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Abstract. This work studies undamped free natural vibrations in mixed concrete and wood plates, through bibliographic review and case analysis. The study assumes that both materials operate in a linear elastic regime and validates the Kirchoff-Love hypothesis for plates, an extension of the Bernoulli-Euler hypothesis for beams. The flexural stiffness of the concrete and wood sections is determined by the modulus of elasticity (E), Poisson's ratio (ν) and the cross-sectional thickness (h). The natural frequencies of undamped free vibration are numerically determined using the Finite Difference Method, analyzing mixed plate models with diverse boundary conditions. The frequencies obtained by the Finite Difference Method are validated using results from Leissa's formulation. The natural frequencies obtained from the wood and concrete composites are compared with the minimum values specified in ABNT standard NBR6118-2023 for floors.
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Introduction
The present work addresses the study of undamped free natural vibrations in mixed wood/concrete plates. Plates are structural elements where one dimension—the thickness—is much smaller than the other two (length and width). The study is motivated by the increasing use of composite materials in civil construction to achieve specific physical and resistance characteristics that are only attainable through the combination of different materials.
In civil engineering, understanding mechanical vibrations is a critical area. Any structure possesses a natural vibration, which is registered at a specific frequency. It is crucial to determine the natural frequencies of a structure to avoid resonant frequencies that could cause structural damage. (Table 1) 
In this study, the undamped free vibrations of wood and concrete composites are examined to ensure the natural frequencies are numerically distant from those that cause vibrations resonant in residential or commercial floors.
The composite plate analyzed in this work consists of a layer of concrete (FCK 25 MPa) cast over wood laminates (MLCC), forming a composite plate intended for flooring applications. (Figure 1)










THEORETICAL BASES AND METHODOLOGY
 Theoretical Bases
The study is based on the mechanical and physical characteristics of wood and concrete materials. It assumes that both materials work within a linear elastic regime, which is valid for analyzing small amplitude vibrations due to the self-weight of the materials. The Bernoulli-Euler hypothesis is adopted, which states that transverse sections remain flat after bending and deformations vary linearly with the distance from the neutral line.
The analysis uses Timoshenko's theory, which involves substituting the composite section with an equivalent section of a single material, using the elastic modulus of the materials.
 Mathematical Formulation
According to Hooke's Law and Bernoulli-Euler's hypothesis, the deformation (ϵ) is independent of the material, leading to the relationship:
ϵ =Ec​σc​​=Ew​σw​​
where:
σc​ and σw​ are the stresses in concrete and wood, respectively, and Ec​ and Ew​ are their respective moduli of elasticity.
The proportionality value (nwc​) is obtained from the ratio of the moduli of elasticity of wood and concrete: nwc​=Ew​/Ec​. 
This ratio is used to transform the wood area into an equivalent concrete area.
The specific characteristics of the materials used in the simulations are:
Concrete: FCK 25 MPa, density 2.50 g/m3.
The initial tangential elasticity modulus (Eci​) is 23.8 GPa. 
The adopted thickness is 5 cm.
Wood (MLCC): Density 0.75 g/cm3 (at 12% moisture content). 
Modulus of elasticity Ew​=5.218 GPa. 
The adopted thickness is 4.0 cm.
The relationship between the elastic moduli is n=5.218 GPa/23.8 GPa=0.219244.
The equivalent specific mass of the composite set is calculated as 1.667 kg/m3.
Calculation of Flexural Rigidity (D)
The flexural rigidity of the composite plate is determined by considering the moments of inertia and the modulus of elasticity of the equivalent single material (concrete). The moment of inertia of the composite set Ixconj.​​, calculated using the Steiner theorem:
Ixconj.​​=Ix1mad​​+d12​A1​+Ix2conc​​+d22​A2​
Where:
Ix1mad​​ and Ix2conc​​ are the moments of inertia of the wood and concrete, A1​and A2​ are the equivalent areas, and d1​ and d2​ are the distances of the respective centers of gravity from the composite's neutral axis. The calculated moment of inertia of the set is (Figure 2)
2.67E-05 M4.
The flexural rigidity 
D is calculated as 0.0019 GPa×m.


NUMERICAL SIMULATIONS AND VALIDATION
 Finite Difference Method and Leissa's Formulation
The natural frequencies of the composite plates were calculated using the Finite Difference Method via a Matlab program. The results were validated by comparison with Leissa's formulation. The Finite Difference Method discretizes the domain using a mesh of discrete points. The governing equation for free vibrations of thin plates is given by:
−λw=0, and λ=ρω2/D.
Where:
ω is a circular frequency of vibration
ρ is equivalent specific mass of the composite
w transverse displacement
 vector operator
[bookmark: _GoBack]Simulation Results and Validation
Simulations were performed for different plate sizes and boundary conditions using Nd=48 divisions, which provided sufficient accuracy when compared to the Rayleigh Method.
The comparative results for different plate dimensions (a x b) and boundary conditions (Conditions 1 to 6) show very close agreement between the Finite Difference Method and Leissa's formulation. (Table 2)
For example, for a 2.0m x 1.8m plate, the percentage differences in frequencies ranged from 0.10% (Condition 6) to 4.58% (Condition 4). 
This validates the formulations used for the analyzed composite plates.
Figures and tables
Figure 1. Study object composed of wood and concrete
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Figure 2. Displacement of centers of gravity d1 and d2
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Table 1. Critical frequencies for floors

	Case
	Fcrit (Hz)

	Sports gym and fitness center
	8,0

	Dance or concert halls without fixed chairs
	7,0

	Pedestrian or cycle paths
	4,5

	Offices
	4,0

	Concert halls with fixed chairs
	3,5


                                       Source: Table 23.1 of Standard NBR6118-2023
Table 2. Summary table of lowest frequencies
	Dimension A
	Dimension B
	Finite Difference (Hz)
	Leissa's (Hz)

	2,0 m
	1,8 m
	30,08 Hz
	30,11 Hz

	2,5 m
	2,0 m
	22,07 Hz
	22,07 Hz

	2,5 m
	2,5 m
	17,23 Hz
	17,23 Hz

	3,0 m
	2,5 m
	14,59 Hz
	14,61 Hz

	4,5 m
	3,0 m
	8,64 Hz
	8,64 Hz



CONCLUSION AND FUTURE WORK
The results demonstrate that the natural frequencies of the analyzed mixed wood/concrete plates are higher than the critical frequencies established by the ABNT standart NBR 6118-2023. The lowest frequencies obtained, summarized in Table 2, are significantly above the minimum frequency required for common floors.
For example, the NBR 6118-2023 standard specifies a critical frequency of 4.0 Hz for offices, which, when increased by 20% (1.2), results in a minimum requirement of 4.8 Hz. The lowest calculated frequency for the largest simulated plate (4.5m x 3.0m with 9cm thickness) was 8.64 Hz. This confirms that there is no possibility of undesired resonance.
Further work could involve expanding these studies to include dynamic loads with sinusoidal variation and incorporating the damping coefficient of the materials, using the complete equation 
Mx¨+Cx˙+Kx={f(t)}. 
Where: M, K, and C are parameter constants and force f(t).
This will allow for the analysis of impacts and other dynamic loads in different environments, such as gyms and commercial spaces.
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