
(2)
αβ,i −

∆t

2
Fi. (17)

Thus, according to Equation (7) and the Equation (15), the regularized lattice Boltzmann equation can be
written as:

fi
(σ)(x+ ci∆t, t+∆t) = f

eq (σ)
i (x, t) + (1− ω) f̂

neq (σ)
i (x, t) +

(
1− ∆t

2τ (σ)

)
F

(σ)
i (x, t). (18)

To conclude this section, by revisiting Equation (5) and substituting the regularized non-equilibrium distribu-
tion function f̂ neq

i , it is possible to derive the homologous form of the regularized distribution function f̂i present
in the Equation (8), incorporating the effects of the force terms:

f̂i(x, t) = ρwi

(
1 + a2s uαciα +

1

2
a4sm

(2)
αβH

(2)
αβ,i

)
+ wi

∆t a4s
4

(Fαuβ + Fβuα)H
(2)
αβ,i −

∆t

2
Fi. (19)

2.3 Boundary conditions

Continue with this work, it is necessary to define the boundary conditions. For that purpose, the computational
domain where the bubble is sheared is defined as a rectangular grid of 128×512 lattice nodes. A Dirichlet boundary
condition is applied at the top (North) and bottom (South), where both boundaries are treated as solid walls with
zero velocity in both the x and y components. On the other hand, the left boundary or inlet (West) is also subject
to a Dirichlet boundary condition, but with a prescribed velocity. Periodic boundary conditions is applied to the
top (North), bottom (South), and East boundaries. On the left boundary, a Dirichlet condition is imposed, where
the velocity is prescribed. Finally, the right boundary or outlet (East) is assigned a Neumann boundary condition.

The two components of the prescribed velocity are such that the y component (uy) is set to zero, while
the x component (ux) is defined as the superposition of a constant velocity u0 and a symmetric shear, given by
ux(y) = u0 +G(y − y0), where G is the shear rate and y0 is the vertical coordinate of the droplet center.
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Taking into account the objective of this study is evaluate the Shan–Chen model using the regularized LBM
framework, and to analyze the deformation and breakup of a droplet under fully developed flows, the entire water
component is initialized with the symmetric shear profile. This ensures that the flow field is already developed
from the first time step, eliminating transient effects and allowing for a direct observation of the droplet dynamics
under shear [2]. A overview of the boundary conditions is showed in the Figure 1.

Figure 1. Boundary conditions with the incoming and outgoing populations at a west-side lattice node.

In this work, the regularized boundary conditions is implemented, following the framework proposed by
Hegele et al. [7]. The method consists of summing the known and unknown regularized populations and subse-
quently computing the second-order moment:∑

i∈Is

fi H
(2)
αβ,i +

∑
i/∈Is

f̂i H
(2)
αβ,i = ρm

(2)
αβ . (20)

Therefore, considering the incoming populations, gives the following equations:

ρI =
∑
i∈Is

f̂i, ρIm
(2)
αβ,I =

∑
i∈Is

f̂i H(2)
αβ,i. (21)

And lastly, in order to close the system of equations, the conservation of mass during the collision step can
be computed either as strong conservation of mass or weak conservation of mass, respectively, as follows:∑

i∈Is

fi =
∑
i∈Os

(
(1− w) f̂i + w f eq

i +

(
1− ∆t

2τ

)
Fi

)
,

∑
i∈Is

fi =
∑
i∈Is

f̂i (22)

To implement the above Equations, it is necessary to define the incoming and outgoing directions. As an
illustration, the inlet boundary condition will be determinate. As shown in Figure 1, the incoming populations
(leaving the domain) and the outgoing populations (entering the domain) can be identified, and are composed by
Is = {0, 2, 3, 4, 6, 7} and Os = {0, 1, 2, 4, 5, 8}. Therefore, rearranging the Equation (21) and using the weak
conservation Equation (22), is obtained the density and moments of the outgoing populations:

ρ∗ =
(4 + 3mxxI

)ρI
3− 3ux

, m∗
xx =

9mxxI
ρI + ρ+ 3uxρ

6ρ
, m∗

yy =
6myyI

ρI
5ρ

, m∗
xy =

2mxyI
ρI

ρ
. (23)

Accordingly, f̂ out(ρ∗,m∗
xx,m

∗
xy,m

∗
yy) can be computed, and therefore the whole inlet boundary. Similarly,

the remaining boundary conditions can be derived following the same procedure.

3 Results and discussion

Following the theoretical foundations discussed in the previous sections and implementing these concepts
into a homemade code, a stable bubble was successfully obtained, as shown in the Figure 2, using a grid of 32×32
lattice nodes. Although the bubble remains stable throughout the entire simulation, it is important to highlight
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that during the initial time steps, the bubble underwent oscillations, where initially shrinking and subsequently
expanding, converging into a stable shape after a brief transient period. In addition, when the velocity field is
plotted as arrows over the density field, small eddies appear around the bubble together with additional velocities
at the water–air interface. These are commonly referred to as spurious velocities [22–24].

Figure 2. Stable initial bubble in the absence of shear flow, showing the presence of spurious velocities.

Subsequently, based on the imposed shear flow and boundary conditions, the water flow approximates the
desired shear profile. This occurs because the top boundary is treated as a wall, preventing the upper layers
from reaching the maximum velocity at the top. The wall effect reduces the velocity near the boundary to nearly
zero, although it does not significantly affect the overall simulation. The Figure 3 illustrates the velocity field
corresponding to the imposed shear flow profile.

Figure 3. Velocity field illustrating the shear flow at Reynolds 7000, t = 2300.

Several Reynolds numbers were considered, ranging from 10 to 7000. Similar behaviors were observed across
all Reynolds numbers, identifying a case of bag breakup or possibly thick rim bag breakup, according to Kékési
et al. [2]. Since the shear rate G was not varied, some of these results can be seen in Figure 4.

Figure 4. Bubble deformation and breakup at Reynolds 7000, t = 600, 1700, 2300, and 2700.
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4 Conclusion

In this implementation, the Shan–Chen model was approached from a less conventional perspective by em-
ploying the regularized BGK collision operator instead of the commonly used MRT scheme. Highlighting that
the model exhibited good stability under the applied Reynolds numbers, as the bubble did not collapse or produce
unphysical values tending toward infinity. Furthermore, another indication of the model’s stability is observed
when the bubble is in stationary state (without presence of shear flow), exhibiting only minimal spurious currents
significantly fewer than those typically observed with the non-regularized BGK model [19].

Moreover, the oscillations observed in the initially stationary bubble can be attributed to physical effects.
These arise since the initial conditions are typically not in equilibrium with the Shan-Chen pseudopotential forces.
As a result, there is a pressure imbalance between the inside and outside of the bubble, which leads into transient
mass fluxes and leads to the observed expansion and contraction during the early stages of the simulation.

In the simulations, Reynolds numbers ranging from 10 to 7000 were tested, all of which remained stable
without causing the simulations to collapse. However, during the initial stages of the simulations, the regions
surrounding the bubble exhibited unphysical velocity values, which exceeded the imposed shear flow velocity.
This behavior introduced transient instabilities at the beginning of the simulations. After several time steps, these
velocities around the bubble gradually decreased. Moreover, it was not possible to perform simulations at higher
Reynolds numbers due to the same instability issue near the bubble. Despite these limitations, two possible shear-
induced breakup modes were identified: bag breakup and possibly thick-rim bag breakup. The bubble was observed
to elongate progressively until reaching a critical point where it was sheared apart. Nevertheless, future work
aims to implement modifications to the Shan–Chen model to mitigate these unphysical velocities, enabling more
accurate simulations and improving the understanding of bubble breakup dynamics, ultimately contributing to the
optimization of mechanical dispersant.

Finally work was implemented using the D2Q9 lattice Boltzmann model on CPU, with the aim of under-
standing the method’s behavior and evaluating its performance using the regularized lattice Boltzmann approach.
Nevertheless, future work is expected to extend this implementation to the D3Q27 model using GPU acceleration,
following recent advances in high-performance computing LBM frameworks such as those proposed by Montes-
sori et al. [25].
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